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PREFACE 

The volume herewith presented contains theses concerning 
the calculus of variations submitted during the years 1951 and 
1932 to the Department of Mathematics of the University of Chicago. 
It is a companion of the volume published two years ago containing 
theses in the same field submitted during 1950. The dissertations 
in both volumes were written under the direction of Professors 
C.A. Bliss and L.M._Graves. Of the papers here presented the 
one by Bliss and Hestenes, entitled "Sufficient conditions for a 
problem of Mayer in the calculus of variations," is not a disser¬ 
tation. It has been Included because of its Intimate relationship 
with the immediately following thesis by Hestenes, and because 
its formulation was Influenced in important particulars by ideas 
developed by Hestenes in his thesis work. The dissertation by 
Porter was submitted for the master*s degree, and the others for 
the doctor*s degree. 

The preparation and publication of theses are topics of 
recurring interest in university circles upon which it is unlikely 
that complete agreement will ever be reached. To the writers of 
this preface it seems that the form of publication exemplified 
in this book has at the present time many advantages. It is a 
permanent but relatively inexpensive record, convenient for those 
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of US who have been most interested in the development of the 
subjects studied, as we hope it may be for others. If adopted 
widely it might relieve our journals of some of the congestion 
which has made their financial problems a source of continuous 
embarassment in the past. 

The proper editing of a thesis for publication in a mathe¬ 
matical journal implies an intimacy of cooperation on the part of 
the faculty adviser which is likely to obscure the nature of the 
contribution made by the author himself and result in a paper 
written in the compressed mathematical style often adopted for 
journal publication. Neither of these results seems to us desir¬ 
able. The first significant episode in the career of a scholar 
is the execution and publication of his first independently con¬ 
ceived research, to which he is impelled by his own studies and 
the inquiries in his ov/n mind which they arouse. A doctoral 
dissertation is rarely such a publication, but it should be as, 
close an approximation to one as possible. For this reason we 
feel that the candidate for the Ph. D. degree should be given as 
much freedom in his writing as is consistent with mathematical 
accuracy and clearness of style, even if the result is more verbose 
than could reasonably be approved by editors for publication in a 
journal. 

’■/hen a number of students and faculty members are engaged 
in mathematical investigation it is inevitable that the subjects 
of researches begun at various times, and often delayed in execu¬ 
tion, should show a considerable divergence of interest. An 
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explanation of the origins of the subjects of the various follov/ing 
theses would involve a historical sketch of the studies during 
several years past of the group interested in the calculus of vari¬ 
ations at the University of Chicago. A remark may not be out of 
place, hov/ever, concerning four theses of a critical historical 
character which have been included, those of Sanger and the master*s 
thesis by Porter in the present volxirae, and the theses of Hulce 
and Duren in the volume which preceded. The reasons for our 
Interest in these dissertations are numerous. All mathematical 
research should be accompanied if possible by a careful and exten¬ 
sive analysis of the literature. Such studies can only be made 
by specialists, and their results are frequently lost since there 
is no available medium of publication, V/e hope that over a period 
of years these and other similar theses may constitute an increas¬ 
ingly valuable contribution to the history of the calculus of 
variations. But most of all we value these analyses for their 
suggestiveness for further researches, and for the confidence 
which they give us in our orientations of present studies. V/e 
have had before us the example of Dickson’s ’’History of the theory 
of numbers," whose influence in this respect has been remarkable. 

The University of Chicago G. A. BLISS 

November, 1932. L. M. GRAVES 
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IIJTRODUCTIOU 

Solutions of the simple Integral problem of the 
calculus of Tariatlons are allowed for which y' has a 
finite number of ordinary discontinuities^ called coro¬ 
ners. Weierstrasa and Erdmann have shown that at a cor¬ 
ner of a solution yity(x) the quantities fyi and 
f - y'fyi (where f is the integrand function) are con¬ 
tinuous For the double integral problem in parametric 
form Kobb has obtained corresponding edge oonditlons#'^'^’*' 
The purpose of this paper is to obtain conditions 
for the multiple integral problem analogous to the corner 
conditions for the simple integral problem or the edge 
conditions for the double integral problem. The integral 
to be minimized is 

I c/f(x,y,p)dx 

where x is n-partite, y is m-partite, and 


* L. M. Gravesf Discontinuous solutions in the 
06 l 1 cuius of variations y Bulletin of the American iviathema- 
tioal Society, XXXVI (1930), pp. 831-846. 

Weierstrass, Werko, VII, pp. 109, S60; Erdmann, 
Uber xmstetlge losungen in dor Variationsreohnung, Jouzual 
fur Mathomatik, DXXXIl (1876), pp. 21-30. 

G. Kobb, Sur les maxima et les minima des inte- 

? rales doubles, Aota Mathematioa, (a) XVI (1892). p. 65. 
b) XVII <1893J, p. 321. 

(5) 1 
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/^= ( hj) = - 

Corresponding to an edge for the double Integral problem 
we have an (n-1)•manifold, E*, on which some of the par¬ 
tial derivatives p^^j are discontinuous. We derive m<fn 
conditions which the minimizing functions yix) must sat¬ 
isfy on E* • 

In part 1 the statement of the problem of the cal¬ 
culus of variations for multiple integrals is set down, a 
fundamental l^mma is proved, and Jbasrango differential 
equation is derived, in part il, the m+n conditions, a- 
nalogous to edge conditions, are derived. The argument is 
based on the fundamental lemma of part I. The method used 
in this part is one suggested by rrofessor U. A. Bliss. 
Barts ill and IV deal similarly with the isoperimetric 
problem, in part V, the integrand function f is allowed 
to have finite discontinuities on a finite number of 
(m<fn-l)-manifolds in the AY-space. The results of part il 
lead immediately to conditions on the minimizing functions 
y(xj along the mauiifolds of intersection of y(x} with 
the manifolds of discontinuity of f. Bliss and Mason'*^ 


G. A. Bliss and u. i.lason, A problem in the calcu¬ 
lus of variations in which the integreuad is discontinuous, 
Transactions of the Americeua llathematical Society, VII 
(1906), pp. 325-36. 
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treat this prohlem for the simple integral oase* in parts 
VI and YII a second method is used to derive the edge con¬ 
ditions of part II* The method said argument used in these 
two parts were suggested to me by Professor I«* M* Grraves* 

In part VI a special case of the l^ason fundamental lemma 
is proved for multiple integrals*Part VII uses this lem¬ 
ma to derive the edge conditions* 


M* Mason, Beweie eines Lemmas der Variationsreoh- 
nung, Ilathematlsche Annalen, LXI (1905), pp* 450-B* 




I. THE LAGRANGE DIFFERENTIAL EQUATION 


^otatlona : admissible manifolds * In this paper 
X will be n-partite and y will be m-partlte* S will 
denote a bounded» closed, oonneoted region of the X-spaoe. 
Let M be the boundary of 3* We shall denote by L a 
bounded (n-l}-»manifold In XY-spaoe whose projection on 
X is M* The partlea derlvatlTes will bo denot¬ 
ed by Here and in the following sections the index 

i will take the vsJ-ues 1 to n emd the index J the 
Talues 1 to m# Let W be a region of the XYP-space* 

It will bo convenient sometimes to let p denote the ma¬ 
trix of partied derivatives 

Except in parts VI and Vll, a repeated index will 
denote a summation* 

We first define a simple regular n-manifold y — 
y(x), with boundary L, to be one such that, M, the projec¬ 
tion of L, is out by a line parallel to an axis in a fin¬ 
ite number of points and segments^ y(x) is single valued 
and continuous in S, p is continuous in the interior of 
S, and the limit, over 3, of p is continuous on M* 

A regular n-manifold y-y(x) is defined as one, 
such that yix) is continuous in 3, and such that it con¬ 
sists of a finite number of cells which are simple regular 

4 ( 8 ) 
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mcuiifolds* 

We take tor em. admlsi^l'ble manifold one which is 
regular and has its elements in W« 

2* Statement of the prohlem of the oaloulus of 
Tariations for mtiltipla integrals * Our problem of the oal¬ 
oulus of Tariations is to find among all admissible mani¬ 
folds 

y=r y(x), X in S, 

which pass through L, one which minimizes the n-tuple 
Integreil 

(1) I=J^ f(x,y,p)ax 

where, in W, f has as many continuous partial deriva- 
tiTes as desired* 


3* Fundamental lemma * It is desirable and no 
more diffioult to state and prove a lemma which is slight¬ 
ly more general than the strict extension of the one usual¬ 
ly stated for the simple integral problem. 

FUNPAI.ISMTAL LSMLIA * If H(x ) is continuous in S 
except on a finite number of (n-1)-manifolds and 




for €ill ^(x) such that ^ ^ continuous in a, 
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Is oontinuous In S, and ^ s <> on the boundary of 3, 
then ii(x)=0 S exoept on the manifolds of dleoontln- 

ulty of If HCx) has only ordinary discontinuities 

then i4(x)= 0 In 3* 

We make the usual Indirect proof* Suppose there 
exists 601 Xo in S, not on one of the manifolds of dlscon- 
tlnuity, suoh that n(x)^0. Since there are only a finite 
number of manifolds of diaoontinuity it follows that H(x) 
is oontinuous in the neighborhood of x©. Therefore there 
exists a sphere ^ in S with radius and center Xo 

in which lJ(x)^0. Let 

^ outside r , 

where 

mrLQ A Xo) ~ ^ 

This tW satisfies the three properties In the hypothe¬ 
sis of the lemma* However 

j Uix) U-^) Jix ^ f 


jTWs 


which is a contradiction* It is evident that if li(x) is 
allowed to have only ordinary discontinuities then IJ(x) 
in S. 
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4. The Lagrange dljfjTerential eQuatlon * Let 
(2) i yr:y(x), X in b, 

he a minimizing manifold for our problem. 

SSSSSS* SS part of 77L where y^^^^ 

oontlnuoua aeoond derivatiTea we have 

^ 4 .' 4 . = ° - 

For the proof let be a sphere In S auoh 

that on the corresponding part of 77^ ^ y^^^x) has oon- 

tinuous second derivatives. Let Sm be defined such that 
jf is single valued and continuous in 3, ^ ^ O 

S “ , and ^?c is oontlnuoua in and on the botind- 

ai*y of • The feunily of manifolds 


(4) 






(7C.O.) 


are admissible for a suffloiontly email. 
(4) in (1) we get 


I (O') = , 


Substituting 


8md’*‘ 

( 6 ) 


I'co) ^ = o. 




Goursat-hedriok, Llathematioal Analysis,I,pp.192-4 
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Making use of 

we liaTO 


; (^.aO 4 ,* ’ 


Ir 4,4»/, 

~ Ir ^ fe * 


Therefore (6) reduces to 


^ "" Jr ^ 4a ■ ’fe 4 a) ° • 


Applying the fundamental lemma we obtain 



JL 

ax. 


. 4 , 


= O 



II. AHALOaUE 09 THE EDGE C0NDITI0H3 

Edges . Slnoe tlie minlraizlng manifold (1) is 
admissible it consists of a finite number of oalla in saoh 
of wbioh the partial derivatives p exist and are contin¬ 
uous. bet E* be an (n-1)-manifold whioh is a oommon 
boundary of two of the cells. On B* some of the partial 
derivatives p^^ may be discontinuous. E* is then the 
analogue of a corner in the simple integral problem or of 
an edge in the double Integral problem. in order that we 
can make use of equation (3) In the following work wo re¬ 
quire that y(x) have continuous second derivatives on 
each side of B*. Wo also shall confine ourselves to that 
part of B* whose projection E on X can be represented 
by the equations 

(6) Xj = - 

■with f Of olass C’’’, and wh.ro 

times the determinant of the matrix obtained by deleting 

the i-th column of the matrix 



( 13 ) 
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We prooeect to find neoessary conditions on the 
minimizing f\motion 3 (l) at points of K'. These conditions 
are the so-called "Edge Conditions". 

6. The normal coordinate system . Inti^oduoe near 
E a uv-COordinate system determined by the equations 

(7) , u,v in B: u in U, v 4 Vg 

whore v is one-partite and ^ ^ ^2 ^ ^ suf¬ 

ficiently smaai in absolute value that there exist unique 
functions 

u^=.U^(x3^,-v-V(x^,-,x^; 

of class C** satisfying equations (7). This is possible’*' 

since for x on E we have (u^,-»^n-l*^^ “ 

(u^,— ^^ 0 ) and the functional determinant of (7) 


?/a, 9 - f ^Anu, 


J-'; fyia, 

?/Un-I ^ ^ ^ ■* ^KUn-T ^AnUyt-i 

i 

■5 - f 

‘ > ^n-j f > r n Um-i 

1 

1 

1 

< 

v-o 1 

A, > ” ^ A>x 1 


z:tLKc^^:Li:0. 


* G. A. Bliss, Princeton Colloquium Lectures 
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I have used B to denote a region in the UV-spaoe atnd 
also the corresponding region in the X->spaoe* 

I have called this system normal because for n = 
2,3 , V measures along the normal. 

Since V Is negative on one side and positive on 
the other "side of IS , we shall, for convenience, take it 
as negative in 0^ and positive in Og where Co^ («<* 1,2) 
are the two cells in 3 for which B is a part of the 
common boundary. Hereafter will take only the values 

1,2 and will never be used as a summation index. 

7. Family of variation manifolds . In this section 
a family of variation manifolds is constructed correspond¬ 
ing to the edge B'. 

Let 


(8) y •= '/'(x), X in B, 

with of olass C'', he an arbitrary manifold pass- 

ing through B*. The transform of (8) by (7) is denoted 

(0*) y ^ (^(u,v) , u,v in B. 

Denote the portions of the minimizing manifold 
y(x) corresponding to the regions and Cg by y^^Cx) 

and ygix), respectively, and let their transforms by (7) 
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1)0 denoted by 

y=:X-,(u,v), u in U, 

(9) 

ysYgtn.v), u in U, O^v ^ Vj^. 

The notation and are used here for the sets of 

functions yj^ and Yj^t respectively* We extdnd the 
range of definition of y^ and so that they are de¬ 

fined and of class G* in B by defining 

Yj^Cu^t) = Yj^(u,0)-♦-Y^^ (u,0)v, u in U, 0 <t^V 2 , 
Y 2 (u,v) = Ygfu.O-HYg^ (u,0)v, u in TJ, v^^^v^O* 

I^Text define an arbitrary one-parsuneter family of 
manifolds in B by the equation 

(10) T = a /(u) 

where jT is of class C* euad ^ - o on the boimdary 
of U* The oorresponding family of manifolds on 

y ^ ^(u,v) 

is given by the equations 


(11) 


V 3 a /(u), 
y =. ^(u,a jf (u) )• 


Bow oonstruot on B two one-pareuneter faunilies of 
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manifolds 


ilZ) 


Vj'X. = = 


a iM Vi X /" 


"UL 


- a/Cu) 


I,---.,m , oc= 1,8 , u,T In B. 

Those families hare the following properties: the 
manifolds (12) pass through the manifolds (11) for corre¬ 
sponding values of the parameter; the functions c>Ojo^(x,a) 
reduce to for u on the Boundary of U or for 

; the fxLnetlons cOj^(?c>a) are continuous in B 
and at least of class C* in cells of B; for a = 0, 
cO 40 ^ <^) reduces to • 

For the family of variation manifolds let 


(13) 


ysz.y(x) in S-B, 

y ■=. <^.^(x,aj In 


where is defined to he that part of B hounded hy 

T-v^ , the boundary of U, and v=a /(u)* The fvinotions 
defined hy (13) are continuous in S, of class C’ in cells, 
pass through the manifold L, and for corresponding values 
of the parameter a pass through the manifolds (11)* For 
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a^tO, (13) reduces to the minimizing manifold (8)* 

8. The first Tariation , Computing the value of 
I for the functions (13) we obtain 

J(^) = H I 

JSiot 

where H is independent of a and are defined above. 

It is notioed that the parameter a enters into both the 
Integremd and the limits of integration. The method of find¬ 
ing I'(0) in suoh a oase la suggested in a paper of 
Simmons? Separate the seoond and third integrals of I(a) 
into two parts such that the first part has the parameter 
a only in the integrand* Next trsJisform the seoond part 
by (7) into uv-ooordinates*^’*‘ This gives 

7 (.) ..H , ^ iz 


A« Simmons, First and seoond variations of a 
double Integral for the oase of variable limits. Transac¬ 
tions of the American Llathematioal Society, XXVIII (1986), 
p. 835* 

J* Pierpont, Theory of Functions of a Real Var¬ 
iable, I, p* 558. 


(19) 


THE FIRST VARIATIOH 
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where ^ is defined on page 10, is the part of 0©^ 

in B, and the supersorlpte 1,2 indicate the wguments 
of f« it is easy now to see that 


(14) 


iL% 


* f Lt 

Je, JBj 

J J ia.f <iu ~ J j /^/^/ 

£j • 4 •■ 4 , "'-■«.*/ 


where 

(15) 

Using 


(14) reduces to 
(16) 
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( 20 ) 









The first two integrals in (16) ranish hy equation (3) 
sinoe y( 3 c) is a minimizing funotion# We shall transform 
the third and fourth integrals** The integral 


1 . A ^4 * 

%Hz R 4 




where are the values of where a line par¬ 

allel to the Xj^-axis enters and leaves respeotively the 
region • By the definition of wo notice that 

lOj o. is zero on the boundary of except for 

(ft-} 

points on B* We need then to consider only the z^^^ , 

zig that are on B* We now transform by 
(7) x^ = ]^(u) + vAj^ , u»v in B* 


*B. Picard, Traite d'Analyse, 3-rd Ed., 1, pp.165-6 
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We first show that is positire for suad neg¬ 

ative for = zU * We have supposed on page 11 that v 
is negative for points Inside and therefore in 

Therefore is positive for ^i2^ fiuid negative for 

where we think of (7) as solved for u,v in 
terms of x. Hext take the derivatives of (7) with respeot 
to x^ and set v=0. This gives 

-X, -h * 


^ ± 44^ ^ Xi At 5 


where the left hand side is zero except for the i-th equa- 
tion« Solving this set for we get 
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(22) 


•^r 


£ I o 

f i U, ,-, f ^ ^ 1 


- - j 


?>i a, I -- , f 


-nUn-, > 


u, ^ ^ hun~f ^ 

~- ^ - ^ - -^- 


p - ~ — , - 


fnUlf * 9 


t Ac 




~ ^ At» 


We see that In E, 


Ixas the same sign as V^. 


This proves that is positive at the points = z ^2 

and negative at the points have A^ 0 

except for those values of for which • 

Transforming by (7) we therefore have*** 

fe, ^ ” 


* Of. i?ierpont, loo* cit 
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= I ‘i.c^/tj/'^- 


Similarly 

Jb^ i = 4., > 

the negative sign being due to the fact that v la posl- 
tive for points in Bg, Substituting these expressione in 
(16) we obtain 

I'M - X “’*• (4, ^•)/'-‘“ -I “>«(/;,, /lor •<“ 

ly ■ X /'“J//* 

- X /■ ("4 A,) * /M/X ‘‘‘< . 



20 ANAiOGUK OF THE EDGE COEDITIONS (24) 

The Talue of cOja oomputod from equation (12) for 
▼ = 0, 0 la 

Slnoe y *=: ^(u,v) paaaea through K*, <^(u,o) - Y^^(u,o). 

It is oonrenient to introduce ^j(^) in place of ^j(vl,v) 
and p^^ In place of • This gives 

Putting this value of a in (17) ve hare finally 

( 18 ) r(o) 

9* Edge oonditions # Since y(x) is a minimizing 
function I*(0)= 0 and 'we apply the fundamental lemma of 
page 6 to get 

( 19 ) [( 

The functions (^) are arbitrary but the quantities 

V'iXc are not* Since y = ^ (ac) passes through B*, we 
have 




t h - > • 



(25) 


JiSas OOHSITIOHS 


81 


Differentiating partially with respect to we get 




ip i = /, ->*i• 


If for eaoh J and each k 40 wa multiply the aquations 
of (80) hy tha oofaotors of fAUo 


obtain 


4j ^ 4j V * 4 ’ 


or, solTed for ^ 


<2i) Aft = 4- A, - A*. 

Bridently (21) holds also for k=/3 . Multiplying equation 
(19) by and making use of (21) and H Ai-I , we get 

(28) 

for /3 = 1,-,n. Since , j = l,-,m are arbi- 

trary provldad A^4 0, wa obtain the adge conditions 


Aj 


, J= (,—. w, 


and henoe, whether A^ ^ 0 or net, 

% Wki ' 



8£ ANALOGUE 07 THE EDGE CONLITIONE <26) 

It should be notioed that these m-hn edge oondi-> 
tions are not independent* From (21) we hawe 

~ AJ* 

whether the manifold is a minimizing manifold or 

not* By (19) and (20) we oan write 

Using (a), (b) and the m edge oonditions I, we obtain 
the n oonditions II* Therefore there are only m-hl 
independent edge conditions* Although Kobb^ obtained 
three edge oonditions in the double integraa problem, only 
two of them are independent* 

10* Summary * Let y = y(x) he a minimizing mani- 
fold for the n-tuple integral 

I = j[f(x.y,p)dx. P=<Plj) --(IfJ* 

We suppose that 3 oan be dirided into cells in each of 
which the partial derivatives p exist €uid are continuous* 
Let B’ be eui (n-1)-manifold which is a part of the common 
boundary between two of the cells and Og* On B* 

then some of the partial derivatives p^^j may be disoon- 


Loo* oit 


(27) 


smflyuLRY 
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tinuoua* We aasume that on eaoh aide of B', y(x) haa oon- 
tlnuoua aeoond derivativea and that B, the projection of 
B* on X, oan be repreaented by the equations 

with f of olaas o'” and I= 1 whoro A^= (-1)^-1 
times the determinant of the matrix obtained by deleting 
the i-th column from the matrix 



We hare prored that at points on B* the following mtn 
neoeasary conditions on the funotiona yj must hold* 



III. ISOPBHIMBTRIC PHOBLIM; THE LlORABaB MULTIPIIBB HULB 

The method used In the second part of this paper 
can he modified slightly so as to apply to the isoperimetrio 
prohlem* We shall keep the same notations that we hare 
used before. 

11. Statement of the isoperimetrio problem . The 
isoperimetrio problem for multiple integrals is to find 
among 60.1 admissible manifolds 
y = y(x), X in S, 
whioh pass through L and which make 

J , 

where j. is a oonstant, one whioh minimizes the n-tuple 
integral 

I = ff(x,y,p)dx. 

It is assumed that f and g both haye, in as many 
continuous deriTatiyes as desired. 

12* The Lagrange multiplier rule . The method 
that Bliss used in the isoperimetrio problem for simple 

84 ( 28 ) 



(29) 


THB IiAGHA£iOS MlTI.!DIPLISH HUIiE 
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integrals is used here in the study of the multiple Inte* 
gral problem.^ 

Let 


(as) yyi_ : y=y(x), X In 5, 


he a minimizing manifold for our problem. 

We first prove the following lemma. 
LBfJMA . The determinant 


( 24 ) 



la, 


must vanish for every set of funotiona b(x)> t(x; that 
are single valued and oontinaous in 3, vanish on the 
boundary of S, and are of olasa C’ in oelle of 3. 

The proof is the one that Bliss* gave for simple 
integrals. Suppose s(x), t(x) are funotiona for whioh 
the determinant is different from zero. We form the fami¬ 
ly of manifolds 


(25) y^ri yj(x) -has^(x) ’hbtj(x) =y^(x,a,bi , j ==^1,-,m, 


Bliss, Lectures 
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which are admissible for a,b sufficiently small, and con¬ 
sider the eq.uationB 

Ka.b) = /*f(x.y.p)dx= KY/L )-h z , 

( 26 ) 

J(a,b) = f g(x.y,p)dx = , 

where K rri) la the walue of 1 for the minimizing man¬ 
ifold (23)* Equations (26) have the solution (a,b,z) = 
(0,0,0) at which the Tailue of the determinant 



is the determinant of the lemma which we hare assumed dif¬ 
ferent from zero* Therefore the equations (86) hawe the 
solution a-a(z), b=b(z) of class C such that 
a(0) = 0, b(0)= 0. This means that for z < 0 the functions 

a(z), b(z) giTc manifolds of the family (25) for which 
J = and I <i( ^nrL )• Since WL is a minimizing manifold 

the lemma is true* 

By the use of this lemma we deriwe a Lagrange mul¬ 
tiplier rule* 

THEOREM I. There exist constants ( /I, , /i^) ^ (0,0) 
such that on cTery part of rvt where y^(x) has contin¬ 
uous second derlTatives we have 



(31) 
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2&2IS 41 = 

If both elements of the second oolumn of the detezm- 
insint (24) are zero for erery t(x) then certainly both 
elements are zero for every t(x) with tj(x)EO, 
j=l,---,m« Then by sections 3 and 4 of part II, (27) 
is true for every pair ( A, , Consider then the case 

where there exists a t(x) for which not both of these 
elements are zero. Select ( /i/,/^,) ^ (0,0; suoh that 

Sinoe the determinant (24) veuiishes we have 

(28) 

~ Jg =o 

for every s(x). Sinoe (28; is true for every s(x), it 
is true for every s(x; with 8j(x)=0, — t®* 

Therefore (27) is true. 

THEOREM IX. the integral 
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Is 

does not Yanleh for eyery t(x), then o SSl ^^5X2. 

is. hut one set of the form ( /I# , ) = (1, ^ ) satisfying 

equation (28). 

It is evident from equation (28) that A./ ^ • 

Li there exist twd seta (1./’), satisfying equation 

(88) then 

for every six) , whioh Is iraposslhle by the nypothesis of 
the theorem* 



iV. ANALOGUE OP* THE EDGE COONDITIONS FOR 
THE ISOPERIMBTRIC PROBLEM 

13. Edges * As in part il let E* be the (n-D- 
manifold whioh corresponds to an edge In the double inte¬ 
gral problem# The projection B ot B* on X is giren 

by the equations 

Xi • |*^(u), u in U, 

with f of olass c*** and £ a| 1 where is defin¬ 

ed in section 6* Let 

yj = , J^ 1» —.m , 

with ^ of olass C‘\ be an arbitrary manifold through 
B*# its transform by 

(7J ^Ju)>vA^ , u,v in B. 

is denoted by 

y - y(u»vj , u,v in B* 

14# Variation memifolds # In this section we pro- 


( 33) 
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ooed to oonatruot a family of variation maoiifolds whiola 
are admissible* 

Let 


(29 ) V - a ^ (u), 

with Jf of olaaa C and ^-o ©n boundary of U, 

be an arbitrary one-parameter family of manifolds in B. 
There is a corresponding family on y (^(u,v) given by 


(30) 


V = a / (u) 
y =i ^(u,a /(u) ). 


As in part il, we define functions 




(31) 


CLi{u)V-^f„[ - a tc^) 

■V;^ - OL^<u.) 


We get a two-parameter family of admissible manifolds by 
letting 

y = y(x)-f-b t(x) , in S-B, 

(32) = y(x,a,b), 

y oJoc(x,a)b t(x), in Bota. 

where Bc<a defined to be the part of B bounded by 



(35) 
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▼ toundairy of U, and ^(u), and t(x) is 

single Talued and oontlnuous in 3, Tanishes on "tlae bound¬ 
ary of 3, and is of olass C* in oslls of 3. The mani¬ 
folds (32) are continuous in S, of olass C* in cells, 
pass through L, and for b=0 and corresponding Talues 
of the parameter a pass through the manifolds (30)« Por 
a-0, b:=0, (32) reduces to y-y(x) in 3. 

16. Variations of I and J. Consider the two 
equations 

ICo-.h) ^ f i-f f 

JS^G ^tCL 

By the methods of part II, we find 

I ^(0.0) = / (/ 

'ii 


(33) 
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(36 


and a similar aicpresaion for The values of 1^ 

and are ffiven hy 


1^(0, o) , 

Jl(o,o) ^ f (f t- + ^ . 

ffj 


The determinant 

^a • Ihl 

(34) ® = ^ 

® ^ 1 O 

must ▼anish for every jf.(u), t(x) with / of olass C* 
and jS^ o on the boundary of U, and t(x) oontinuous in 
3, tzO on the boundary of 3, and of olass C in oells 
of 8« The proof is the same as in seotion 13* 

We sheG.!, at first, assume that not both elements 
of the second oolumn are zero for every t(x)* Therefore 

^,ib + Jb - « > 

where the /I, , are defined on page S7. Sinoe the de¬ 

terminant (34) vanishes we have 

rasa) Z, la. 


for OTory f('*) 


If both elements of the seoond oolumn 



( 37 ) 
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of (34) are zero for every t(x)^ let 

t(x) = in 

= 0 in 3 - B. 

This t(x) has the properties specified on page 85. 
Therefore 

(36t) Z, Ii, + AiJb ~ , 


From (33), (35a), and (351>) we get 


f (-A. tOja. +A (-Au ^Ja +-A. 

(36) * 

-h f(u) -Aj'^ da. ^ o 

for every /(■«;. where ^ ^ X, f * 


We now make use of 




to change (36) into the form 
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(38) 


f(u.) -A J.«. -^O . 

16« Ana3.ogue of ‘the edge oondl'tlons * Wo no'tioe 
that the left hand side of equation (37) Is the sajne as the 
expression for I*(0) In equation (16) except that f la 
replaced hy derivation of the edge 

conditions from (37) Is then the same as that in part II* 

We have therefore the m-t- n edge conditions: 

I ^ A. /' = A,j\ , 

' j • i J 


II 







V. CONDITIOUS ON THE MINIMIZING FUNCTIONS ALONG A 
MANIFOLD OP DISCONTINUITY OP THE INTEGRAND FUNCTION 

17• Introduotlon < In the study of the oaloulus 
of Yarlatlons protlera of minimizing the integral 

^f(x,y,p)dx , —.Xjjj), y=(yj, —,y„), P=(Pij), 

it is usually assumed that the integrand function f is 
continuous in its mi-n-fmn arguments* In this part of 
the paper 'we sheOLl allow the integrand function to haTe 
finite discontinuities on a finite number of (m-^-n - D- 
manifolds in the XY-spaoe* Conditions on the minimizing 
manifold 

(38) YTL : y = y(x) , x in 3, 

are determined at the (n-1)«manifold8 of intersection of 
(38) with the manifolds of discontinuity* 


Simple integrals with discontinuous integremds 
hare been studied by: G* A* Bliss and M* Mason, A problem 
in the oaloulus of variations in which the integrand is 
discontinuous. Transactions of the American Mathematical 
Society, VII (1906), pp* 326-36; E* J* Miles. Some proper¬ 
ties of space curves minimizing a definite integral with 
discontinuous integrand. Bulletin of the Amerioan Mathema¬ 
tical Society, XX (1913), pp. 11-19; C. P. Roos, A general 

( 39 ) 36 
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DISCOOTIHUOUS IHTBORAJJD FtJNCTIOH 


(40) 


18. Statement ot the nrohlem # Let Q denote a 
bounded closed oonneoted region of the XT-spaoe whose pro«» 
jeotlon on X la 3* Let 

(39) B"t yj= —J = l, —,in , 

with y of olass C**, be an (m+n - 1)-manifold along 
which the integrand function may have finite discontinuities 
in its m+nt-mn arguments 3c,y,p. The manifold B’* sep¬ 
arates Q into two regions , Qg. We assume that in 

and Qg the integrand dPunction is continuous and has 
as many continuous partial derivatives as desired. 

The problem of the calculus of variations here is 
to find among all admissible manifolds 

y = y(x) , X in S, 

which pass through L and which out B* * in a finite 
number of (n-1)-manifolds, the one that minimizes the sum 
of the two integrals 


problem of minimizing an integral with discontinuous inte¬ 
grand, Transactions of the American Llathematical Society, 
XXXI (19E9), pp. 58-70; B. H. Clarke, On the minimum of a 
sum of a definite integral and a function of a point. Dis¬ 
sertation, Chioago, 1922. 


(41) 
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lx(x,y,p)dx , |f(x,y,p)dx . 

Lot B* bo an Cn-1)-manifold of intorsootion of 
B** with the minimizing manifold (38)* We assume, that on 
each side of B* , y(x) has oontinuoua second deriTativea. 
Wo confine our discussion to that part of E’ whose projec¬ 
tion E on X can he ropreaonted hy the equations 

~ ^ ^'^l '^n-1 ^ ^ 

with f of olasa C*** and 21- 1 whore ia defin¬ 

ed in section S."** 

19. Edge oonditiona . Let 

(40) tj,= ty(x) , r=l,-,m-l , 

ho functions of olasa 0 * •, arbitrary except that the man¬ 
ifold 

(41) y=y(x,tCx)) H ^ (x) 

passes through B*. A normal coordinate system is set up 
near B as was done in section 6, and a family of variation 

*** It is only for oonvenienoe of notation that we 
have considered only one manifold E* ' • The argixment holds 
for any finite number since we vary y(x) only in the 
neighborhood of E*• 
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DISCONTIGUOUS INTEGRAND FUNCTION 


(42) 


manifolds is defined as in section 7. The argument of seo- 
tion 8 is the same# We have then equation (19) in the 
form 

(42) ( 4'... A. 

That is, the mlnimi25ing functions y(x} must satisfy (42) 
along B*# 

Computing Xc from (40) and (41), vse get 


Putting in the values of ^4 xi from (43), (42) takes the 
form 

If we write (44) in the form 


/( (hr %..)/>.] 

we have again an expression of the form (19) with ^ 
replaced by ( ^ ) and replaced . ) • 

Since (41) passes through B', we have 

%(h^(fd = Vs(f)^ 0=1.--.--V 1 . 


Differentiating partially with respeot to u^ we obtain 



( 43 ) 
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%K fi h. to,, 

whloli can be written as 

(L, f-xJ iJL^. 

and finally as 

t.x.) -- ( /I, - Uc 

(47) 

oorrespondlng to ognatlon (21). By th® argument on pag® 

21 we then hare 

(’5 j tA j A.) 

(48) ; 

oorreeponding to equation (28). Wo write (48) in the form 
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(44) 


Sinoo the fanotions 
arbitrary, wo hare 



r-l, —,ni-l , we 




n. - 


and 


II 


These 


^ )C^) fj, A ij 

Uj • 

! Ap - (- ?S Ai l‘ 

m^n - 1 oonditlons are the oonditions that our 


mlnlmlaing Tonotlons y(x) must satisfy on the edge E 



n. MA30H rUHDAJSBNTAL LEMMA 


In the study of the simple Integral problem two 
forms of the fundamental lemma are used*^ The fundamental 
lemma of part I oorresponds to one of these forms* Mason 
has proved a lemma for double Integrals corresponding to 
the other fonn^** in this part of the paper we extend a 
special oase of the Mason lemma to multiple integrals. Our 
hypotheses are slightly less restrictive* The proof is es¬ 
sentially the one that Mason used* In part Vll edge condi¬ 
tions are derived by the use of this Ismma* 

The argument used in parts VI and VII was suggested 
to me by Dr* L* M« Graves* 


A* Huke, An historioal and critical study of the 
fundamental lemma of the oaloulus of TOrlatione, Disserta¬ 
tion, Chicago, 1930. « . 

^^* Mason, Beweis eines Lemmas der Variationreoh- 
nung, Mathematiaohe Annalen, LXI (1906), pp» 460-2* 
also T* Kubota, Beweis der fundamentalen hilfassatze in der 
Variationsreohnung, Toholcu Mathematical Jouxual, IX (1916/, 
p* 191* A* Haar, Ober die Variation der Doppelintegrale, 
Journal fur Matheraatik, CXLIX (1919). p^ 1; and J* Sohauder, 
Uber die Umkehrung eines Satzes aus der Variationsreohnung, 
Acta Lltterarum ao Soientlarum, Szeged, iV (1928), pp*38-60* 


(45) 
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20* Mason fundamental lemma * We adopt the nota¬ 
tions and the definition of admlssihle manifolds of section 
1. We shall also use the following notations. 

A function q(x) is said to ha of class 1) on 3 
if q is single valued and continuous in the interior of 
cells of S, and the limit, over S^, of q is contin¬ 

uous over the boundaries of Sj^, whore the boundaries of 3^ 
are out by a line parallel to an axis in a finite number of 
points and segments. 

A function is said to be of class Z on S 

if, ^ is single valued and continuous on 3, the partial 

derivatives S _X 4 * > -distinct, ^= 1 ,— 

—,n, are of class D in (x. ,x. ,—,x. )-apaoe where on 
the manifolds of discontinuity the derivatives may be one 
sided. 

In parts VI and VII, summation will be denoted by a 
summation sign and not by a repeated index. 

FUNDAMENT All LEMMA . If N(x) £f class D on 
R: a^ 4: b^ , i = 1 ,-,n . 

and the integral 



vanishes for every ^Cx) of class Z such that 
on the boundary of R, then there exist n functions 



(47) 
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%(xi,-- 

haTlng only finite diaoontinultiee on a finite number of 
(n^g)- manifolda in the —**i-l»*i+l*—^x^i- apaoe , 

suoh that 

(60) lf{x) = £ (fi on R. 

L 

Also if the ll(x) lj3 of olaaa Z then the Cft; are of 
olaae Z the (x^.-——.x^j- apaoe ,. 

We notloe first that for a funotlon 
cPiCXj^, —-,Xjj), the integral 





f^L-t 

<^1-1 Ac*. 





since t - o on the honndary of R. 


We define 
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( 48 ) 


/<:xj = QM + 






/» /* 


J rX# 

I --/ // Ji-X, —d-Xy, , 

and <9 ^...y> indioates that the upper limits 

have haen replaced hy •-- ' reepeotlTely. This /(V) 

satisfies the hypotheses of the lemma. We oon^pute 


X, -- >> 


= /V 


Z- ) "lay, 


Define 


I /* 

“ b- ~ CL i. I ^ 

^ *■ Jd. 


t,yi 

2 ^ 



/•fc’L /•^W« 




^^~a~iJa ( ■"/ NdicJ-X -df. 


7;4 7;^- ^T, 


'/3 

/| '/3 
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We haT 0 then 

C/v-ztPc/^x-o. 

Therefore 

t,y*- 

N(x) = Z1 ^ 

i. ~ 

The properties of the . Btated In the lemma, follow 

from their definition. 



VII. EDGE COIIDITIOMS OBTAINED BY THE USB OP 
TEE liASON LEMMA 

21* Bdga conditions I. Let 

(61) y = y(x) , X In S^ 

Be a mlnimlalng manifold for our proBlem. 

As in section 6 we let E' Be an edge of our manl* 
fold (61) and E its projection on X. Ve again require 
that y(x) have continuous second derivatives on each aide 
of S'. In the equations 
( 6 ) - 

of B, instead of requiring to Be of class C * * *, we 

require only that Be of class D*. Let 

R: x^ 4 B^ 

Be a rectangular region enclosing a part of B. We oBtain 
edge conditions on the y(x) along the corresponding part 
of E*. 

We define a family of variation memifolds By 


46 


( 50 ) 



(51) 
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y = y(x) in 3 - R , 

(62) yj^7j(3c), in H, ^ y(x.a) 

y^-y;jj.(x)-f A^(x) in R, 

where J is of class Z on R euid t-O on the bound¬ 
ary and outside of H« 

Putting (62) in the integral 


we get 


j^f(3c,y,p)dx 
i) - Jf(x,y,i 


CS-3) 

For oonvenienoe we define the functions 


f'-J 

Ja, 


£ dx,-- d%yi , 


" '4'i^c./a "4 .‘='3--3n. 
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( 52 ) 


The ftmotion M la ot olass Z and la ot olaaa Z 

in the —,Xjj)-8paoe. Also Pj^ la of 

olass Z In the (x^,—•,x^)-8paoe near the edge hy the 
hypothesis of the oontlnulty of the second derlvatlTes of 
y(x) near the edge* Using 


C — - ^y-r-T^n i '^>1 —^n-/ 

we get 

yi 

alnoe i^o on the boundary of H* Continuing in this 
manner we get In the next step 


and finally 


Ja iti-K= X„ eix. 


In a similar manner we obtain 



(53) 
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X..- X, ^x,-^x,, A.,- 

■'a,-, >'a,», 


Therejfore we oaoi write (63) In the form 

l'(0) = f (-1)“(M - Pg-p^)/^ _ .^^dx = 0. 

Jf^ 

By tlie fund ament aJL lemma of seotion 20 we have 
(64) R=M-ZI 

<•' C 

Where does not contain the rariahle Xj^ • It should 

he notloed that lf(x) is of olass 2 near the edge B. 
Letting 


( 66 ) 


r 

(^) - y[ /u dXc Jp 9 




we get (64) In the form 

* 1 / f^L-i f 


•_ r^t r^i'i f p^>i ^ 


Let funotiona he defined hy 
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( 54 ) 


-(fn, 

•^O; Ja-i., Ja^^, Ja^ 


= 


J<L, Ay,^, 


Vn d-X,~- dx„_, --J2 • 


We have then 

/> n 

J 66 ) Qc~ ^ 

L 

The partial derlTatlTea 


-T" dxy, - (fnX.-Xy,., = f,y 


(67) 




-- >t-/. 


are oontlnuoua aoroas the edge E except at a point on a 
line parallel to the x^-axis having a segment in oommon 
with B or some other part of the boundaries of the cells 
3^ of S* The reotsingle R can be taken sufficiently 
small about the point 0, of B, in consideration such that 
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a line parallel to ainy x^-axis, which does not include 
the point 0 in a segment in oommom with will not 
hare a segment in common with £ or any other part of the 
houndaries of 3^^ in R. If a line parEtllel to the 
axis has a segment in common with S then 0 along 

this segment, hy the argument in section 6 of part II* 
Since 0 some i we can .modify the proof from 

here on for those points of S* We assume then that the 
are continuous across the edge B* Therefore ^u^(^c) 
has the same value on both sides of B for i-1, —,n-l , 
J^~l,--,n-l* We hare then, except at edges of B, 


( 68 ) 

for 

(69) 



l,-«,n-l* From (66) we obtain 



Since either 



is continuous across the edge B or 0 we have 



and therefore, from (66), (67), and (69) 
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( 56 ) 


Also 



yrom (56) 


c = ~ , n - /. 


ZZ Qi X,-- Xy,., ~ • 


Tborafore we have the m edge oonditlons 


( 60 ) 


i, n. i,n 

11 


Sinos the nxunber of edges of B la finite we still hare 
the result (60) at these points by the continuity of 
^ A^fp In the cells 3^ of 3* 

22* Other edge oonditlons ^ In this seotlon we ob¬ 
tain other edge conditions by a ohcmge of our problem into 
parametric form, het 


Xi-= Xi(ti»-•'^n^ » 

Then 


y(x) s y(x(t)) r: y(t) 



(57) 
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and 


Suppose 




A - I 


Then 

Y, _ YT 

Pik - yioc . = ^ 

where 'the determinant o'btained from A by 

replacing the i-th row by y_ • Our integral I then 

lrt/3 

teJces the form 

r --1 y.f )AJt, AH (A„.), 

s 

where q ^ ^ of "the same 

it ^ “ kt/3r 

form as before except that y is (m n)-partite# There¬ 
fore, hy (60), we can write 


(61) 




^ f\ ^ = >,- .m. 
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( 58 ) 


The iB defined in the same manner ae the A^« where B 

is given hy the equations 




Now let x^r: t^ • Then 


A = / . -A^ - f . 


Th« partial darlratlres l\ beoome 

0 i/J 


ft/3 j axtf 


(4*-; 






= +. /. y f Ia c)Aa»- ) 

A TJ~: ' -^^jv r 


i^utting In the values 




ve get 


4 " =/-/“/’/ 


and 
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Similarly 

~ „ • 

'^-k/3 '^Pfl 

Substituting these values in (61) obtain tha m^n 
edge conditions 




and 

II 





These are the oonditlons that we found In part 11 
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INTRODUCTION 


The following pages are devoted to a discussion of cer¬ 
tain special cases of a problem of Lagrange in the calculus of 
variations for double Integrals; more specifIcatlly, to the 
establishment of an analogue of the famous Euler-Lagrange mul¬ 
tiplier rule* For simpler integrals, the problem of Lagrange 
is that of finding in a prescribed class of arcs = yj^(x) 
x^x,; i = l,2,..*,n) which Join the two fixed points 
(Xj^,y^), (Xg,yjg) and satisfy a system of differential equa- 
tlons ,y^) =0 (c6 = 1,2,... ,m) one 

which minimizes the Integral 

pXg 

1= f(x,y^,...,y^,y^,...,y;)dx. 


According to the multiplier rule, discovered Independently by 

Euler and Lagrange, there exist a constant and m functions 

Xot(x) such that along an arc which fui*nlshe8 a solution for 

the above problem the equations (d/dx)Fv' - =0 hold for 

^1 "^l 


the function F = X^f + Xoe^oc. • 

An analogous problem for double Integrals would be: to 
minimize the Integral 


=/; 


f(x,y,Zj,. 




In a class of surfaces = zj^(x,y) [(x,y) In A; 1 = l,2,...,r^ , 
all of which pass through the same closed curve above the 
(67) 1 
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"bovindary of the region A and which satisfy the system of par¬ 
tial differential equations =0, m In number, 

where It Is understood that p^ = (d/dx)z^, q^ = (V^y)^l* 

Is characteristic of the Incompleteness existing In the calcu¬ 
lus of variations for double integrals that the multiplier 
rule for a problem of such generality has not yet been estab¬ 
lished, Apparently the only discussion In the literature of a 
problem of Lagrange for double integrals Is that to be found 
In a paper by Gross^, who treated the case of a surface in the 
space of (x,y,Zj^, 2 j,)-points, defined over a square B of the 
(x,y)-plane, which minimizes the Integral 

B 

In a class of surfaces z^ = zj^(x,y) defined In B, having the 
same boundary as the minimizing surface, and satisfying the 
equation ^(x,y,Zj^,Zg,Pj^,Pg) = 0, Gross was able, under cer¬ 
tain hypotheses, to prove the existence of a function A(x,y) 
such that along the minimizing surface the Lagrange partial 
differential equations - {^/bx)F^ - (3/^y)Fq = 0 hold, 

where F = f + 

In the first chapter below, the case considered by Gross 
will be re-examined and a much simpler proof of the multiplier 
rule made for It under restrictions less severe than those Im¬ 
posed by him. The procedure will consist essentially In the 


^ W. Gross, Das 1soperlmetrlache Problem bel DoppelInte¬ 
grals, Nonatshefte fur Mathematlk und Physlk, XXVII(19l6), 
pages 114-120, 
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derivation of an auxiliary minimum problem, a problem of 
Lasrange for simple integrals, which can be treated by known 
methods. A modification of this method will be found success¬ 
ful, In the second chapter. In the discussion of a somewhat 
more general problem, for which the equation of condition has 
the form x,y, ,Pj^,pg ,q,) •= 0. However, a proof for tne 

most general type of equation x,y, , z^ ,p^,p^ ,q^,qj^) = 0, In 
which all four derivatives appear. Is still lacking. 



CHAPTER I 

THE MULTIPLIER RULE FOR THE CASE 
STUDIED BY GROSS 


1. Formulation of the problem. Consider a surface 

(1.1) = Zi(x,y) (1 = 1*2) 

defined In and on the boundary of a region B of the (x,y)-plane. 
In this chapter the multiplier rule will be proved for a sur¬ 
face (1.1) which furnishes a minimum for the integral 

(1.2) I =j'l' f(x,y,z^,2,,p^,p,,q^,q,)dxdy 

B 

In a class of surfaces 

(1.3) ZjL = ®i(*.y) [(x.y) In B; 1 = 1,2] 

all of which pass through the same closed curve as does the 
surface (1.1) above the boundary of B and which satisfy the 
equation 

(1.^) i?<(x,y,z^,z^,p^,p^) = 0. 

In the integrand of I and In the function ^ It Is understood 
that for are to be substituted respectively the deriv¬ 

atives z^^(x,y), z^y(x,y). 

The region B Is to consist of all points (x,y) which 
satisfy the conditions: ^ y ^ ^^^(y) < x ^Xg(y) ; the 

functions x^(y) (1 = 1,2) are continuous together with their 

4 (70) 
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derivatives on the Interval and have Xj^(y) < Xg(y) for 

every y of the Interval. 



We proceed under the following hypotheses: 

(a) the functions Z^(x,y) defining the minimizing sur¬ 
face are of class G** in 

(h) there Is a region R of elements (x,y,to 
which all the elements [x,y,Z^(x,y) ,Zj^^(x,y) ,Z^y(x,y^ having 
(x,y) In B are interior and In which the functions f and ^ are 
defined and of class c” at least; 

(c) at no point of the minimizing surface do both ^ 
and ^ vanish simultaneously. 

It follows from (c) that there exists a function 
^(x,y,z^,Zg,p^,Pg), defined and of class c” in R, such that 
the determinant 



^ After Bolza, a function Is said to be of class in 
Its region of definition If Its partial derivatives of all 
orders up to and including the nth exist and are continuous in 
the region. 
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l9 never zero along the minimizing surface. For example, the 
n 

function Pfl - P 1 which the arguments of the 

?! Pg 1 Pj^ 

belong to the minimizing surface makes the determinant (1.5) 
always different from zero because of hypothesis (c)• Since 
however y does not have the stated properties of differentia¬ 
bility, we may secure the desired function by replacing the 
n 

in y by polynomials P^(x,y) which approximate in the region 
B uniformly to the so closely that the determinant (1.5) « 
calculated for the function ■/" = Pj^pg - ^gPj.* remains different 
from zero for (x,y) in B^. 

Admissible surfaces may be defined as surfaces given in 
the form (1.3) for which the functions z^(x,y) are of class 
in B and all of whose elements (x,y, z^ ,p^ ,qj^) lie Interior to 
R and satisfy the equation (1.4), A sharper formulation, then, 
of the minimum properties of the surface under consideration 
is that this surface (1.1) gives to the Integral (1.2) a value 
smaller than that furnished by any other admissible surface 
which passes through the same closed curve over the boundary 
of the region B. 

We shall adopt the conventions of the tensor analysis, 
in which it is understood that an index s has always the same 
range (s = l*2,.,.,n); when the index appears twice in the 
same term, that term is to be regarded as a sum ior values of 
s extending from 1 to n. The indices l,J,k in the following 
are always to have the ranges (l,J,k = 1,2) while the index m 


' ^ E. W. Hobson, The Theory of Functions of a Real Var¬ 

iable, II(2nd ed. , 1926), page 232. 
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has the range (m = 1,2,3)• 

The equation of variation . Suppose = z^(x,y,€) 
is a one-parameter family of admissible surfaces which for 
€ = 0 contains the minimizing surface (1.1); we shall suppose 
that the functions z^(x,y,£) are of class for values (x,y,€) 
having (x,y) in B and |e| sufficiently small. When the functions 
2^j^(x,y,f) are substituted in equation (1.4) and the resulting 
identity is differentiated with respect to c it is seen that 
the derivatives ?^(x,y) = 2^x,y,0) satisfy the equation 

( 2 . 1 ) = °« 

in which the derivatives of ^ have arguments belonging to the 
surface (1.1). Equation (2.1) is the so-called equation of 
variation along the minimizing surface. 

A set of admissible variations along the minimizing sur¬ 
face consists of two functions £^(x,y) which with are 

of class g' in B and satisfy the equation (2.1). Each pair of 

I 

admissible variations Sj^(x,y) along the surface (1.1) defines 
a function ^(x,y) of class c' in B: 

(2.2) />(x,y) = + )^p^5ix. 

The arguments in the derivatives of in equation (2.2) are a- 
gain those belonging to the minimizing surface. Conversely, 
each function ^(x,y) of class in B defines uniquely by means 
of equations (2.1) and (2.2) a pair of admissible variations 
Cj^(x,y) with the initial values 5^[x^(y),^ = 0 on the interval 

yiya* 

Let now 5jj^(x,y) be three pairs of admissible variations 
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along the surface (1.1) , with 5^^[x^(y) = 0 on th-e interval 

Consider the equations 

><(x,y,Zi,Pi) = 0, 

(2.3) 

^^(x.y.Zi.Pl) = r(x.y> + , 

where the functions are defined from the variations by 
equation (2.2), and r(x,y) = )5^|jc,y ,Z^( x,y) ,Z^^( x,yjj . Equations 

(2.3) are ordinary differential equations of the first order 
In the functions and their x-derlvatlves and contain the 
parameters y and €^, The functional determinant of the left 
sides of (2.3) as to the pj^ Is (1.5), which does not vanish at 
any point of the surface (1.1) , and for = o (m = 1,2,3) the 
functions = Z^(x,y) are a solution of (2.3). According to 
the existence theorems.for differential equations, then, the 
equations (2.3) have a unique solution = z^(x,y,€jjj) having 
the initial values 

(2.4) Zj^[xj^(y) ,y,<J = Zi [x^( y) ,y]] , 

which reduces to the solution Zj^(x,y) when the all vanish. 
The functions z^(x,y,€ 2 j) their derivatives z^^(x,y, c^^) are 

of class c' for values of their arguments in a sufficiently 
small neighborhood of the sets (^>y»€jjj) satisfying the condi¬ 
tions; (x,y) In B, Cjjj = 0. The functions satisfy 

equations (2.1) and (2.2) written with the functions as 

one readily sees upon substituting the functions z^(x,y,ejjj) In 
eqiiatlons (2.3), differentiating the resulting Identities with 
respect to e^, and setting the all equal to zero; from (2.4) 



(75) 


AN AUXILIARY MINIMUM PROBLEM 


9 


one sees that the functions z,, (x,y,0) satisfy also the Inl- 
tlal conditions z^^^Qc^Cy) ,y,o]] = 0 (y^^ ^ y ^ y^) ; therefore 
x,y,0) = the latter are the unique solu¬ 

tions of (2,1) and (2.2) vanlshlns at x = Xj^(y). 


THEOREM. _If x,y ) are three pairs of admissible 

variations along , vanishing ^ x = JSx^I^ » there 

exists a three-parameter family of admissible surfaces 

= 2 j^( x,y,€ ^) which contains the minimizing surface for 
i.m = 2 has the functions x>y ) as Its variations with 

respect ^ functions ( x,y and their derivatives 

^ix 2£ class G ' for values of ( x,y ,C g^) In the neighborhood 

of the seta satisfying the conditions ; ( x.y ) in B, = 0, and 
satisfy the conditions : Zj^CXj^ (y) .y. = Zj^[Xj^ (y) ^yj . 


3, An auxiliary minimum problem . The theorem of the 
preceding section is still true if for the parameters we In¬ 
troduce functions ^^^(y) class C on the Interval y^^y^f on 
account of the fact that the equation (1.4) contains the deriv¬ 
atives and n6t the derivatives q^. The family of admissible 
surfaces constructed with the aid of these functions » 

when substituted in the Integral I, gives to it the form 

rye 

(3.1) I = \ &(y,^m>^m)^y, 

yi 


where we have put 

(3.2) g(y,fm»^m) 
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Then, by virtue of (2,4) and the discussion on page 8, the fam¬ 
ily z^(x,y,f^) satisfies the conditions 

zi[xi(y) ,y,ttn(y)] = Zj^[x^(y) ,y] (yj,$y«yi), 

ZlCx.y^.yy,)] = 2^(x,y,) [xjyj $x«x,(yj] . 

If the functions are so chosen that in addition 

^y* ^rn^yO = ^i&»(y) »y!] (y^ < y <: y.) 

then each surface of the family will coincide with the minimiz¬ 
ing surface (1.1) on the boundary of B. Since for ^jjj(y) = 0 
the family reduces to the mlniralzlng surface, the following 
statement is Justified, 

The functions lin(y) = 0 furnish a minimum for the Inte - 

£lal 

I = I s(y,«ni»'m)'^y 

4 1 

in the class of seta of functions CjQ(y) of class C on the 
interval Xj.Ya all their elements ( y in a small 

enough neighborhood of the aets (y ,Q.Q ) with x OH the interval 
XiXa and satisfying the conditions 

(3.5) fm(y^ = ^m(y,) = 0. 

(3.4) ^iCxgCy) ,y,em(yO = 2i[*»(y) .yD (yisy^^y*). 

The auxiliary minimum problem so derived is a problem 
of Lagrange for simple Integrals in (y,€jjj)-space, with equa¬ 
tions of condition (3«4) which do not contain the derivatives 
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the minimizing set €^^(y) = 0 for this problem is non- 
singular - l.e., if the matrix 

(5.5) .y.o]|| = |j5mi[*»(y) .y] 

has rank two at every point of the Interval y^^yg - then it la 
well-known* that there exist multipliers /tj^(y) of class C on 
the Interval y^^y^ » such that the equations 

(3.6) (d/dy)Qe' - Gj =0, 

'm 

formed for the function 

(3.7) G = 6(y,«^,e^) +/< i(y) |ziCx,( y) ,y, - Zj^[}c,( y) ,y]| , 

hold along ^jjj(y) = 0. 

The multiplier rule for normal m inimizing surfaces . 
The minimizing surface z^ =: Z^ix,y) will be said to be normal 
if along it there exist two pairs of admissible variations 
?^^i(x,y) vanishing at x = Xj_(y) , for which the determinant 

5,^[x,(y),y] 5„[x,(y),y] 

never vanishes on the interval yj^y** 

Suppose then that the minimizing surface is normal. If 
the two pairs of variations which satisfy the above condi¬ 
tion and any third pair ? 3 ^(x,y) which also vanish at x = x^{y) 

^ See G. A. Bliss, The Problem of Lagrange In the calcu¬ 
lus of Variations, American Journal of Mathematics, XLII(1930) , 
pages 703-5. 


(4.1) 
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are employed In constructing the family x,y, , then the 

matrix (3*5) has surely rank tv/o at every point of y^^Yg and 

/ 

there exist multipliers of class C on the Interval such 

that along = 0 the equations (3*6) hold. These have the 

form 


^x,(y) 


(d/dy) 




(4.2) 


' Xj^(y) 


'y] 


px,(y) 

I ^ 

x^(y) 




the arguments in the derivatives of f belonging to the surface 
(1.1) • The multlpllers^^Cy) , which apparently depend upon 
the choice of the variations Sj^(x,y), are In fact completely 
determined by the first two of equations (4,2), since the de¬ 
terminant (4,1) is not zero. Hence the equation (4.2) must 
hold when the 5j^^(x,y) are replaced by an arbitrary pair of 
admissible variations 5^(x,y) which vanish at x = Xj_(y). 

Let Aj^(x,y) be two arbitrary functions of class C In 
B. Then If p{x,y) Is determined from the variations ?j^(x,y) 
by equation (2.2), we have 


pxg(y) px,(y) 

(d/dy)l Fqj^Sidx - J (Fz^^l 

' Xj^(y) / Xj^(y) 







pdx. 


*y] “ 
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where we have put P = f + When the second term on 

the left of the last equation has been subjected to an Inte¬ 
gration by parts, it follows from the rule for differentiation 
under the integral sign and from ,yj = 0 that 


[pq^(dx/dy) - 

px«(y) 

- I - (i/Jx)Fp^ - (i/ay>Fj^^J?j^dx = - I ^z/xix, 

/Xj,(y) ^ ^ ^ /xj(y) 


the notation which follows the first term indicating that in it 
one must put x = Xj(y). 

If the functions A^(x,y) are chosen as solutions of the 
ordinary linear differential equations 


(4.3) - (V^x)Pp^ - (V^y)Fq^ = 0 


with the initial conditions 


r *1 ^•(y) 

I Fp^ +/^1 - Fq^(dx/dy)j = 0, 

which are linear in the functions A^^, it follows that 


(4.5) 



A^pdxdy = 0 


B 

for arbitrary functions p{x,y) of class in B. Hence Ag(x,y) 
is identically zero in B. For if Ag is different from zero at 
some point (x^,y^) of B, because of its continuity It will re¬ 
main different from zero in a S-neighborhood of that point. It 
would then be possible to find a function p(x,y) which within 
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(Xo,y^)j has the same sign as Aj^(x,y) and vanishes outside this 
neighborhood. For this function p(x,y) however the Integral 

(4.5) Is not zero, 

THEOREM* IL Ilx = Zi( x*y ) Is a normal aurfaoe of class 

// 

£ which furnishes a minimum for the Integral 

.Pl.qi)<ixdy 

B 

I 

In the class of surfaces = z^{ x.y ) of class G having the 
same boundary curve ^ - Z^j x^y ) over the boundary of B and 

satlsfylnpc; the equation ^( x.y, ,p ^) = 0, and If along the sur ^ 

face = Z^{ x.y ) the derivatives never vanish slmul -* 

taneouslv . then there exists a function X(x.y ) of class C In 
S such that the equations 

(4.6) - (a/ax)Fp^ - (i/iy)Fq^ = 0, 

formed for the function F = f + hold alonR = Z^( x.y) • 

5. Uniqueness of the multiplier for normal minimizing 
surfaces . The following theorem Is readily established. 

THEOREM, ^ the minimizing surface = Zj^( x.y) * la nor ¬ 
mal . the equations ( 4,6 ) , formed for the function F = 2o£ + 
can hold along It for no pair of multipliers A( x,y) having 
io = Q.> except the trivial pair which has also A( x,y) = 0* 
Suppose that the equations 

(5.1) - (V>x)(A?(„ ) = 0 

Pi 

are satisfied along the normal minimizing surface - Z^(x,y). 
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If the equations (5*1) are multiplied by the functions 5i,3_(x,y) 
which satisfy the equation (2.1) and have their determinant 
(4.1) different from zero, it is seen that (^/^x)(= 0 
and that therefore for x = Xa(y) the functions vanish 

on the Interval y^ya* 1^ follows from the fact that (4.1) is 
not zero that = 0 for x = x,(y) and therefore ^[x^(y),.3^= 0. 

But X(x,y) is a solution of 

^ 4,] ^P.j 

- (^p^* + i^p^*)( »/»x)A = 0 

and hence X(x,y) = 0. 

THEOREM. The multiplier X( x.y) for the, normal minimi^^ 
ing 8urfac_e of theorem on pafte l4 unique . 

For if Aj^(x,y)^ Xg(x,y) are two multipliers associated 
with the surface = Z^(x,y) , the equations (4.6), formed for 
the function F = (A^^ - A,,)^, must hold along = 2j^(x,y) *, but 
by the preceding theorem this Is impossible unless A^^ = 



CHAPTER II 


A MORE GENERAL PROBLEM 

6* Formulation , Th^ methods of the preceding sections 

are applicable also to problems of a more general type* Again 

// 

let the surface = Zj^(x,y) be of class C In B and suppose 
It gives a minimum to the Integral I In the class of admissible 
surfaces which pass through the same closed curve as the sur¬ 
face (1.1) above the boundary of B - where now a surface Is 
admissible If 

(a) It Is defined by functions = z^(x,y) of class 
c' In B; 

(b) all Its elements (x,y,z^^,z^^) are Interior to 
the region R in which f and ^ are of class c" and to which the 
elements of the minimizing surface are all Interior; 

(c) all Its elements satisfy the partial differential 
equation 

(6.1) j^Cx.y.Zi.Zg.Pi.Pa.Qg) = 0. 

In equation (6.1) appear all the first derivatives of 
the functions z^(x,y) except We replace the assumption 

(c) of the first section by a less symmetrical one; namely, 
that d and d are both different from zero on the surface 

Pi Pg 

Zi = Zj^(x,y). The assumption 0 Implies that the case 

here considered is not that treated in the preceding chapter. 
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7. The equations of variation . If z,(x,y) is replaced 
in equation (6.1) by Za(x,y) + €(y) 5a(x,y) , r(y) and ?g(x,y) 
being arbitrary functions of their arguments, then can be 
determined from the equations 

z, +«?, ,2^^, z,^ + z,y + . 5 ,y + *'?,) = 0, 

(7.1) 

2 ^[x^(y) ,y.<•€']= Z^[x^(y),y] , 

where c'is the derivative of €(y). If in these equations c' 
are regarded for the present as constant parameters, the sol¬ 
ution will be a function 2 j^(x,y,€,€) whose variations with 
respect to c and e, x,y ,0,0) and x,y ,0,0) 

satisfy the equations 

(7*2) ^2, ^ 

(7.3) 

where as before the arguments in the derivatives of )Z^ in these 
equations belong to the surface (1.1). Every function (x,y) 
of class in B determines uniquely a pair of functions 
which with are of class C in B and which are solu¬ 

tions of the equations (7.2) and (7.3) respectively with the 
initial conditions 

(7.4) 5^[x^(y),y] = ?*[x^(y),y] =o (y^ y «y,)- 

For use in the sequel, it should be noted that if for some y^ 
on the Interval yj^y,, Sg( x,y^) = fg^x.yjj) = 0, then the func¬ 
tions 5^(x,y^), ?*(x,y^), 5^y(x,yj,) also vanish Identically. 
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For from = 0 It follows that = 0, and then 

the equation (7»2) reduces to 




= 0 , 


of which the only solution with Initial value zero Is Sj^(x,yjj) 
Identically zero. Similarly from (T.3) one finds Sj^(x^y^) = 0. 
Differentiating (7.3) with respect to y and observing that 
5^*^(x,yo) = 0 since = 0* derives the equation 

1 yr 




= 0 . 


It 

From (7.4) one sees that the solution Sj^y(x,y^) of this equa¬ 
tion must satisfy the Initial condition 

from which It follows that - 0. 

THEOREM. If are three arbitrary fvqctloi^ a Ol 

class In B for which 

(7.5) ?ma[’^x(y) * 7 ] = ^ma[*a(y>-y] =° (y^ «y < ya) • 

then there exists a pair of functions 

z^ = zjx,y,<^,4) . 

z, = z^(x,y,«ni) = Z,(x,y) + <n^^,(x,y) , 

containing arbitrary constants e^,, e^, and satisfying esua- 

tlons ( 7.1) with the initial conditions 

2i[xj.(y) = Zx[*i.(y) .y]- 
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The family contains the minimizina surface x.y ) for the 

values ( x.ysatiafyinp; the conditions 


(x,y) in B, «„ = < = 0. 


In a neighborhood of these values ( x.y the function 

x,y and its derivative are of class c' • Further ^ 

more the variations ^ r • ^' are those which are 

-- 

determined uniquely by the equations ( 7.2 ), ( 7*3 ) and the ini ¬ 
tial conditions ( 7.4 ) when the functions ( x.y ) are Riven . 

II lm» ai:© replaced functions Inj(^) of class Q," on 
and their derivatives = df^/dy, then the surface 


(7.6) 




still satisfies the equation ^ = 0 and is admissible . 

The statements made in this theorem follow from a con¬ 
sideration of the differential equation (7.11) In which the 
and y are parameters. Since ^ ^ 0 along the minimizing 

surface, the existence theorems for differential equations as¬ 
sure the existence of a function of the kind described; the 
equations ? = z , , ? = z > follow from substitution of 

the functions x,y, f C^) , z.^(x,y,f^) in the equation (7.1) 

and differentiation with respect to c^, since ai'© 

^ m* m* mx' •*mi 

the unique solutions of the equations (7.2), (7.3) respectively 
which for each m have the initial values (7.4). The truth of 
the last statement of the theorem is evident if one examines 
the form of equation (7.1). 
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8* A. apecial case of the multiplier rule for aimple 
lntep;ral.9 « If the functions of the theorem of section 7 

are chosen to satisfy the equations 

(8.1) = 4(yx> = ‘m^y.) = 

(8.2) ^[\(y) .y* v<] - '^1 = 0' 


the surfaces of the family (7«6) will coincide with the mini¬ 
mizing surface above the entire boundary of B. Because the 
family reduces to the surface (1.1) for €^(y) = 0, the follow¬ 
ing statement la Justified; 

If the surface = Z^( x,y ) minimizes the Integral I, 
then the functions = 0 must give to the Integral 


(8.3) 


J = 


y« 

6(y,«ni>«m)'ly> 


where 


(8.4) 


y^ 


rw ( 



/x,(y) 


a minimum value for the problem of minimizing J the class 

If 

of sets of functions ^.^(x) 9l. class G on Xj^Xg for which the 
sets ( y.€ ^.c^) are near to ( y.0.0 ) and which satisfy the end - 
conditions ( 8.1 ) and the equations ( 8.2) . 

The auxiliary minimum pro^] em derived is again a 
problem of Lagrange for simple Integ^^pl', It differs, however, 
from the type of problem usually considered in that not only 
the functions €^(y) but their derivatives €jjj(y) as well are 
subjected to conditions at the ends of the Interval y^^^ y ^ y,« 
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However, the reduction of this problem to the classical type Is 
easily carried out and will occupy us In the present section. 

Replace the by new variables Then the auxiliary 

minimum problem derived above Is equivalent to that of minimiz¬ 
ing the Integral 

T' 

J = 1 6(y. <'m. 

f yx 

/ 

In the class of functions ^^(y) > class C on and 

satisfying the conditions ^■^^(yj^) = = 7m^yi^ - 7m^y*^ = ^ 

and the equations 


(8.5) 

^.0 

iCg(y) . 

B 

1 

^x[ 

x,(y) , 

0 

ii 





C 

m “ Vm 

=r 0 

• 



This Is an Instance of 

a problem with 

mixed equations of con- 

dltlon, since 

the 

first 

^ of 

equations 

(8.5) 

does not 

contain the 

derivatives or 

m 

7m- 

The 

set c 

m 

(y) : 

= 7m^y) = 0 

a solution 

of the problem 

, and It 

Is known ^ 

that 

If one of the 

fourth or- 

der determinants of the 

matrix 









^ n 

_ n 


x,(y) 



5.x 

5a X 

53 X 


5a X 

^3 1 



(8.6) 

1 

0 

0 

0 

0 

0 



0 

1 

0 

0 

0 

0 




0 

0 

1 

0 

0 

0 




of the derivatives of the first equation (8.5) with respect to 

c , >> and of the last three with respect to 17 ' is never 

mem m I m 


^ Bolza, Vorlesungen uber Variationsrechnung, page 5B0. 
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zero, than there exist multipliers of class 0^ 

on and not all zero, such that the equations 


(8* 7) 


(4/dy)0, / - Qj = 0, 
m m 

(d/4y)G^j^ - = 0 


hold along ^^Cy) = where 

a = A^e(y.«m,V 'y**!!!**?!#],- 2:^.(y).y]j+ - 7m)* 

equations (8.7) are equivalent to 

(d/dy)no6,'(y.0,0) +/xSalD*»(y) »yj|f 

(8.8) P 

a AoS«^(y,0,0) +/«?ni»L*«^y)'yj* 

which are precisely the equations one would arrive at In cal¬ 
culating 


(d/dy)Oj< (y,0,0) - G, (y,0,0) = 0 
tor the function 

»(y.«m'*m) = ^e8(y.«B*<i> +/*|*»[*.(y) ^y• *m*- Zx[*»<y)'y]j * 

9. The multiplier rule for normal minimi zing surfaces # 
In the problem under consideration wo shall call an admissible 
surface normal In case there exist two functions Sj^g(x,y) of 
class 0^* vanishing for x = Xj^(y) and x = x,(y) and such that 
for the functions Sj^j^(x,y) , (x,y) associated with them one 

of the values •yj always different from zero on 

the Interval yj^y,# while the determinant 
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(9.1) 


^1* [*• ^ »y] ^ Sit [*• ^ y^ • yj ■ x [*■ ^ y> 


never vanlshea on the interval 

Suppose then that the minimizing surface = Zj^(x,y) 
la normal. Then according to Bolza there exist multipliers 
^(y) for which equations (8.8) hold. These equations, when 
written In the form 


/fmi&«ty>*yl +/^‘(d/dy)»y] - 5m[*»(y)‘y]! 


(9.3) 


'*,(y) 




'x^(y) 


fx,(y) 


(d/dy) 


' I 

Xj(y) 


A 




may be regarded aa three linear equations having a non-trivial 
solution #/'^(y) f/^W) » constant different from 

zero. If A^ were zero, the fact that the determinant (9*1) Is 
not zero on y^y* would imply thatyui(y) s 0 and then equations 
(8.7) would show that also the S 0, In contradiction with 

the multiplier rule for simple Integrals referred to In the 
footnote on page 21. The solution of the auxiliary minimum 
problem Is therefore normal^, and the multipliers A^, yix(y) may 
be taken In the form 1,/^(y) , In which form they are unique. 


^ See Biles, loo. olt., page 688< 
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Since the first two equations (9*3) suffice to determine 
the funotlona completely In view of the fact that the de¬ 

terminant (9.1) Is not zero, It follows that equation (9.5) Is 
Still true when the functions are replaced by an 

arbitrary function 5,(x,y) of class C", vanishing ^ 
and X = x,(y) , and Its associated functions ?j,(x,y) , (x,y). 

Let X(x,y) be an arbitrary function of class C In B. 

As a consequence of equations (7.2) and (7.5) ohe has 




'C[- ,(y) ,y] +/^ [(d/dy) ?*[x,(y) ,y] - 5^.y]j 


>x,(y) 


(P 


.^?1 ^ ^p^^lx - Fqj?iy>-"’' 


x^(y) 


px,(y) 

(d/dy) I (Pzj^?j. 

Xj^(y) 


^zx + ^'v + F„_5a)'iX, 


Where F = f + When the terms on the right are Integrated 
by parts and the conditions ^ ^ and 
(7,4) are recalled, one has 


(9.4) 


ic,(y) 

= F X. 

P,'*! 


I (d/dy) (y). y] • 

pxgCy) 

. \ [Li?i + (Vsy)(Fq 

A^(y) 


- (d/dy) 



Xg(y) 



5g[x,(y) 


.y] 


^?,)>x 

(i/iy)(Fq^?z)]'i3l , 
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Where we have put Li = - (Vix)Fp^ - ( »/iy)Fq^. Let A(x,y) 

be chosen as a solution of the ordinary differential equation 
(9.5) - (Vix)Fp^ - (V-»y)Fcj^ = 0 

with the initial condition 


(9.6) 


o; 


r "I ^■(y) 

[/X + Fp^ - Fq^(dx/dy)J 

both these equations are linear, (9.6) in A, and (9.5) in A and 
^A/^x, Then the equation (9.4) , which when = 0 can be wrlt- 

.(y) 


ten in the form 

h.(y) 


K5^ 


- i_ 

dy 


- (d/dy) . K[x,(y) ,y] ?“[xg(y) ■4 


L,5,dx 


Xi(y) 


/^«(y) 

/x,(y) 


dx + (F_^ dx5^) 


dy 




0 , 


where we have put K = (dx/dy) , becomes 



ft 

which must hold for every function S^(x,y) of class C In B and 
vanishing at x = Xj^(y) and x = Xg(y). In particular, then, e- 
quatlon (9.7) must hold for such functions ?,(x,y) which with 
their derivatives vanish for y - y^ and y = y^ Identically 
in X. When the left^ member of equation (9.7) is Integrated 
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with respect to y from to , the second term Is seen to 
vanish, In accordance with the discussion on pages 17 and 18* 
Therefore the Integral 



5,dxdy 


= 0 


B 

for arbitrary functions S^ix^y) of class C which vanish on 
the boundary of B and whose derivatives vanish for y^ and 

yg# It follows from an argument similar to that employed on 
page 13 that Lg =0* 


THEOREM* Let = 2^( x>y) be a normal surface of class 
5 along which neither j^p nor vanishes ; J^f . the surface 
furnishes a minimum for the Integral X iB the class of surfaces 
z^ = z^( x.y ) of class which have all their elements Interior 
to the region R, have the same boundary curve ^ x>y ) 

over the boundary of B, and satisfy the equation 

there a multiplier ol .slaSA IS & 

that the equations 

(9.8) - (V^x)Fp^ - (V^y)Fq^ = 0, 

formed for the function F = f + hold along , z^ = x>v) . 


10. Uniqueness of the multiplier for normal minimizing 
surfaces . The following theorem Is readily established; 

THEOREM. Along a normal minimizing surface th equations 
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(9>8) can hold for no function P = unleas A( x>y) = Q.. 

Suppose that alone the mlnlmlzlne surface the equations 


) = o. 

Pi 


(lo.l) 


(V^x)(Aii( ) - (V^y)(A,i( ) = 0 


are satisfied. Since the mlnlmlzlns surface Is normal, there 
exist functions tor whose associated functions 

the determinant (9.1) does not vanish. From equations (10.1) 
and the equations of variation It follows that 

-Aj<„ 5 k, = V,) , 


s o that 


Therefore 


(• (V-^y) = 0*^ 


(10*2) • =0. 

If now X(x,y) ^ O there exists a value y^ on y^^y, for 
which A[x^(y^) ,yj 0, and hence from (10.2) the determinant 


(10.3) 


pkiy - ^ki 


vanishes at x = x,(y^) , y = y^. But 

^kryD'a^y) *y] = (d/dy) -y] - ^k^C^.^y) >y]^<^’^9/4y) 

= (d/dy)5iji[xg(y) .y^ + u[x,(y) > 

where U(x,y) = )(dx/dy); this follows from equation 

^1*1 _ 

(7.3) and the fact that 5k«[*a^y>'yj = °* Therefore the 
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determinant (10.3) Is equal to the determinant (9.1) at least 
for X = Xjj(y). But the latter determinant la never zero on 
the interval y^^yg. 

THEOREM, The multiplier associated with the normal mln- 
imizinfi surface = Zj^( x.y) by the theorem of section 2 iM. 
unique . 

The proof of this corollary of the precedlns theorem la 
exactly like that given on page 15 . 
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lUTRODaCTION 


In his paper on Discontinuous Solutions in Space 
Problems of the Calculus of Yariati ons Gr^ves^ gives a new 
formulation of tbe Jacobi-Caratheodory condition for minimiz¬ 
ing curves with corners which uses no special assumptions, 
other than that the function does not vanish at the 
corners* His method is applicable to minimizing curves in any 
nimiber of dimensions and greatly simplifies the discussion 
while leaving no exceptions uncared for* 

The purpose of this paper is to extend his method to 
the Mayer condition for the so-called discontinuous solutions 
of the Lagremge problem in the calculus of variations* This 
has been done by moans of the sec end variation and a new 
definition of conjugate point in terms of solutions of the 
generalized accessory equations for the discontinuous problem. 
Ho additional assumptions have been necessary, other than that 
the ftmetion /I © does not vanish at the corners of the 
minimizing arc* It is also shown that no minimizing curve can 
have a cusp at which A© not vanish. Finally it is shown 

that the general solution of the isiuler-lAgrange eq.uations can 
be used in determining the conjugate points. 


1. American Journal of Mathematics, vol. 52(1930) p.l. 
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1. STATEMENT OF THE PROBUSM. 

A few often repeated. Indioes will have* thro\ 2 ghout the 
paper the foXlowlog ranges: 

l«J^Xt«**»n ; 

Xt**»»Di< n-X » 
h X ^ • ^2n"*2 • 

Prime marlcs wlXX Indloate derlTativeB with respect to the inde- 
pendent TarlahXe t* whiXe subeoripte will Indloate partial 
derlratlTes* It will be oonvenlent to use (y»yM for 
(y^ corresponding abbreviations for 

other similar expressions where no loss In clearness Is caused 
thereby* We shall malce use of the weXl-lcnown summation 
convention of tensor analysis» except that It will not be 
necessary to distinguish between oontravarlant and oovarlant 
Indices* As an example of our notation we have to deeO. with 
the norm y^^^y-^»{== ^y^ of a vector yU = y^S»•• »y^*K 

A^O 

We shall also find It ooxsrenlent to say that a function yCt) 

Is of class D’ on an Interval (t^yT) if it is continuous on the 
interval and if the Interval can be divided into a finite 
number of sub-'intervaXs on each of which the function has a 
continuous derivative which has a finite limit at each end of 
the sub->lntervaX* A function y(t) will be said to be of class 
B on an Interval if the Interval can be divided into a finite 
number of sub-intervals on each of which the function is 
continuous and approaches finite limits at the ends* 

With the aid of these conventions the problem of 
Lagrange in the calculus of variations may be stated as that 
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of finding among the aroS| whloh join 

two glYon points 7o Gua& satisfy a systsm of dlffsrsntlal 

egnatlons of the fora 

(1:1) <f^(y»y')-o, 

one whloh minimizes the Integral 



By defining an admissihle aro as an aro, jr = y^( t), 
(t^^tirT), whose fnnotlons y^(t) are of olass L* on (to,T) 
and satisfy the equations (1:1) • our problem may be stated 
more explioitly as that of finding among the olass of all 
admissible ares whloh Join two given points yo tY one whloh 
minimizes the Integral (!:£)• It is Important to reoall that 
if the y^’ are the’deriratives of the funotions jrdefining an 
admissible aro then y^'y^' never vanishes along the aro* 

As we proceed with the analysis of this problem we 
Shall use the following additional hypotheses and definitions: 

(a) The funotions y^(t) defiling a minimizing aro 
are admissible* 

(b) In a neighborhoods^ of the values (y»y') defining 
the aro Eo the funotions f>9'^ have the following properties: 
They are continuous and have continuous partial derivatives up 
to and including those of the fourth order in all their 
arguments* Such funotions are usually said to be of class • 
They are positively homogeneous of the first degree in y'* 

2. biis 8,G,A. , The proble^m of Lagrange in the oaloulus of 
variations. Smerloan XournaJL of Ua^hamaTToSt vol*h8(T?30) 

p^srs- 
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a set of constants O'* » A® ajad a set of functions A* (t) of class 
® s'aoti that A® > A*' are not all identically zero and the egua * 
tione ^ 

' ~ 

hold alonf; 

COROLIARY 2:1^ THE EULER-IAGRA.NGE EQUATIONS.' ^ every 
sub-arc between corners of ^ minimizing arc E© the differential 
equations 

(2:1) •^5’yl* = V* 

must be satisfied * 

COROLLARY THE CORNER CONDITION. At every corner 

of ^ minimizing arc Eo the condition 


(E:2) Eyit(y,y»-^, A“^ ) =• Fy. f(y ,y A" ) 

must be satlsfied . Hera and throughout the paper a small 4* 
or - sign written as a superscript signifiet that the function 
thus designated is evaluated on the forward or backward side 


of the corner respectively. 

UOROLLA-RY 2:3. THE DIFFEREMTIABILI'fY COIIDITTOM. Rear 
every point t = where the minimizing; are £„ class C' 

and at which the determinant 


(2:3) 



O 0 

0 0 


is different from zero the functions y^(t) defining E^ are _of 
class and the multipliers ^tt) are of class C, at 
least. 
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3* EQUIVALENCE OF THE HYPOIMESBS F, 0 AND R 0. 


The determinant that naturally arises when we seek to 
solwe tbe Euler-La^p^nge equations for their highest derlva- 
tlyes is the determinant . 


D = 


F f y ^ t 




^ • 


cpV 


0 


HoweTer when the prohlen Is in parametric form D = 0, due to 
the homogeneity oondltlons assumed for the functions f, • 

The usual hypothesis In this ease is to assume D of ranh 
n^-m-l, and wo have the following theorems: 

THEOREM 3:1*. It A*"^ Ijs the oofaotor of the element In 
the r*^^ row and eolumn of the determinant D, 
{r,8,=;l»f»tn-hm), then there exists a function F, such that 
A*"* = P’^F, p-*, where = y-^* ajQ^ p^=i 0, (y=n-hl,...,n4'*)* 
This theorem^ is a consequence of the identities 

y-»FyXi = F, 

(3:1) y**<p‘‘y.. = f"*. 


y^»Fy*.y;» =r 0, 


which are easily derived from the homogeneity oondltlons 
assumed for the functions f, (p*^ • 

theorem 3:2* J[f D of rank n ^m-1 along an 
admisslhle arc Eot the determinant R ^ (2:3) 3 jb dl fferent from 
zero everywhere along the admlsslhle arc R o» and conversely ^ 


4* Bliss and Mason» The properties of ou^es in space which 
minimize a def inlTe^lniegral » u?rans» Amer»~Ti!atn# ^oc» 
voI» 19758J p*S4l# Also Bliss* A note on symmetric 
I)flatrices . Annals of Mathematics, vol• 16TX914-15 } p• 43* 
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If we expand. R lay the last row and ooltunn and naloe tubs 
of iiiearem 3:1 it reduces to 
R = 

wbloh Is readily sees to be different from zero along £„ under 
the hypothesis assumed* 

With these theorems before ns we see that if we taJce 
for our fundamental hypothesis that P is of ran^ n4^m»l it 
follows at onoe that F, ^ 0 and R ^ 0* Hanoe we can use any 
one of the three hypotheses that is most oonvenient in the 
discussions that follow* 

4* THE EXTREMALS. 

An admissible aro and set of multipliers 
y- = y-(t) , A® , A°‘=>A*^(t), (t, i^trdt, ), 

is called an extremal if it h€U3 continuous derivatives y^Mt), 
y*"(t), on the interval (t^tt^) and if it satisfies 

the Euler-Lagrange equations (E:l)* 

In order to obtain an imbedding theorem that will be 
useful in the sequel we reduce the system of differential 
equations (E;l) to a canonical, form by means of the following 
device* We select the aro length as parameter and consider the 
system of equations 

Ir^y*'- S'yl +iiy‘' = 0, 

(4:1) ^9*'= 0, 

^(y^tylr.X) = 0, 


and initial conditions 
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<P (y(to), y’(to)) - 0. 

(4t2) 

y^'( t;o)y"‘’(to) = 1. 

If we multiply the first n aquations of 14:1) by y^^ respect¬ 
ively and add we find, by maldng use of the identities (3:1) 
and Initial conditions (4:2) that u = 0 is the only vaZue of u 
satisfying equations (4:1) and (4:2)* Hence the system of 
equations (4:1) together with the initial conditions (4:8) is 
entirely equivalent to the system of equations (2:1) plus the 
equation = 1» Also the system of equations 14:1) is 

linear in the variables y'*", "u.# and the determinant of 

their coefficients is K* uence near an extremal along which 
H ^ 0 these equations can be solved for y'^”, » "u. and they 

are readily seen to be equivalent to the system 
(4:a) u = 0, = (i'(y,y' ,A), ^ =H”'(y,y',A) 

in so called canonical form* to this latter system of equa- 
tions we may apply the imbedding theorem of holza and obtain 
the following theorem. 

i-HfiORSM 4;l. ^ I to t, ) a 

solution of equations (4:3) , and if t some special value of 
IB. interval (to,t, ) making 

y‘(r)=j: ,y''(-c)=j;' , A”‘(t)=-«o, 

then fC3(r every system of values (5 t V •)() sufficiently near to 
those of (y,y*,A) there exists a solution 


[,» p.179. 
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y' = {t.l.l', Jt ) , 

(4:4) y"’=i ), 

A"* = It,5,1', i. ) , 

of egmtions (4:3) tbroighout the interval (t<>,t,)* The 
solution is of olass C" and lies wholly within For 

~ ~ 5• the solution (4:4) reduoes identt ■ 

pally to y^( t), y^’( t) » (t) , on the Interval (t^, ft,). 

In order to go from the system of equations (4:3) back 
to the system (2:1) we find that m of our constants are 
determined in satisfying the conditions ^p’*(y( t,>) ,y »()) = 0, 
since the matrix (1:3) has rank m* 1‘hat this solution in 
reality only depends upon 2n-2 arbitrary constants instead of 
2n, is a consequence of the problem being in parametric form# 


5* SXTRSLIALOIDS , NORrJiL SXTR5ML0IDS kBD CONSTRUCTION OF 
FMIILIES OF EXTRSmLOIDS. 

An admissible arc and set of multipliers 
y-=y-lt). A' , A“' = A‘'(t), (t^tttT), 

is called an extremaloid if the functions y^(t) are continuous 
and satisfy the differential equations (2:1) as well as the 
equations (2:2) at the corners. The functions (t) are 
continuous except possibly at the corners. 

An extremaloid is said to be normal if there exists 
for it a set of 2n admissible variations for which the deter¬ 


minant 

(5:1) 




(k = 1• ,2n) 


is different from zero 


It is normal on a sub-interval 
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(• It) if thero exists a set of En admissible 

Tarlations for whioh the determlnaat (5:1) is not zero when t^ 
and T are replaced by , and respe otively* Concerning 
normal extremaloids we have the following TisefuL theorem* 
THEOREM 6:1* A necessary and sufficient condition 
that an extremaloid be normal is that there exists for It no 
set of multipliers » X*lt) with For such a normal 

extremaloid multi pliers in the form = 1, {t) always 

exist and in this form they are unique * 

This has been proved by Bliss^ for extremals in non* 
parametric forou However the proof he gives is valid for 
extremaloids in parametric form when we change his x to t* 

We wish next to construct a family of extremaloids 
containing a given extremaloid*. Suppose that 
extremaloid Joining two points y^, » and Y, having corners at 
y^t*»»typ» and suppose that R 0 along £o including both 
sides of the corners* Let 

y^ = V^Ct.b), t,bl, 

be a family of extremals containing the first extremal axo E^, , 
of Bp for b b^, "**0 ^ ^ - ^1* represent the 

direction cosines of the tangents of E^ at the corner y^, eind 
for oonvenlenoe suppose y^’(ti,bp} = p^”* Let P‘*'*'and p®<- 
be the value of the multipliers of Ep at the corner y^^, so 
that *^0 ^ == equations 


problem of j^grange in the oalc^us of variations , 
Xmexuoan /durnal of IKaihemaTTos, vol* j p* t>88* 




(109) THE COHSTRTJCTIOH OF FAMILIES OF EXTRBMALOIDS U 

- Py>i.t[y(t,b),v|;'(t,l))^Ct,lj)3 - 0. 

(5:2) ^''L'»'(t,b),<(j = 0, 

<lW -1 = 0 , 

have the Initial solution, b — bo , t •= t]_, q,'' = P**"* 11**= P*'*’. 
The funotional determinant of equatloxxs 15:2) with reepeot to 
q, M and t^ Is 

A = 0 

2 p'*'*' 0 0 t 

since Ee> satisfies the Euler-^Lagrange equations C2:l)* If we 
expand this determinant hy the last row and column, maJcing use 
of theorem 5:1 and the Identities C5:l) we find that the 
determinant reduces to ^\j,whare 

Hence if we make the additional assumption that iTlo^O we haye 
and equations C5:2) have unique solutions t =»t(bl, 
q* =: q''(l)J, ir^ = lir*ih), having h,t,q and M in sufficiently 
restricted neighborhoods of b^,ti,p'*' and P’*^ respectively, and 
these solutions are of class C" at least. Application of the 
imbedding theorem 4:1 to the extremal arc E> 3 l • adjacent to 

shows that through each point y'^ =: t(b) ,b) there passes 

a unique extremsJ^ siro in the admissible directions 
y^* =: q^(b) with multipliers ~ A"* (tCb) ,b) , provided b is 
sufficiently close to b^# This leads to the following theorem. 

THEOREM 6:2. the function Is different from 

zero at each of the ecafners on we obtain by the above 
method (with proper choice of the parameter t on each sub-arc) 
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a family yt ,b), {t ,b) ^ extremaloids defined for 

- S ^ t £ T -h S containing the original extremaloid iio for 
^ ^ t £ T. The fxinoti one y^,y^’ ,y"^" are of class 

their argximenta except at corners » 
i^uppose y^ r: y^(t,h), /^-A^lt,!)) is a 2n-2 parameter 
family of extremaloids constructed hy the method given above. 
Later when we come to the determination of the oonji^gate 
points we shall he interested in the determinant 

7)vf)^( t.h) 7)vpMt .h) 0 

•3b*' ■3t 

■Sb'' c>t , 

both as to Its zeros end Its sign. In studying the determinant 
0, it is convenient to have the corners on all the extrema¬ 
loids of the family occur for the same values of the parameter 
t. This can he brought about by a tranSformation’^ of the form 
t = f(t,b) where f is continuous in all its arguments, f and f * 
are of class between corners and f* >0. iiiuch a transform¬ 
ation multiplies the determinant @ by fUtlfUto) and hence 
cannot affect the sign nor the zeros of ® . When the corners 
on all the extremaloids of the family occur for the same 
values of the parameter t, the partial derivatives of the 
functions with respect to the parameters b'^ are con¬ 
tinuous functions of t. 


(5:3) @ = 


7. Oraves, L.M., Piscontinuous solutions in space problem of 
the calculus of variations'7 American /ournal of tlathemaTTcs, 
voT.“T5rT5^)~pTT:- 
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6. A RELATION BETWEEN iHE FUNCTIONS ANN 
Clo* AND A FURTHER ihECESSARY CONDITION. 

The Weiecrstrasa neoassary condition for a minim-um® 
states that if Eq is an extremaloid which is normal on every 
suh-inteival, then the Weierstrass function 

riy.y’.y*. A) = y*'[B’yi*(y.y’.A 1- ^ ® 

for every (y,y'»A ) on Eo and every y' satisfying <p**(y,yM ~ 0. 
If ty. defines a corner of and y^^(t^) — P^';y^UtJ) = p*"*-, 
then (yiP^tA"*) and (ytP'^,A^l are each elements of E^ at the 
point t = and (y,p''") and iy»p~) satisfy the equations (1:1). 
Hence at the point t = t^ we have two admissible sets 
Cy »P''»P‘^» A') and (y tP"*“»P~ »A*") • i«iailng use of the corner 
equations iZiZ) we find 

{6:1) f'Cy.p'.pnA') = <9'‘{y,p'")(A''-A'‘'") = 0. 

And in the same manner we have 

16:2) £"(y*p'*'.p“.X*‘) = £>♦ 

Suppose we select the arc length as the parameter 
along the extremaloid E^ and let Cy»y'»AJ define that branch 
of Ei^ preceding a corner defined for the parameter value 
At the same time let y'^'(s) be a set of functions vdiioh 
satisfy the equations <p*^(yfy') ~ 0 and have y-^Usjj^) - P^"^* 

If we substitute these functions in the Weierstrass function, 
differentiate with respect to s, set s — s^j^, and make use of 
the identities (3:1), - (p*y^ * corner eauations 

(E;2),we find 


8. Eshleman, Dissertation, p* 12 
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( 112 ) 


+ (y»p^f A"") ~ P'*‘“*’PyA(ytP^tA") • 

By differentiating the eqLuatlons <p*^(y»y^) = 0 with respect to 
s and setting s = we arrive at the ea^tlous 

f('y-i^'(y»p‘^)y'‘" = -• fyi (y*?■*■) p*" • 

Placing these in the above we find 
(6:3) ^f'(y»p~.P%A') =/lo. 

Suppose now we let the functions (y»y’fA) define that 
branch of Bo ^ust past the corner defined by s = S]^* while at 

d 

the same time let y-^^(s) satisfy the equations (p (y^y*^) - 0 
and havlx^ y'^^lsjj.) = P'*’"' ♦ Then If we repeat the above process 
wo find that 

(6:4) ^f^(y.P%P’’,A'^l = --Aa* 

From the We'ierstrass condition and the equations (6:1), 
(6:2), (6:3) and (6:4) we readily obtain the following theorems# 
THEOREM 6:1# ^ extremaloid along whieh 

6^^ Op then fio ^ 0 the corners of Eq# 

THEOREM 6:2# iE arc normal on 

every sub - >lnterval and minimiges the integral I then Ao - 0 
at the corners of Eg# 

7# THE EXTENSION OF THE ACCESSORY 
EQUATIONS AND PROPERTIES OF THEIR SOLUTIONS# 

If the extremaloid So minimizes the Integral X then 
the seoond variation^ 


9# Bliss. The problem of Lagrange in the oaloulus of variations 
Amerl 5a5~J o^^"of sTVoIT 52 CWOT)-;- 
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le 


JCn) = / 2<o(t,.^,rjM4t 

Is greater than or equal to zero for all admissible variations 
t^*Ct) such that r|*(to) ~ rj*(T) = 0» where the quadratic form co 
is defined by the equation 

2<o(t,ir|,r)*) = H'lY^yiy; +• 2r]irji'Fyiyj, +. 'Fy, ,yi 

Here and in the remaining seotloixs it is to be understood that 
the arguments of F are the functions y'^Ct), A^(t) defining the 
extremaloid and assumed throughout that an 

extremalold normal on every sub-later Tal » that H 0 along 
and that 0 a^ the cornera » 

Since admissible variations r|*Ct) must be of class D» 
on (tof'f) and satisfy the differential equations 
(7:1) = fVl' = 0* 

it is clear that the properties of the second variation 
suggest a minimum problem in tr|-space of the same type as the 
original Lagrange iroblem in ty-space* Hence to the second 
variation we can apply the necessary oondltlons of seotlon 8 
which are valid even though the integrand function is dlscon* 
tinuous in t* If we let 

(7:2) A S CO +• 

then the multiplier rule for the minimum problem in trj-space 
may be stated as follows 

THEOREM 7:1* For every minimizing arc =* t), 

{tff 4: t !£) , giving to the second varlatlon J its minimum 
value zero , there exists a set of constants C^ and a set of 
funoti cans t) class D such that the equati ons 
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(7:3) ^ G\ = 0 

hold along the minimizing axo > 

It is to he noted that since egiaations (7:1) are linear 
Ini^l^rj-*’ they are their own equations of variations for the 
problem in tr^-space* Hence w^en Ej> is a normal extremaloid 
for the original problem, every extremaloid for the problem in 
trj-space will be normal and by theorem (5:1) we are Justified 
in taking1 in equations (7:8)* 

The equations (7:3) are to be looked upon as the 
extenslon of the accessory equationa for the case of discon¬ 
tinuous solutions. They are equivalent to the differential 
equati QQS 

(7:4) n**”^^ ~ 

holding between cornears of Eo and. ri*”» and the corner equations 
(7:5) ,^-) = OLr^i^»( ti'*',r|» • 

7:1. Every set of functions of the form 
r|i rryoy^*, yu*^/o a solution of equations (7:3) provided 

P i£ Si fn^ot ion of t ^ class D» on (t^ ,T) and 

= ,...,=/>(tp) r= 0, where t^, •.., tp, define the corner 
points on Eq* 

In order to prove this lemma we note that 

Arji'C t,;C?y»,^y" -h/) »y" ) ^/>y'^’y; FyJ +/>y^ ty; r 

(7:6) +/s’y-’I’yi.yi . 

on account of the homogeneity of E and the Exiler-Lagrange 
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equations (E;l). Similarly 

./oy" 4-/o'y',/iA') =/Oy-'Fy^y^ -*-/>y'“Fy^y_;, 

(7:7) 4-/>'y"*’yXyj I +. /©/'(p^y. 

Hence we have 

^rL,^..(t,/9y',/!>y'' + /3'y' ,/>A') = n.r|4t,/oy' ,/)y"+-/>'y’ ./A' ). 
The second set of equatiom (7:4) are also seen to toe satisfied 
for we have 

^■‘(t.ioy’./^y" v/>-y')-/oy-' <p'^y-+/oy'" Cp^y^.^/O'y'' (p'^y^ , 

Since the functions y^(t) defining E are admissitole. Hence 
the complete set of equation® (7:4) is satisfied for these 
valnes* Moreover the c»rner equations (7:5) are satisfied 
since /? is zero at the corner points of Eo and disappears 
from the final form of in (7:6)* 

We shall say that a solution ( r| (t) ,/c( t) ) of equa¬ 
tions (7 :4) is orthogonal on an interval (t"tjc) case 
the functions f|^(t) are of class G» and satisfy the equation 
y‘--» r|^* 0, where the functions y^’Ct) are those belonging to 

Bo» ar ^ the functions are continuous on the interval. 

Using the assumption that 0 along E© it is easily proved 

that for ovotry orthogonal solution the functions r]** are of 

10 

Class C", and tiB functions are of class G» . 


10. BHss, Jacotoi's condition for protolems of the caloi^T^ of 
variations in Tjarametrio form. xransT”Amer. I^aath. *^ 00 . 
voi. iTrT?iT7 pp. 
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LEMMA 7:E*. Let (,/4j ^ orthogonal solution of 
equatl one t7:4) suoh that 

r^^(r) = r|**(T) =V'(t) = 0 
tap some value x" iB. Intairval (■tjc-ittjj). I'hen 
r|*Ct) = 0 

on t t^« 

The proof of this lemma as given by Eshleman^^ needs 
but a slight modification duo to onp difference in defining 
orthogonality. 

LEMMA 7:3. each solution (ir| ot equations (7:4) 
having ,of class G * andcontinuous there corresponds a 
uniq.ue orthogonal solution of the form {r\ -/<»y • ) # where 

p is a function of t olaao having a prescribed value at 
a single point s 

That r |^3 rj^-/> Is a solution of 

equations (7:4) is at once obvious from lemma 7:1 . The 
condition for orthogonality gives 

= 0 . 

This is a linear differential equation of the first order in 
hence /) is uniquely determined by prescribing its value at a 
single point. 

LEMMA 7:4. ^ (r] »/a) Ijs a solution of equations (7:3) 

having 

h'-* (r) a Mr) , n * Mr) - ?^y^"(r) + 8 y^Mr) , 

(7:8)‘ * 

X* I'C’) ~ f 


11. Dissertation^ p. 21 
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at a single point x, then t)* == /> y>‘' ana c/o ^ the 
whole Interval I to ,T), where /> Is a fnnetlon of olass It» and 
vanishes at the parameter values • #1^, defining corners 

of Bo* 

Consider an Interval containing x on which the 
are of olass C*, and the^u^ are continuous* Consider the 
associated orthogonal solution 
(7:9) -/oA*', 

having/> (x) ~ X • By lemma (7:3) this orthogonal solution Is 
xuilq.u9ly determined* Then 

r^Mr) = r]Mr) - yy^»(T) = 0. 

The condition of orthogonality at the point X gives 
0 =: y'^'(r)[r^*Mr)-/o’(r)y^*(r)-»y^"(r) 

= y^Ur)y'^'(x)[^ -/:>'{i:)3* 

Hence, S == 

Using this value of/0»(x) we find 

r|^‘(T) ~ r]^'(r)-Sy**(r)-iJy^”(r) 

= i5y^”(T)<»-Sy^*(T)-iy^*(T)-xy^"(T) - o* 
Consldering/uJ(x)» we have from (7:9) and (7:8) 

/U%{x) (T)-/0(r)A**’(T) = 0. 

Hence we have 

= 0 * 

This Is the hypothesis of lemma 7:S and It follows at once that 
r|J(t) = 0,^^(t) = 0 on the Interval on which is of class 
C» and Is continuous* 

Next, let X he a point of dlscontlntilty of 
different from t3^,.*.,tp, the parameter values defining the 
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corneps of We oonsider the corner equations (7:6) at this 

point and find 

from v^ich we see at once that the corner equations reduce to 
Fyi.yj»( if *-) -t" ) = 0. 

We have given that C rj is a solution of equations (7:3), 

■j* 

hence (p t * \r^' ) = 0, at both sides of the corners and we 
have 

<PVh' = °* 

Subtracting the latter from the former we have 

r|*'^ 

Phis leads to the system of equations 

^y'^ *^y'^ ^ - rj'* * ) i- ) = 0, 

f r - •j-''" ) = 0 , 

which is linear in the variables ( ) 

and the determinant of their coefficients is D* Such a system 
of equations is known to have the solution (y’,0) which is not 
identically zero, and as D has rank n+m - 1 we conclude at 
once that 

yU°‘*’ - = 0 

^i/t- _ _ JyJ,^ 

Hence we have on the forward side of the corner 

s= = yy^'(r), 

*= +• ky-^Mx) 

= i<y^"(r) +• (5-»- k)y^Ur)t 
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/4<nr) =^-(r) =r A-Ur). 

Thus the hypothesis of the lemma holds on the opposite side of 
the corner and we may apply that part of the lemma which has 
already been proved* Thus the solution (rj t/t) has the form 
(/Oy*,/9A») on the ad^cent Interval on which is of class 
and/tv^ Is continuous* 

Finally, suppose the hypothesis of the lemma holds at 
X* corresponding to one side of one of the corners on E©* 
Considering the corner equations (7:5) at this point and mak¬ 
ing use of the Euler-Lagrange equations and the identities 
(3:1) we find 

=: PyAryj^y-^'-I- Fy^tyjt Sy‘^*"'34-i<A‘''"'cp*y'At 

Hence the corner equations (7:5) yield 

(7:10) JiFy^-F^AtyJ - '‘Fy'i'y-^y’'' “^’'^'y'* ~ 

If we multiply equations (7:10) by y^’*^ and add we find 

0 - jry^*'^Fyi-y^*'»'FyA»y4 - Jfy^ *'^Fy\tyj y^ **" 

.^«+yi.+ (p*+., 

= ^y*'-^Fy^ -'ify-^-Pyi 
- - V JTLo 

Slnoe by hypothesis 0 we have y= 0. Plaolh^; this 

value in equations (7:10) we have 

Fji.yi.ri-* = 0. 

Again from ^^ 0 we have = 0© which 

reduces “to - 0, since x-0* 

Hence we have the system of equations 
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F*i,yi.r)^'* + = °* 

(fyi.rf'* = 0 , 

Uhl Oh l8 linear in the variables l^'*‘**' »/i*'**’» their determi¬ 
nant of ooeffioients is D, As ue argxied before we find 
jjS^^-sz 0, c: ky-*', and we have that the hypothesis of onr 

lemma holds on the opposite side of the corner* 

8. DEPINIITIOH OF COKJUGATE POINT AND 
THE EXTENSION OP THE MAYER CONDITION. 

A point y is defined to be conjugate to a point y© on 
an extremaloid in case it corresponds to a parameter value 
T ^ tg, auoh that there exist oonstants £ admissible 

solution of the aooeasory equations (7:3) with the 

properties 

1) is not of the form (yOyS/^A*); 

2) €r^*(to) •=: 0, and €r^^(r) = vy^MT’“) *>■ <Jy^*(r'*'); 

3) £ are not all zero and 

where y^Mr") andy^Ur"^) refer to the left and right hand 
derivatives of y^(t) at the point t a T, respectively. The 
speolal oaee where y and 5 may both be taken as zero is the 
only case that is of interest for a minimizing aro without 

corners* In case £ s o it is obvious since y^*y‘*‘’^ 0 that 

yS > 0 and tt is at a corner which is a cusp on E©. 

THEOREM 8:1*. EXTENSION OP THE MAYER CONDITION, 

18 an admissible aro * normal on every sub -interval > Joining the 
y© and Y fuaid minimizing the integral J • and if 
R ^ 0 on Bo and ^ the corners on Eq, then there can 

be no point y conjugate to yo £a £o between yo and Y* 
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COHOLLAiiY* A minimi glag are ean oontaln no ou8p » 

Sho hypothosee Inq^ly that is an axtremalold whoso 
oxtromal aros are each of class C". Moreover < 0 at the 
corners by section 6* Sxapposa t » T defines a point y that 
is oon^ngate to y^ and lies between y^ and Y, and let Cr| 
be a solution of the accessory e(iuatlons defining the oonjngate 
point y* Let 

-/>X’ oa(t, irtiT) 

S! />y*', aB/OA<<» on (T i t 4 T), 

Where the function/) vanishes at t^^^ti,... ,tp ,T, except at 
t where yD(r"J«^r' • pfr^) = 5 ♦ If we assume that p Is of 
class D* on (t^ ,t 1 and on (x*^) then is an admlBsible 
varlatlQn as It is continuous at t ~ T by the second part of 
property E), and 5^ satisfies equations » o since Tj^ does 
by hypothesis and lemma 7:1 gives/>y^» as a solution* The 
functions also vanish at t© and T and with k** satisfy the 
accessary equations (7:S) on the Intervals (t© »r) and (r,T). 
However^ tJ fU) cannot satisfy the accessory equations (7:3) 
on the whole Interval (tofT) since by lemma (7:4) if 
e ^ 0,(5 ,u) has the form CyOy**yO^M only on part of the 
Interval, and if 0 then > 0, and the parameter value 
x* corresponds to a corner at which p does not vanish* 
Consequently ) cannot be a minimum* We proceed to show that 
J(| ) 4z 0 and hence £o oannot minimise the integral I if 
contains a point y conjugate to y^ as assumed* 

We wish to consider the integral 
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= ysoXj.^Mat. 


Since tl» equations 0 are satisfied we can replace our 

Integrand function Eio "by 2Cl and we have 


r(§ > = 15 ',u)at. 


Let us consider the integral on an interval 

not contain t: • If we make use of th& well-known property of 
quadratic forms 

2 Cl — ■*' S* j ^ ‘ U** • 

equations (7:4), and the equations Clu'^ = $ ■= 0, we find 
Ak 

/2ndt = 

■= *’*M*^., • 

since $*^Tenl^ea at to ana X and sinoe la continuous we 


= Anat - 1^^ • 

Maiding use of the definitions (8:1) and equations (7:6) we 
find 

- 5*rf,xi'l/>y'./>y" + fi'y' ,pX) 

S. f*[^€ »/*) “ ~ C^y* ^ * 


As we have noted above is continuous at the point t =T • 
Hence in the value of J(|) above we replace the first £“*■ by 
its value on the right of x and the second by its value on the 
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left ajad we have 

j(}) =r - («»!*-»y* 

= « ■ »6(y‘‘'^5‘yi-y*’" Fyi) 

— £ S l^*FyA • 

sl Qoe is oontlnucmfi on the solution (r|t^)« Making use of 

the identity 

we find 

J(5) = cSfJ;; t]'* - xSCy-'+Fyi-y^’-Fyi)- eSF^itj* = tS . 
Hence, J(| ) ^ 0 if y is not at a point which is a corner of 
Bo and Jil) = vSrio^iO if y is at a corner of E^. 


9, DBTERMINA.TION OF THE CONJUGA'IB POINTS, 


Associated wi th a set of En^2 solutions [r^ ^/a^) of the 
accessory equations (7:5) is an important determinant 


(5) (t ftp) s 


to) 


y^nt) 


0 

y-Mt,,) 


and a matrix 




. .*1 K 


y A r 0 

yAi* y^ * 

0 


We shall piuoeed to develop the relations between ® , and M, 
as well as their relation to the points oon^ngate to y© and the 
family of extremaloids discussed in section 5, 

T.-BTM^A, 9:1. IX. i 9 /^)^-2 gpiutiPifla. ssL hfluar 
tlons (7;S) Baoh that of the matrix U an. ItwarlX 
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Independent at one point t ~ T , then the oolumns of M are 
linearly independent for each Talne of t on (to#1) and every 
solution ir] 9 /A of aquations t7:3j is expressible In the form 
^ /oy*', + ^A*" 

where the A** are oonetante and ^ i£ a ftinotlon of t ^ olase 
^’ vanishing at the parameter values t^»•. • ,tp corresponding to 
corners on Eo* 

Assume that the columns of K are linearly dependent for 
t T * Then there exists a set of constants not all 

zero satisfying the equations 

A*'ll‘*' + )(y** =0. 

A^'iq*''' + »y*" = O, 

aV‘‘' + = 0. 

Uoreover the eonstants A*' are not all zero for if that were the 
case we would have x s S = 0 also. Xhe solution 
r|* = A''ri*^ , /u* = A'>(f'^ 

of equations (7;3) has 

r|^(r) =: - ify^Hr), 

(r) = 

Hence hy lemma 7:4, Cl^*/w) has the form C/>y*^xO on the whole 
Interval ito,T) and thus the columns of M are linearly depend¬ 
ent throughout (tofT)# Hence If the oolTimns of M are linearly 
Independent for one value of t they must he linearly independ¬ 
ent throughout tt„,T)* 

To complete the proof of the leima, let Cr| he any 
solution of equations (7:3)» Then at an arbitrary point t~r 
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of 

the equations 


q* = ^ *y*’t 

(9:1) 

= A^H**'' + <y*" + 5y'’, 


jn* = jX“i 


are oonstants since Ct]''#rj*^')» Cy’^y”)* CO,y*) all 

satisfy the equatiens 0 whose matrix of ooeffiolents has 

rank m hy hypothesis* Henoe the eq.natloQ8 (9:1) have a tmlana 
solution A^ S • Then 
5* = 

is a solution of equations C7:3) having 
5^(r) = vy^UT), 

= <y^"(T) 5y>»(rJ, 

ir) - 

and oonseguently (5,0)*has the form (/£>yS/?XM on the whole 
interval Ct^tT) hy lemma 7:4* 

i.-KiurwA 9;2. If { system of En-E solutions 

of tbe equations C7:3) of class on CtotT) siach that the 
matrix M has rank Zn, then the points y oonjugate to the 

extremalold Kc oorrespend to the parameter values t ~ v 
at which (gXt^tol vanishes or changes sign * 

Ve first show that 0 either vanishes or changes sign 
at a conjugate point* Suppose T defines a point y conjugate to 
Yo • Then hy section 8 there exists a solution of equa¬ 

tions C7:3) with the properties: 

1) form C/>y** yoX')* 

8) = 0; +- Sy^'(T+). 

3) £ all aajf® aad =?• 0. 
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Slnoe the oolwns of M are linearI 7 Independent (r| t/c] is 
expressible in the form 

wl»re the constants A^ are not all zero and /> Tanishes at the 
parameter Tal\ies txt***ftp definii^ corners of £<>♦ Hence we 
have the system of linear equations 


§y^*(T‘»’) = o» 

£A^H*'^(to) + f/oy-Mto) =0. 

Consider first the case ' 0 » in which we hare c#? 0* Then 
obviously ®(t,t«,) = 0 for t =T ,T'*‘orr'^ In case ifS > 0 we 
may suppose that y is at a corner, since otherwise the solution 
(r^tyuO oould be modified to make 2 fS= 0 » Then /o(r) = 0 and we 
must have 




0 

y*'(to) 


= 0. 


from which we see that 0 changes sign for t - T, 

We next show that if ® vanishes or ohanges sign we 
have a conjugate point* Suppose ©iTrt*,} ~ 0 . OJhen the 
sanations 


V !fy*’(r) = 0, 

+ S y*»{t„) = 0, 

hara solutions A*^pK,Sf not all zero. MoreoTer- not all the A*' 
are zero for it that were the oasa V and. S would also have to 
vanish since not all the y^' are zero* Let 

■= + py**, yt«‘*= A^’/t’**' t-/9A*' • 

where/>lto)= J p It) =/3 (t^) = ^ (tp) 0. Then 

r^Mto) = 0, r^*lr)= -<y*'(TJ and Is not of the form 
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C/3y’»yoA^) since not all the constants are zero. Gonsecinent- 
ly TT defines a point y con^ngate to yj, * J:>uppose now that 0 
changes sign without vanishing at t ==Tr^ Then 
2r 0 == 0, where yS > 0, hence the equations 

^ y,[yy^*lr')+ Sy^Ur'^)^ 0, 

l.‘'r|AK(to} -h S,y^’(t^) = 0, 

have solutions J,, not all sero. The constant is not 

zero since if that were the case the determinant 0 would 
vanish atT* If the constants A*^ are aill zero we have 
8y"Mr~) 6y>*(T+) = o, 

and the solution of the aocessory eqLuations occurring in the 
definition of a conjugate point can be taken arbitrarily, as 
wo can take gs 0 in that case. If the constants A*' are not 
all zero we let 

irj** :=. + yOy'^», 

where pit^) - , y5(r) = /^ (ti) = /o (tp) = 0. Then 

(|-| ,yU) is a sdlution of the accessory equations not of the form 
(pySy^xM having r]^( t^ ) ^ 0, (t) -y, y y-MT“)-y.^y^ Mr"*-) » 

where yty5> 0. Hence T defines a point y that is conjugate 
to y^ . This completes the proof of the lemma. 

Suppose we have a one-parameter fajnily of extremaloids 
y^ - y-(t,b) , X*=:A‘' (t,b) , 

containing the extremalolds Eo for b ^ b^ , and with all the 
corners occurring at the fixed psirametor values t 3 ^,...,tp* 

If the functions (y,A) are substituted in the Euler-Lagrange 
equations (2:1) and the corner conditions (2:2) these become 
identities in t and b. If wo dLfferent^ate those identities 
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with respoot to b and sat b = b^ we obtain 
^(FyAiyjr|‘‘ + ^yAtyj^rj''* + FyXi^«(^<<) = ^'yAyjrj** + 

■+* * 

fVr " 

FyAfyjri'* +• ^yl*yj»^'*'“ + ^y>^y'^’yi 

where = y^ (t.b^); y ^ ^»^o) • These 

equations are seen to be the same as equations (7:4) and corner 
conditions (7:6). Hence (rj ^a) is a solution of the accessory 
equations, ij'rom the 2n-2 parameter family of extremaloids 
y‘=yMt.b), A‘"=A‘'(t.b) 

discussed in section 6 we obtain in this manner a set of En-2 
solutions of the accessory equations, 

YK-Y*h(t,b), A‘^h(t,b) , 

Which raaJce the columns of the matrix M linearly independent. 

To see this we make use of the general solution 

(,:3) :r- = y-,..!.va. 

A = L'‘(t,J.5’,A) 

of equations (4:3) considered in section 4. 

Consider the columns of the matrix of derivatives of 


,y*' 

with respect to 






y A. 

5'** 


(9:3) 


VA • 

V 





A'^ 

A-., 

aV 


At the initial value (Ttl^ot^o matrix (9:3) becomes 

the identity matrix as can readily be verified by differentiat- 
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iiag a(iuation8 (9:2) at the point t ~ t. At the initial value 
the matrix (1:3) is asstmed to have rank m. Henoe 
the 6q.\iations ( fo t 5©’5 ~ ® solved for m of the 

in terms of the remaining n-m and the • Gall these 

2n-m Initial values v» Not all the n«rm in v oan be zero 
on aoooont of the homogeneity of the funotions euad the 
consequent homogeneity of the solutions. In the matrix of 
derivatives (9:3) we oan omit the rows and oolumns for the 
m determined by the equations ^ 

remaining matirlx is still the identity matrix if t =T. Now 
two columns of this matrix oan be replaced by the last two 
oolumns of M without destroying the linear independence of the 
columns* That is* if + 0 we replace the columns 

corresponding to derivatives with respect to and 
respectively* Thus we have shown the existenoe of one minor of 
M of order 2n that does not vanish at t 2 = t and consequently 
the columns of M are linearly Independent throughout (t©*T) by 
lemaa 9:1* As explained in the closing paragraph of section 
5 the sign and the zeros of the determinant (5:3) are un¬ 
affected by the transf ormati on necessary to make the corners 
appear at fixed parameter values* Lenma 9:2 combined with 
these facts yields the following theorem* 

THEOREM* Let ^ vj;*‘( t,b) , I t,b) the equa ¬ 

tions of the general En-2 parameter family of extremaloids 
in which the extremalold E© oobtained for b = b^* Then the 

points y conjugate to y^ on correspond to the values of the 

parameter t ^ for which the determinant 
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INTRODUCTION 


The economic problem under consideration is that of 
determining the rate of production at which a monopolist 
should operate his business to furnish a maximum profit. In 
§1 three sets of assumptions under which he may operate will 
be considered and the corresponding economic problems stated. 
In all three cases it is assumed that the rate of production 
and selling price are functions of the time. In the first 
monopoly prob3-em the producer fixes the price curve arbi¬ 
trarily after which the demajid curve is determined by a de¬ 
mand law of the Evans type (l*l) in which the rate of demand 
depends upon the price and the rate of c}iange of price with 
respect to the time.^ In the second monopoly problem the 
producer fixes the offer curve arbitrarily alter which the 
price curve is determined by a price law of type (l«5) in 
which the price is a function of the total amount which the 
market has absorbeJ since a given time, the offer, and the 
rate of change of offer. The third monopoly problem is a 
specialization of the second, the only ciiange being that the 
price is a function of offer and rate of change of offer only. 


^Gr. C. Evans, llatheraatical Introduction to Economics 
(New York, 1930), p. 36. 
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In all three cases the cost function (l*2) is assumed to he 
a function of the rate of production and the time. 

The first and third problems are special cases of the 
problem in the calculus of variations of maximizing an inte- 
gral of type J f(x,y,yOdx in a class of arcs y»y(x) such that 
y(x) 8uad y* (x) may have an arbitrary finite number of finite 
discontinuities. The maximizing arc is to join two given ver¬ 
tical lines in the xy-plaune. The possible discontinuities in 
y(x) come from the assumption that a discontinuity may be in¬ 
troduced into the price function or rate of production func¬ 
tion at any time. 

This calculus of variations problem is considered in 
§ 2. It is found that there exists no solution unless the 
two differential equations fy (x,y,y» )»fy»(x,y,y') = 0 have a 
solution in coinmon. Analogues of the V/'eierstrass and Legendre 
necessary condition)S and a set of conditions which insure a 
weak relative maximum are derived. The results of this prob¬ 
lem are applied in § 3 to a special case of the first mono¬ 
poly problem. This problem differs from one treated by Evans 
only in the introduction of the assumption which allows dis¬ 
continuities in the price and production curves.^ It is found 
for this special case that no price curve maximizing the pro¬ 
fit exists unless the demand function is indepenaent of the 


^ Ibid .. p. 143. 
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rate of change of price. If this is true a uiajcimizing arc 
may exist. If so, the maximizing function is continuous and 
is a constant. Purthermore, it makes the integral ah abso¬ 
lute maximum. These results are also established for a 
slightly more general type of demand function. Analogous 
results are found for the third monopoly problem. 

The second monopoly problem is a special case of the 

f (3c,y,y* ,y** )dx 

in a class of continuous arcs y*y{x) such that y*(x) and y"(x) 
may have an arbitrary finite number of finite discontinuities. 
The arcs of this class are also required to join a fixed point 
to a given vertical line. This calculus of variations problem 
is generalized slightly by replacing the given vertical line 
by a general curve of class C**. It is treated in §^4-7. 

Again it is found that a maximizing arc must satisfy two dif¬ 
ferential equations which ordinarily have no solution in com¬ 
mon. This condition and a transversality condition are de¬ 
rived in % 4. Analogues of the 7/eierstrass and Legendre neces¬ 
sary conditions are obtained in §5. Several analogues of the 
Jacobi condition are obtained and compared in §6. Two of 
these conditions are expressible in teimis of envelope theo¬ 
rems based on a one—parameter family of •extremals" in the 
xy-plane. In §7 the necessary conditions of §§4-6 are streng¬ 
thened to give a set of conditions which insure a strong rela¬ 
tive maximum. The conclusions which can be obtained by apply- 
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ing the mathematical theory of §^4-6 to the second monopoly 
problem are for the most part quite analogous to those obtain¬ 
ed in §3 when the third monopoly problem was studied, A form¬ 
al exaraple of the problem of §4 for v/hich a majcimum does 
exist is given in §8. It is not possible to use the second 
monopoly problem for an illustration since It does not satisfy 
the sufficient conditions of §7. 

The results obtained for the first monopoly problem 
seem to indicate that one or more of the following possibili¬ 
ties exist; the rate of change of price with respect to the 
time should not enter into the demand function, the forms of 
the coat and demand functions used in the present formulation 
of the problem are not suitable, or the comparison price 
curves should not be allowed to have actual discontinuities. 

Of these possible objections to the present form of the prob¬ 
lem it seems easier to sustain the second than either of the 
others. This suggests that further investigation of this 
problem should either search for laore satisfactory cost and 
demand functions or else reformulate the problem so that it 
falls under a different mathematical theory. Similar remarks 
apply also to the second and third monopoly problems. 

The monopoly problems . Throughout the discussion 
of the monopoly problems the independent variable t will rep¬ 
resent the time. The three functions p(t), u(t), y(t) will 
represent the price per unit, the rate of production, and the 
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rate of demand, respectively. It is assumed that the interval 
of time from t, to can be divided into a finite number of 
intervals such that p(t) is of class G* in each of these in¬ 
tervals, and both the right and left limits of p{t) and p*(t) 
exist for every value of t in the closed interval (t, The 

functions u(t) ajid y(t) possess the same properties. 

In the first monopoly problem the producer fixes the 
price p(t) and produces the amount v/hich he can sell at this 
price, that is, u(t) - y(t). It is assumed that the rate of 
demand y(t) depends upon the price, the rate of change of 
price p*^, and the time. This is expressed by the demand equa- 
tion 

(1-1) y = y(p.p'.t). 

The cost per unit time ^(t) of maintaining a rate of production 
u(t) is given as a function of u and t. 

(1-2) Q,(t) = Q.[u(t),t] 

It is true in general that at a time t at which the price func¬ 
tion is discontinuous the subsequent values of the rate of de¬ 
mand will depend not only upon the new value of the price but 
also upon the cliange of price, that is, y will be a function of 
the discontinuity. A similar phenomenon is true for the func¬ 
tion Q, when u has a discontinuity. Also the rate of demand may 
depend upon the history of the price in other ways than the one 
just mentioned. Hence the following theory is valid only for 
those problems in which these effects are negligible when com- 
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pared with those which have been introduced in equations {l*l) 
and (1-2)• 

Under these assumptions the gross income and the pro¬ 
fit per unit time at the time t are p(t)y(t) « p(t)u(t) and 
p(t)u(t) - Q,(t), respectively, and the total value of the pro¬ 
fits in the time interval from t^ to t^^ is given by the inte- 
-.1 

gral 

(l«3) TT ^ (pu-^)dt. 

The producer may not wish to maximize this total value of his 

profit. He may \7ish to maximize the total value of the profit 

for the interval {t,,t^) after it has been discounted to a 

time T. The value p(t)u(t) - ^(t) of the profit per unit time 

at time t when discounted to time T is (pu-^)S(T,t) where 

E(T,t) » exp [- ^4(t)dt] is a discount (or interest) factor. 

The function ^(t) is the force of interest, or rate of increase 

2 

of an invested sum S divided by 3. Under this assumption It 
is the integral 

(1*4) TT “ jr*(pu-q)E(T,t)dt 

which the producer wishes to maximize. The time T may be a 
time at which the producer wishes to reorganize his business. 

If t, represents "now** and he wishes to maximize the present 


^See Evans, loc. cit ., p. 144. 

^See H. Hotelling, A general mathematical theory of 
depreciation. Journal of the American Statistical Association 
(September, 1925), p. 342. 
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value of Ms profit then T«t,* IfS(t)“0, the integretl 

(1*4) hecoines the Integral (1*3). Hence (1-3) Is a special 
case of (1*4). 

In the second monopoly problem the producer fixes his 
rate of production u(t) and offers his entire production on 
the open market. It is assumed that the price depends upon 
the offer u, the rate of change of offer \i* ^ the time t, and 
the totalanount that has been offered since the time t^, that 
is, udt. This is expressed by the price equation^ 

(1*5) p= p(^*udt,u,u'.t). 

The coat function (1*2) which was used before is used here also 
with the same assumptions involved. It is further assumed that 
the changes in price caused by the discontinuities of u are 
negligible when compared with those effects which have been 
introduced in the function (l*5). As before the producer wish¬ 
es to maximize the integral (l*4). 

The third monopoly problem is a specialization of the 
second. Suppose all the assumptions made in the second prob¬ 
lem hold except that the price equation takes the form 
(1*6) p » p(u,u*,t), 

that is, the price does not depend upon the amount that has 
been offered since time t| • 


^For a price function of this type in a monopoly prob¬ 
lem of another kind see H. Hotelling, The economics of exhaust¬ 
ible resources, The Journal of Political Economy, XXXIX (1931), 
pp. 152, 153. 
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Tlae first and third problems require the same mathe¬ 
matical analysis. This analysis will be made in §2 and ap¬ 
plied to these cases in $ 3. The second monopoly problem 
requires a different analysis v/hich will be made in §§4-8. 



SOLUTIONS WHICH ARE ACTUALLY DISCOHTIKUOUS 
IN THE PROBLEat WITH FIRST DERIVATIVES 

2. Neceaaary conditions and sufficient condition^ for 
a maximum . Statement of the problem . Consider a class of ad¬ 
missible arcs of the form 
(2*1) y = y(x), (x, « X 

each of which Joins the line x » to the line x “ x^. Y/e 
wish to find in this class of arcs one which maximizes the 
integral 

I * r^f (x,y,y* )dx. 

It is assumed that there is a region R of sets of values 
(x,y,y') in which the function f(x,y,yO and all of its par¬ 
tial derivatives of the first two orders are continuous. A 
set {x,y,y*) which is interior to R will he called an admis¬ 
sible 3et > An admissible function y(x) is one which possesses 
the properties, (a) y(x) and its derivative y’(x) are each 
continuous except possibly for a finite number of values of x, 
(b) for every value of x in the interval of definition the 
right and left hand limits of y(x) and y^x) exist, (c) the 
sets [[x,y(x) ,y’(x)J belonging to the function are all admis¬ 
sible. \yherever it is convenient the right and left hand 
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limits of yCx) and y* (x) vail be denoted by y^(x), y 4 .(x) 
and y^(x), yl(x), respectively. The element [x, y (x), y♦ (x)] 
shall be interpreted to mean either [x,y_(x),ylU)] or 
[^x,y^.{x) ,y|(x)J . An arc y » y(x) defined by an admissible 
function will be called an admissible arc . It will be 
noticed that the Integral I has a v/ell-dcfined value over 
every admissible arc. A function V|(x) which has properties 
(a) and (b) will be called an admissible variation . 

Analogues of the Welerstrass> Euler, and Legendre 
necessary conditions. Suppose the equation 
Ej, i y = y(x), (xjsxsx^), 

defines a portion of a maximizing arc, and the equation 
: y = Y(x), (^3 = ^ 

defines ajay admissible arc in the Interval (x^jX^), Let x^ 
be any value betv/een and x^ and designate the points which 
it defines on the arcs and by 5 and 5*, respectively. 

Since the path constitutes an admissible arc, the 

integral 


I. f(x,Y, Y*)dx + j" f(x,y,yOdx 

must be less than or equal to I(E ) for every value of x 


between and x^. 


Hence the derivative dl/dx« must not be 


positive when = X 3 . This gives the condition 


dl 

dXc 


f [X 3 , Y(x 3 ), Y» (xj)] -f [x 3 ,y(x 3 ) ,y» (x 3 )]^ 0 . 
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Since the arc C^.^. may be any admissible arc this inequality 
must hold for an arbitrary admissible set ),Y’(X 3 )] . 

ANALOGUE OF THE WEIERSTRASS NECESSARY CONDITION, ^ 
every element (x,y,y») of a maxlmlzinp: arc the condition 

(2*2) f(x,Y,y») - f(x,y,y») 

must hold for every admissible set (x,Y,Y’) ^(x,y,y*). 

This condition implies that for every value of x the 
pair of values (y,y*) associated with the maximizing arc fur¬ 
nish a maximum for f(x,y,y') as compared with any other values 
(Y,Y») such that (x,Y,Y’) is an admissible set. This Implies, 
as a result of the continuity properties of f, that at every 
element (x,y,y’) of a maximizing arc E^^^ the conditions 
{2-3) fpx,y,y') = f^,(x,y,y') = 0 

(2*4) fy.^.tx.y.y')S0, 

fyy^x.y.y') SO, 

must be satisfied. The pair of equations (2*3) Is the ana- 
logue of the Euler equation and the system of inequalities 
(2*4) is the analogue of the Legendre condition. Since ordi¬ 
narily there will be no solution common to the tv/o equations 
(2*3) it is true that in general among the admis.slble arcs 
( 2 * 1 ) which join the line x = x^ to the line x = x^ none gives 
the Integral I a maximum value. If such a maximizing arc 
does exist it is defined by equations (2-3) and satisfies con¬ 
ditions (2*2) and (2*4) • Equations (2*i3) are sufficient to 
make the first variation of the integral I, defined in the 
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usual way, vanish. Hence no further necessary conditions can 
he found by requiring the first variation to vanish. 

At a place on a maximizing arc where either y or 
y* is discontinuous there are two elements (x,y_,yd) and 
(x,y^.,y4,) each associated with the same value of x. It fol- 
lov/s from the Weterstrass condition that f(x,y_,yd) - 
f (x,y+,y;). 

ANALOGtlE OF THE CORKER COHDITION. At every element of 
a maximizing arc the equation 

f(x,y_,yi) ■ f(x,y_^,y4.) 

must be satisfied. 

Sufficient conditions . Let be an arc of class C* 

which satisfies equations (2*3). For an element (x,y,y’) on 
at which the inequalities (2*4) hold in the strengthened 
form, that is, without the equality sign, the inequality (2*2) 
also holds in the strengthened form for values (Y,Y*) near 
(y»y*). Hence, if the inequalities (2-4) hold in the strength¬ 
ened form for every element (x,y,yO of E,j^ there exists a 
region R» of sets (x,Y,Y*) near the elements (x,y,y’) of E 
such that the inequality f(x,Y,y*) ~ f(x,y,y*) < 0 holds for 
every set {x,Y,Y») in R’ which is not an element of . Then 
if the equation y = Y(x),x, s x ^x^, represents an admissible 
arc ail of whose elements [x,y(x) ,Y* (x)J are in R’, but v/hich 


^See Bolza, Vorlesungen uber Variationsrechnung 
(Leipzig, 1909), p. 21. 
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is not identical vrL th , it follows tliat 

) - I(E, ) •» / [f(x,Y,Y*) - f (x.y.y*)] dx -= 0. 

If y or y’ have finite discontinuities this inequality' holds 
if every set [y(x),Y'(x)] is sufficiently close to the set 
ty(x),y'(x)] of defined by the same value of x. 

SUFFICIENT CONDITIONS FOR A WEAK RELATIVE KAXIIIUM. 


Let E^j be an admissible arc which satisfies the equations 
fyCxjyjyO » fy/(x,y,y*) » 0 and has f^.y, ^ 0, f^^.-fy y fy,y,<0 
at every element (x,y,y*) on it; then the inequality 
I (C,^ ) < I {^ 12 , ) holds for every admissible arc which does 
not coincide with , and which is such th a t every set 
[y(x),Y’ (x)J belonging to it lies sufficiently near th e set 
j[j^) .y* (x)] of E ,^ defined by the same value of x > 

3. An application to the first and third monopo ly 
problems. A special case of the first monopoly problem is 
characterized by demand and cost equations, (1*1) and (l*2), 
which take the forms 


(3-1) y=ap^bp»+c, 

(3*2) q » Ad* + Bu ^ C, 

respectively, where a,b,c,A,B,C are constants.^ In this case 
the integral (l*4) is 


Isee Evans, loc. cit ., p. 143. 

See C. F. Roos, A mathematical theory of depreciation 
and replacement, American Journal of Mathematics, Vol. L(19 ?j 6) 
for an extension of this problem. 
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(3*3) f(t,p,p*)<it 

where f(t,p,p*) » [a^o + ^o, VV* ♦ a„p* 4 a^p 4 a,p' 4 d]B(T,t), 

X 

a(l-aA), a^, » b(l-2aA). a„ « -b A, 
a^= c-2acA - aB, a,» -b(B+2cA), d » -(Ac’ 4 Be 4 C). 

The function f(t,p,p*) is continuous with continuous 
partial derivatives of all orders for every set (t,p,p*)* 

Hence the maximizing of the integral (3«3) in the class of arcs, 
P ■ p(t), (t, S t i t^), 

which are admissible in the sense of §2 and join the line 
t = t, to the line t « t;^, becomes a special case of the prob¬ 
lem of § 2. The equations (2*3) of the maximizing arc become 
(3-4) .= [2a„p' ♦ a^,p + a,] B(T,t) = 0 

(3*5) fp “ [a^, p' Sa^oP + ao] B(T,t) = 0. 

Since the factor E(T,t) is greater than zero for every value t 
it may be divided from these equations. It follows from the 
analogue (2*4) of the Legendre condition that along an arc 
which furnishes a maximum, the inequalities f^y" 2a„E(T,t) ^0, 
^rr' ~ >' * (^oi “* 4a^o 8*,, )E{T, t) ^ 0 hold. These inequali¬ 

ties imply ^ 0, a*, - 4a^^ a„ ^ 0. In terms of the coeffi¬ 
cients of the functions ,(3-l) and (3*2) the second of these 
inequalities is a^, - 4a^^ a„ = b # 0. Thereiore, there exists 
no arc v/hich will maximize the integral (3*3) unless b = 0. 

This implies p* a„ » a,- 0 and equattons(3*4) and (3*5) re¬ 
duce to 2a^^p 4 *= 0. If the equation of the maxi¬ 

mizing arc is 
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If f satisfies the above conditions it may be v/ritten 
= [aooP^*»* a^,p di]E(T,t). It is evident that the 
value (3-6) gives this function an absolute maximum in p, 
that is, f (t,P) - f (t,p) 0 for every t, and every 

p ^ p p: If the arc (3*6) is designated by E,^ and 

the equation p = P(t) represents any other admissible arc 
which joins t = t, to t - t^, it follows that 

1(0,J ) - KE,,, ) = y' (f |t,P(t)] - f [t.p]) dt ^ 0. 

Hence the arc (3»6) furnishes an absolute maximum in the 
class of admissible arcs joining t = t, to t = t^^. 

The foregoing results hold for demand equations 
more general than (3*l) v;hon the cost function (3«J^) ‘is used. 
Suppose 

(3*7) yc=ap'fbP(p')+c 

where P(p') is of class G* for all values of p*, P*(r*) 
no zeros, and P(0) 0.^ In this case the inequalities 

( 2 - 4 ) imply f^^-- W “ - 4a,, a„ )P*'" (p^)E(T,t) = 

b*P*^ (p*) E(T,t) ^ 0. Hence b = 0 and the proof used before 
proves that the arc (3*6) furnishes an absolute maximum. 

Therefore, for a business operated under the demand 
and cost functions (3*1) and (3*2) v/ith b flt o, there exists 

^See Evans, loc. cit ., p. 42. 
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no price function p(t) \ 7 iiiGh v/Hi maximize the profit inter^ral 
TT in the class of all possible price functions if these com¬ 
parison price functions are free to have actual discontinui¬ 
ties at any finite nui.foer oi places. This, of course, does 
not mean that the mathematical analysis forbids the use of the 
derivative p* in the demand equation in this problem. It mere¬ 
ly meii.ns that if p* is to be introduced into the demand equa¬ 
tion the fonn (3*l) is not suitable, Furthermore the jeneral- 
iaation (3*7) is unsuitable. flicrc are forms of the functions 
(l*l) and (l-2) v/hlch lead to an integral (1*4) V7hich has p* 
in the integrand and satisfies the sufficient conditions of 
§ 2. To determine which of these forms has any significance 
in the economic problem is a major problem in itself. 

In the third monopoly problem the integrand function 
of the profit integral IT is 

f(t,u,uO = [up(u,u»,t) - Q,(u, t)] E(T,t). 

The maximizing arc u = u(t) must satisfy the equations 
i’u' = upy.(u,u',t)3(T,t) = 0 
i'u = [“Pu ♦ p-<iu]E(T,t) = 0. 

The first of these equations implies u ~ 0 or p^,(u,u*,t) = 0. 
Consider the cc.se in which u ~ 0 is not a solution of the 
problem. Then, if the problem has a solution, Py.(u,u*,t) = 0. 
If the price equation takes the form 
(3*9) p = au + bU(u’) + c 

where U(u’) is of class C’ for all values of u», U'(u’) has no 


(3-8) 
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zeros, and a,b,c are constants, we have 
p^. «= tU' (u' )'= 0 . 

This equation is impossible unless b = 0* Hence the price 
function (3*9) is unsatisfactory In the third monopoly prob¬ 
lem In the same sense that the demand function (3*7) Is un¬ 
satisfactory In the first problem. The price function (3*9) 
Is of interest since a special case of it, 
p » au 4 bu* 4 o, 

is analogous to the demand function (3*1). 

If u is not Identically zero, then at every element 
(t,u,u*) on the maximizing arc at which the condition 
fu'u- ■■ Pu'u'UB(T.t) « 0 

holds, this condition, together with the equation p^^* - 0, im¬ 
plies that the value u* maximizes the function p among the 
sets (t,u,U’) where U* is arbitrary near u*. This follows 
from the condition that along eui swimissible arc for this 
problem u S 0. This conclusion holds for all forms of the 
price function (l*6). 



SOLUTIONS WITH CORNERS IN THE PROBLEM 


WITH SECOIO) IXERIVATIVES 

Plrst necessary conditions . If in the second 

t 

monopoly problem of §1 the transformation xs t, ysjTudt 
is made the problem becomes a special case of the problem of 
finding in a class of admissible arcs of the form 
(4*1) y = y(x) 

which join a ;^iven point 1, (Xj,yj), to a given ourve N, one 
7/hich maximizes the integral 

I = / f(x,y,y»,y«)dx, 

where Is the abscissa of the point of intersection of the 
curve y = y(x) and N. It is assumed that there is a region R 
of sets of values (x,y,y’,y”) in which the function 

(x,y,y* ,y**) and all of its partial derivatives of the first 
four orders are continuous. A set (x,y,y*,y**) interior to R 
will be called an admissible set , A function y(x) will be 
called admissible if (a) y(x) is continuous, (b) y'(x) and 
y** (x) are continuous except possibly for a finite number of 
values of X, (c) for every value of x in the interval of de¬ 
finition the right and left hand limits of y’(x) and y»* (x) 
exist, (d) the sets [x,y(x) ,y* (x) ,y** (x)] belonging to the 
function are all admissible. Right and left liand limits of 


(152) 
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the derivatives y*(x),y”(x) will he denoted hy y4.(x),y'| (x) 
and yl(x),yl(x), respectively. The element [x,y(x),y*(x),y"(xJ 
slmll he interpreted to mean either [x,y(x), yl (x), y” (x)] or 
[x,y(x), y^(x) ,y” (x^. An admiesihle arc is an arc y *= y(x) 
defined hy an admissible function. An admissible variation 
V| (x) Is a function which has properties (a), (h), (c). 
Suppose 

t y » y(x), (x, ^ X ^x^), 

is a maximizing arc for the problem under consideration. Let 
y|(x) he an admissible variation. Then if the parameter is 
small the arc 

(4»2) y = y(x,a) » y(x) ♦ ay|(x) 

is admissible. Let the curve N he represented hy the equations 
N: X = <(> (<X), y (c() 

where <j)(0) = t (o) >« y(x^) » , 4’'*(0) + >("*(0) t 0, and <j>, 

'f are of class C" near << = 0. If the arc is not tangent 

to N at the point 2 then the value of <5< which defines the 
point of intersection of the arc (4*2) and N can he obtained 
hy solving the equation 

y[(p(<<)] ■+ avi[<J>(c<)] 

The function <3((a) defined hy this equation is of class G” near 
a K 0.^ Consequently the equation may be differentiated tvrice 


A. Bliss, Princeton Colloquium Lectures (Nev/ York, 
1913), pp. 8, 11. 
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with respect to a, giving the equations 
(4.3) y’(xJ4>'(o)<<'Co) +*T(xJ -+'( 0 ) <<'( 0 ), 

(4*4) y"(Xj)^'( 0 ) «<'(0)-» y'(Xj)^"(0) ^<'(o)*y*(xj) ^'(0)<*"(0) + 

2>f (x^).^'(0)eC(0) = •/''•(0)«*'’(0)+f'(0)4''(0) 

for a 0 . 

If ) « 0 then as a varies near zero equation (4*2) 
represents a one-parameter family of admissible comparison 
arcs and the integral I taken over one of these arcs has a 
value v/hich depends upon at 

{4«5) 1(a) = j f [x,y(x,a),y»{x,a),y»»(x,a)j dx* 

Since by hypothesis l(0) is a maximum it follows that l\o)^0 
for any admissible variation ►j(x) having ►jCx,) » 0 , The 
first variation I*(o) has the form 



+ f [xi,y»,y*(x;^),y"(x^)] 4>'(o)<<'(o) 

Where the arguments of fy, fy#, fy« are the elements (x,y,y*,y*) 

of . Define M{x) by the equation 

XX X 

M(x)» / / fy rx,y(x),y* (x\y»(x)ldx^-/ f ,|x,y(x),y*(x),y’»(x)] dx 

+ fy«[x,y(x),y'(x),y''{x)] . 

If »j'(x) is continuous except possibly for x « X 3 the first 
variation can be traonsforaed by an integration by parts into 
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th-e form 


i-(o) » >j'Uj[j[f^Ax - f f^ fydxj 

) - [nUx3)-*i:u,))-[ J fy.dx - y^Jfydx'J 


^ yM(x)»|*‘dx + f [xa.,ya^ ,yMx3^),y«(x^y (o)c<"(o) , 

In studying tUis expression the admiasihle variation 
Vj (x) may have any further reatrictions placed upon it that 
we find helpful. If for Instance >j(x,) = 7* (x^ ) = ^ 

V|» (x^) = 0 and >|* is continuous for all values of x then 

r"'- 

(4-7) I*( 0 ) « J M(x)n»dx 

The term f ,y' (x^^), y-(x,)]4- ( 0 )<<*( 0 ) drops out of the 

first variation in this oaae aa a result of equation (4*3) 
and the assumption that E|j^ and N are not tangent at the 
point 2. A necessary condition for our problem is that the 
expression (4*7) should vanish for every choice of the admis- 


sible variation ^(x) which is of class C*, and such tliat 
7 (x, ) = 7 *(x,) = ® known that if the 

expression (4*7) vanishes for all 7 *s of this kind which 
satisfy the additional condition that 7 '* is continuous then 
the function M(x) is necessarily of the form. 

(4‘ 8 ) li{x) - c, (x-x, ) 4 c^ 
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where Cj and are constants.^ Furthermore tf ^ i expres¬ 
sion is substituted for M(x) in the integral (4 7) it is clear 
that that integral vanishes even if the condition that be 
continuous is removed. 

Suppose next that yj vanishes together with its first 
derivative for x » x, and x = x-j^ and that is continuous 
except for a value x = X 3 between x, and x^. In this case, if 
equation (4*8) is satisfied, the first variation (4*6) takes 
the form 

I«(0) = - (Xj)- o/xj- X,) - oj 

♦ * ojd* ■■ - h+Cxi)- ‘ji(x,)] fy„(x3). 

^1 

Here fy>i(xj) = fy>* >y''•^ere etther of the 

sets [yl(x 3 ),yJi(x 5 )] , ['y^Cxj) ,y 5 ,(xj)J can be used for 
[y* (X3) , y** (x^ )| since it follows from equation (4*8) that 
is a continuous function of x along the arc . The vanish¬ 
ing of I*( 0 ) in this last form implies that fy.,(x^) » 0 . 

Since for any value of x^ between x, and x^ there will be an 
admissible variation >f(x) in the class of >y *8 under consider¬ 
ation which will have a discontinuous derivative at x^, it 

2 

follows that fy,f « 0 at every element (x,y,y\ 3 r^) of 
Our results so far may be stated as the 


ISee E. Zermelo, Mathematische Annalen, Yol. LVIII 
(1904), p. 558. 

2see Hadamard, Lecons sur le Calcul dea Yariations 
(Parts, 1910), pp. 145, 146. 
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TJgtfilA . Por every arc which fumiBhea a maximum 

for the integral I there exists a constant c such that the 
equations 

(4«9) J f f„dx-dx - J f dx = c(x-X^) 

X| X, ^ 'x, ^ 

( 4 - 10 ) fy„ = 0 

are satisfied identically along E,j^ . 

An immediate corollary of this lemma is that the equa¬ 
tions 


(4*11) 


/fy<^ ■ ^y' “ “ 




^ - fe V 


must he satisfied identically along every portion of which 

is of class C*". If 'we define corner to mean a point on a 
curve where either the first or second derivative of the rep¬ 
resenting function is discontinuous, we can obtain the follow¬ 
ing condition from the first of equations (4*ll). 

PIRST CORNSE CONDITION. At a comer (x,y) of a maxi¬ 


mizing: arc the condition 

fy.(x,y,yl,y?) » fy.(x,y,y^, y") 

must hold . 

Ordinarily there will he no arc which satisfies both 
Of equations (4*9) and (4*10)• Hence ordinarily there will 
be no maximizing arc for the integral I in the class of arcs 
under consideration. However an example will be exhibited 
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for which a maximizing arc doeo exist among the admissible arcs. 

If satisfies equation (4*9) and (4*10) the first 
variation (4*6) takes the form 

I'(0) » [[j^Tydx-cj •[ f'(0)-y» (x^^) <)>(0)] f (x^) <)>'(0)](O). 

In this equation has been replaced by its value obtained 

from equation (4*3) and f(x;^) = f [x^ ,,y’(x^^),(x^ )j . As a 
consequence of equation (4*3) the quantity d* {o) cannot vanish 
if >](x 2 ^) # 0. Hence the first factor of I'(o) in this last 
form must vanish. This gives, with the use of the first of 
equations(4*11), the equation 

(4-ir.) [f(xj - y(xJfy,(xj]4'(o) . (0) = 0. 

If this equation is satisfied the arc H is said to cut the arc 
tranaversally at the point 2. The conditions which have 
been obtained by requiring the first variation to vanish may 
be summarized as follows. 

THBOKEM. In general none of the admissible area (4*l) 
gives the integral I a value at least as great as that give n 
by any other admissible arc. If such a maxlmlzinp; arc 
exists then the equations (4*9) and (4-10) are satisfied 
identically along it. Furthermore must satisfy tn e trans- 
versality condition (4*12). 

By choosing d as independent parameter in place of a 
in the study of the integral (4*5) the transversality condi¬ 
tion (4‘12) can be obtained in the case where E^^ and N are 
tangent at the point 2. 
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5• The analogu e s of the Weleratraae and Legendre 
necesaary condlttona . An arc of class G*** which satisfies 
the two differential equations 

(5-1) f,(x.y,y,y- ) - Vx.y.y'.y) « 0 

(5-2) fy, (x,y,y»,y*) = 0 

will he called an extremals An arc of class C*^ which satie¬ 
ties equation (5*2) will he called a semi-extremal > By the 
theorem of § 4 every portion of a maximizing arc which is of 
class G”' must he an extremal. 

Consider a one-parameter family of admissible arcs 
3b! y = y{x,li), [Xj(l>) g X Sx^(b)], 

vrhich includes for the parameter value h *■ 0 a portion 
s y “ y(x,0) = y(x) , [xjCo) B X 3 ^ X ^ x^ » x^(0)], 
of an extremal arc . Let the functions Xj(h), x^(h), 
y(x,h), y*(x,b), y''(x,h) he continuous with continuous first 
partial derivatives near h = 0. They define the curves 
Ct X = XjCb), y «= y[x 3 (l>),b] = yjCb), 

3s X = x^(b), y = y[x^(b),b 3 = y^(b). 

The differentials alonr; these curves and the slope of the 
corresponding curve at the same point are related hy the 
equations 

dy, = y*[x,(b),bjdx 3 + yt [x, (b), b] db, 
dy^ «= y'[x^(b) ,hj dx^ ^ yj,fx^(b),b]db. 

The differential of the integral 

I(E.) = J f [x,y(x,h) ,y« (x,h) ,y‘« (x, o)J dx 
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taken over the arc is 


dl (E, )s=f (x,b)dx 




X,(b) 




J [fy(x,b)yj^4fy,(x,t)yJ+fy,.(x,b)y*] dx 


X^(b) 


dh 


v/here f(x,b) <= f [x,y{x,b), y'{x,b), y"(x,b)] and fy(x,b), 
Tyf (x,h), f^„(x,'b) are defined similarly. By hypothesis 
is an extremal. Hence 

= °- 

fy.. (x,0) == 0, 

and the differential of the integral taken at is 

X, 


X 

<il(E,^)=f(x,y,y*,y")dxj j [^blj^y' ♦ yy Vj 

I X, 


Jdx /db 


= [i(x,y,y*,y**)<ix + fyi(x,y,y»,y*)yj^dbj 

By the use of equations {5*3) this becomes 

(5-4) d±(E 3 ^)= [f (x,y,y* ,y»)dx + f ^^Cx, y, y *, y»*) (dy - y»dx)J^ 

where the differentials dx, dy belong to the curves 0 and D 
and the elements {x,y,y*,y**) belong to at the points de¬ 
fined by x^ and x^, respectively. 

Let 3 and 4 be points on a maximizing arc defined 

by x^ and x^ such tliat x^ ^ x^ and let there be no corners 
on . Suppose the curve 

y = Y(x) 


Cs 
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is an arbitrary curve of class C* which passes through the 
point 3. Join the points Y(x 3 )J of this curve to the 

point 4 by a family of admissible arcs 

y B yCx.Xg), (X 5 « X ^ x^), 

containing for x^ = x, and having yCxjX^ ), y* (x.Xg), 

y^CxjXg) continuous with continuous partial derivatives of 
the first order* One such family is 


yCxjX.) » y(x) 4 


Y(xJ - y(i 


- X ). 


This family, which includes for the parameter value Xs*=X 3 , 
is of the type used in deriving the formula (5*4). In this 


case the curve D degenerates into the point 4. Hence 


dx^ = dy^ = 0 and an application of the formula (5*4) gives 
(5-5) dl(E 3 ^ )s=- [f (x,y,y* ,y*)dx 4 fy#(x, y,y* ,y»» ) (dY-y«dx)] . 
Consider the value of I taken along the path C 33 4 This 

must not be greater than I(E 3 ^) for any value of x^. Hence 
the differential of 

r(C„+E 5 ^)« /f(x,Y,T',y")dx+ / f [x,y(x,X 5 ),y*(x,x^),y«(x,X 5 )] dx 

must not be positive when *= X 3 . Using formula (5*b) we 
find this differential to be 

f [xj.Ya ,Y* (x,),Y«(xj)]dx - f [x,, y^ , y* (xj), y" (x , )] dx 

- fY<[xj,y 3 ,y»(x 3 ),y"(x 3 )] -[dY - y»dx] 

where yj yCx,). 
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ANALOGUE OF THE WBIBRSTRASS NBGBSSARY CONDITION. At 
every element (x,y,y*,y*) of a maximizing arc the condition 

E(x,y,y»y«Y*,Y«)=f(x,y,Y»Y«)-f(x,y,y;y«)-‘(Y*-y»)fy.(x,y,y;y") ^ 0 
must hold for every admiaslble aet (x,y,Y’,Y’*) ^ (x,y,y’,y”)- 
In particular, if Y*=y* the condition f(x,y,y*,Y*)-f(x,y,y*y”)=0 
must hold for every admigpible aet (x.y,y*«Y^) ^ (x,y,y*,y”). 

The proof given is not valid for an eleraent(x,y,y% y”) 
at a corner point 3, hut, since it holds at every point pre¬ 
ceding 3, continuity considerations imply that it holds for the 
corner elements. Another corner condition can now he obtained. 
The first corner condition implies that 

E(x,y,yi,y?:,yV ,yV ) “ -B{x,y,y!^ ,y% ,yl. ,y^ ) 
at every point (x,y) of a maximizing arc. Since this E- func- 
tion cannot he positive there follows the 

SECOND CORNER CONDITION. At a corner (x,y) of a maxi¬ 
mizing arc the condition 
f(x,y,yl,yi) - y-f^,(x,y,yly?) 

= f(x,y,yV ,y\) - yj. f^,(x,y,y*^ ,y\ ) 

must hold . 

Since the maximizing arc satisfies f^„= 0 a Taylor's 
expansion gives the equation 

H(x,y,y,y«,Y',r*) » 

|(Y*-y*)‘fY.y. + (Y'-y*)(T'-y*)fy.yM + |(Y’'-y«)^f^„y„ 
along E,^ where the arguments of fy,y, , fy.y,o fy.y., are 
[x,y,y*+e(Y'-y'),y*+e(Y»-y«)] , 0 < 0 < 1. It follows from 
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the Welerstraaa neceaaary condlt^.on that this quadratic form 
tn Y*-y* and must not be greater than zero for any set 

of values (x,y,y* Y*) for which (x,y,ySy*) la on 

and (x,y,Y»,Y**) Is admlsalble. 

ANALOaUB 05* THB LBGKNDRB NBGKSaARY CONDITION. At every 
element (x,y,y'lY*) of a maximizing arc the conditions 

fy«y»» ^ 0, fyiy‘1 ^ fy»y*fy«y** ^ 0, fylyl ^ 0 

must be aatisfied^ 

5. Analogues of the Jacobi condition. The second 
variation of the Integral I is defined to be the second deriv¬ 
ative I**(0) of the integral (4*6) taJcen at a » 0. The second 
variation of I taken over an extremal la 

X 

i»(o) - f aii(x,»i. f ,^")<ix ♦ 2 [fyv, + ‘4.-(o)«*(o) 

where 

+2fy.y., ^ I'+fy-y.. 7"Wy y ^ ” 7 

and the arguments of f and its partial derivatives are the 
elements (]x,y(x),y* (x), y* (x)J of the extremal If the 

curve N cuts transversally but is not tangent to and 

if the values of (O) and 4*(0) given by equations (4*3) and 
(4*4) are used the second variation takes the form 
I«(0) = J 2Jl(x,>|, 1^*, Vj«)dx ♦ A 
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where A is a constant defined by the eq^uatioa 


A « 






x« 


A necessary condition for our problem ia that the majci- 
mum of the second variation in the class of admissible varia¬ 
tions V|(x), which are of class C* and satisfy the end condi¬ 
tion >|(x|) » 0, must not be greater than zero. Por the study 

IV 

of this maximum it is assumed that the arc is of class C 
and that the inequality fy«»yM (xjy^ySy") # 0 holds along 
This problem is similar to the problem of maximizing the origi¬ 
nal integral I in the class of arcs y = y(x) which are of class 
C* and have y** continuous except at a finite number of places. 
The same kind of analysis that led to equation (4*8) yields the 
result that for every maximizing arc >] » ^(x) in the present 
class of arcs there exist constants Cj and c^ such that the 
equation 

XX X 

/r/I,,dx - fjl.„,dx. * c, (x - X,) + 

X, X. \ 

is satisfied identically along the arc. It follows from this 

equation that every portion of a maximizing arc >] = *7 (x) 

iv X 

which is of class C must satisfy the equation 


iThis equation holds also when A = 0 and in this case 
is well known. See Hadsmard, Galcul des Variations, §124. 
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and at a point on a maximizing arc udiere i]* is discontinuouB 
the corner conditions 

- VJ* ) ■» 0 

( 6 * 2 ) 

/ly-- ° 

must be satisfied* Since fy„y,# ¥ 0 along a consequence 

of these equations is that at every point on a maximizing aro 
where v^* is continuous the derivatives >]• and V|**' must also be 
continuous. 

If in finding the maximum of the second variation the 
restriction that yf* be continuous is removed the problem can 
be treated by the same kind of analysis that was used in § 4 
for the original problem. Results which are arxalogous to 
equations ( 4 * 11 ), ( 4 * 12 ), and the first comer condition are 
obtained and may be stated as follows. BetTreen corners^ of a 
maximizing arc (x) equations (6«l) and 

(6*3) -nn„= fyy. T’ + fy.y^'+ fy/y^ = 0 

must be satisfied. At a corner the condition 

C6-4) = fy'y-.('t; fy.y.(>ji -l’- ) " 0 

must hold and at the second end-point the transversality 


iThe word **comer” is used here in the same 


in § 4. 


sense as 
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condition 

(6*5) »|*(x^),*|»(x^)] ♦Avj(xj) ">0 

is necessary. Equations (6»3) and (6;»4) imply that 

- fy,y, ^ 0 st SHy placo where either »j» or is 

discontinuous. 

The necessary conditions derived above which a func¬ 
tion )^(x) must satisfy if it maximizes the second variation 
may he siuamartzed as follows! between comers the maximizing 
function vj{x) must satisfy equations (6*3) euid 
( 6 - 6 ) J\^ - = 0 . 

At the second end-point the transversality condition (6*5) is 
necessary. The condition fy«y#/ ^ 0 along E^j^^ implies that v]* 
and v|«* are continuous wherever is continuous. The in¬ 
equality [fy.yii • ^ 0 implies that V surd 

are continuous at x^. 

If the function )](x) is of class C**' in Interval 
x^ ^ X « Xj the following equation holds. 

X5 Xg 

fzfidx =/ dx 

“ f * f 

tv 

It yf(x) is of class G a further transformation can be made. 
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(6“ a) 


^2/I dx =+1^/1,,..] dx 


FIRST ANALOGUE OF THB JACOBI CONDITION. If ia an 

extremal of class G*'^ wi th. fy„yu * 0 alon^ it, and if u(x), 

tv 

not identically zero, is a aolution of claas C of equation 
( 6 -l) with, eitlier of the sets of properties 

(a) u(x,) = u(x 3 ) = [u’nv^,.(x,u,u’,u**)] ' = u^Cxj) - 0 


(b) u(x, )=u(x 3 )= |u’/l>j„(x,u,u» )j = ^^„(x,u,u* ,u'’)] = 0, 


[fy.y" 


fy.y. fy"y 


0 . 


where x, < x^ < x^, then cannot furnlah a maximum for the 

intef/ral I. If these hypotheses hold except that x^ = x^ the 
arc S cannot furniah a maximum unless u satiafies the eq.ua~ 
tion _n. ^„(x,u,u*,u") ^ 0 and the end condition 
jn»^« fx;j ,u(xa^) ,u* (x,^) ,u** (x^)] + AuCx^^) = 0. 

If such a function u(x) exists the arc composed of 
yj ~ u(x) in the interval x^ ^ x ^ x^ and yj ~0 in 
X 3 s X ^ Xj^ gives the expression I**( 0 ) the value zero as ia 
easily sho^m by aquation ( 6 * 8 ), However if x^ x^ and u has 
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the properties (a) this arc cannot furnish a maximum for 
I**(o) since, if it did, equations ( 6 * 2 ) imply that and 
must be continuous for x = X 3 . Hence u(x) satisfies the end 
condition [uCxa) ,u* (x^) jU* (x^) jU^'Cx^)] = [o,0,0,oJ, But the 
only solution of equation ( 8 -l) which satisfies these initial 
conditions is u ^ 0 which is contrary to hypothesis. Also 
if Xj-c and u has the properties (b) the composite arc 
cannot give I”(o) a maximum value. For, if it did, equations 
(6*3) and (6*4) applied at x = x^, together with the inequal- 
ity [fy*y» - ^y‘y' ^ ^ imply that xx* {x^) « u**(x 3 )= 0 . 

As before it follows that u^^Cx^) is zero and hence u = 0 
which is contrary to hypothesis. The last statement of the 
condition follows from equations (6*3) and (6*5). 

A similar proof establishes the 

SECOHB AHALOGUB OP THE JACOBI GONDITIOH. Suppose 

IV 

is an extremal of class C which has fy.,yM ^ 0 along it and 
is not tangent to H at the point 2 , and u(x), not identically 
zero, is a solu t ion of class C of equa t ion ( 6 *l) with 

either of the sets of properties 

(a) u(x 3 )B[u(-Qy- ^ n>jH + Au)]’*'^ = [u'ilv,..] ’'* = u'(xj )=0 
or 

(b) u(x3)-[u(nv,- = ■^^•1^= 0 , 

\j^Yy" ~ ^v’Y' 


¥ 0, 
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where x, < ^ 7i^ and the argument a of Cl ^, and -Cl in 

properties (a) and (h) are the sets (x,u,u*,u”). Then B 
cannot furnish a maximum for the integra l I. If these hypo¬ 
theses hold except that x, = the arc cannot furnish a 

maximum unless u satisfies the equation iT ^„(x,u,u*^,u*) « 0 
and the end condition [ 4 Au] =0. 

The formula (6*7) is the basis for the 

THIHD ANALOGUE OF THE JACOBt CONDITION. Suppose E,^ 
is an extremal with fy,.y„ ^ 0 along lt> and suppose u(x), not 
identically zero, is a solution of class C *** of equation (3) 
such that u(x. ) » u(xj) = 0 , [fy*y« ^y'y' ^ 0 » 

asi < 1 ^ ^ 0 f or X, X 3 -c x^ where the 

arguments of ^ and _Q ^, in this integral are the sets 
(x,u,u*,u*). Then E cannot furnish a maximum for the inte"» 
gral I. If these hypotheses hold except that X 3 » the arc 

cQ>pnot furnish a maximum unless u satisfies the e q.uation 
jn^(x,u,u» ,u**) - (x,u,u»,u**) a 0 . 

If such a function u(x) exists the arc composed of 
V/ « u(x) in the interval x, ^ x ^ x, and >7 s 0 in x^ ^ x ^ x,^ 
gives the integral I"(o) a value greater than or equal to ziero. 
However, If x^ ^ this arc cannot furnish a maximum for I”(o) 
since if it did equations (6-3) and (6-4) imply that u*(x 3 )»' 0 . 
But the only solution of equation (6*3) having the initial 
values [u(x,u*(X 3 )] » [o,o] 'is u ~ 0 which is contrary to 
hjq^othesis. The last statement of the condition follov/s from 
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the fact that a maximizing function >^(x) of the expression 
I**(o) must satisfy equation (6-6). 

The value where u(x) vanishes in the third analogue 
has an interesting geometric interpretation in case every 
semi-extremal is also an extremal. This hypothesis is quite 
restrictive but an example will be given in which it is satis¬ 
fied. Consider a two-parameter family y = y(x,a,b) of semi- 
extremals which includes for (a,b) = (0,0). Since f^,, 

has continuous partial derivatives of the first three orders, 
the functions y(x,a,b) ,y* (x,a,b) ,y^ (x,a,b) ,y*‘(x,a,b) are 
continuous with continuous partial derivatives.^ If the 
function y(x,a,b) is substituted in equation (5*2) an identity 
in x,a,b is obtained. Differentiation of this identity with 
respect to a and b respectively gives the equations 

^ “ ^y"y“ * ^y"y 

( 6 - 9 ) 

,y“ ) » fy.y.yj + fyy ♦ fyy Vy “ 0, 

for a » b =* (j. In these equations the arguments of the second 
partial derivatives of f are the elements belonging to 
while the arguaents of y^.y^ ,y^ >yb»yb (x,0,0). 

Hence the functions y-(x.0,0), y. (x,0,0) are solutions of 

Isee Bliss, Princeton Colloquium Lectures, pp. 9-11, 
95-98. The above statement is an immediate corollary of the 
theorems given by Bliss. 
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equation (6*3). It will "be shown that, as a result of the 
non-vanishing of fy.‘y*i on , the family y(x,a,b) can be so 
chosen that the detemiinajit 


( 6 . 10 ) 


y2^(x,0,0) 


yb(x,0,0) 


yj(x,0,0) yb(x,0,C)) 

.1 


is different from, zero at"^ x = x,* Therefore the first row 
of this determinant is a fundainental system of solutions of 
the linear homogeneous differential equation (5»3), and since 
in this equation the coefficient fy.. y** of y’^ or y'J^ does not 

vanish in x, ^ x ^ x^^ then the determinant (6*10) does not 

2 

vanish in x, ^ x ^ x,^. Hence any solution of class 0**' of 
equation (6*3) can be written in the form 

u(x) = c, y^(x,0,0) c^y 5 (x, 0 , 0 ). 

By the Sturm separation theorem any two solutions u,(x) and 
Uj(x) of equation (6*3) which vanish for the same value of x 
are linearly dependent and have the same zeros.^ The function 

y^(x,0,0) y^(x,0,0) 

y^(x,,0,0) y^(x,,0,0) 


^ (x,x, ) 


is a solution of equation (6*3) which vanishes for x = x,. 
Hence it has the same zeros as the function u(x) of the third 
analogue. Furthermore, since the function y(x,a,b) is also a 


^See § 7, p. 46. 

^Bolza, Variationsrechnung, p. 67. 

^Bocher, Methodea de Sturm (Paris, 1917), p. 46. 
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solution of equation ( 5 * 1 ) for every pair of values (a,b) 
it follows that y^Cx.OjO) ,yj,(x, 0 , 0 ) are also solutions of 
equation (6*6). This is proved by differentiation of equa¬ 
tion (5-1) with respect to a and b. Hence In this case the 

condition ^il>,,)dx ^ 0 is always satisfied 

’'x, I dx ‘ 

since the integrand function is Identically zero. The zeros 
of the function d(x,x,) different from x, define the points 
on where it touches the envelope^ of the one-parameter 
family of serai-extremals which pass through the point 1. A 
point at which E,^ touches the envelope of this family of 
semi-extremala will be called a conjugate point of the point 1 
on . We have proved as a corollary of the third analogue 
the 


FOURTH ANALOGUE OF THE JACOBI CONDITION. If every 
serai-extremal la also an extremal, and if is an extremal, 
with fy„y„ ^ 0 along it, which maximizes the Integral I the 
point 1 con have no conjugate point interior to at which 


fy, y.. - fy.^. fy..y., * 0. 

We shall later need the fact that if every semi- 
extreraal is also an extremal, and if fy..yn t 0 along 
then the function fy#yM - f'y'y* fyi*y.iis different from zero 
for every element on or else it is identically zero along 
. To prove this let y ** y(x,a,b) be a two-parameter family 


iBliss, Calculus of Variations (1925), p. 149. 
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of extremals which includes foi^ * (0,0). The 

equations 


y;(x,0,0) ♦ fy'y..y^(x,0,0) ♦ fy*.y ya(x,0,0) B 0 

(6-11) fyy.. y^(x,0,0) -► fyy. yi (X,0,0) 4 fyyy^(x,0,0) - 

^[fy-yy^ (x, 0 ,o) 4 fy.y.y* (x,0,0)-ffy.y y^ (x,0,0)j =0 

hold identically in x where the arguments of the partial deriv¬ 
atives of f are the elements [x,y(x),y*(x),y*(x)] belonging to 
E,j . These equations are derived from equations (5-l) and 
(5*2) in the same way that equations(6*9) are found. If the 
functions y^ (x,0,0) and (x,0,0) are eliminated from equa¬ 
tions (6-ll) an equation of the form 

B(x) y^(x,0,0) + C(x) y2^(x,0,0) = 0 
is obtained. In a similar way we get the equation 
B(x) y^(x,0,0) + C(x) yt,(x,0,0) B 0. 

It has been remarked that the function y(x,a,b) can be chosen 
30 the determinant (6-10) does not vanish in the interval 
X, ^ X ^ x^. It follows that B(x) = C(x) = 0. The function 
B(x) can be written in either of the forms 


B(x) B fy.ynfyy.* (2fy,yM4fy.y, ) - fy.yjfy.y«*»‘fy.,y« ) “ fyMynfy.y. 

= fy„y.. l'(x) - (fy.y.. -f fy.. y„)l.(x) 

X 

y.y.. 


where li(x) b 


— f f 

lyy-Iyy.. . 


The function G(x) is 



40 


THE PROBUSM WITH 3BC0HD DBRITATrVBS 


(174) 


G (x) = ^Y"y"^y"y ^y'y** ^y''y ^^y'y* ^ fy/»y*< ) 

+ fY..y..fyUy (fy.yu ♦ ^y'y'“ ^y'*y ^ ^ fy..yH(fyy • ^y'y)* 

Tlie equation b(x) ^ 0 implies 

^ ^ T f \ h<^)dx 

^^Y*y.< "" ^^yy.fy*ly« = I»(x:) * CC 

f I i» + 

where p(x) » ——)CXL . Since fyy„ # 0 in the interval 

fyny,. y 

X, ^ X ^ the function I*(x) is thus defined as a function 

wnich either does not vanish on tiu interval x, ^ x ^ or 
else is identically zero on this interval. 

The proof of the fifth analogue of the Jacohi condi¬ 
tion is analogous to the proof of the third. 

FIFTH AHALOGUE OF THE JACOBI COHDITIOH. Suppo se 
is an extremal whi c h has fy,.y.i # 0 along it and is not tangent 
to H at the point 2 , and u(x), not identically zero, is a so¬ 
lution o f class C”' of equation (6*3) such that uCx,) » 0, 

[fy'yll - fy.y. f yM y ^ ^ ^ ^ /I ^ , ) dX ^ 0 , WhO T 6 

Xj 

X, < X 3 < x^, and e ither (a)u(x^) « 0 ^ (h) [Xl.j.4 Au] 0, 

where the arguments of Cl^ and 11 are the sets (x»u,u*,u*). 
Then cannot furnish a maximum for the integral I. If these 

hypotheses hold except that x, = the arc E,^ csinnot furnish 
a msixiinuiii unless u satisfies the differential equation 
d 



(175) 


AN KNVKLOPB THEORBOyt 


41 


If in this fifth condition the hypothesis that every 
semi-extremal ts also an extreonal is added, a new coadition 
is obtained tn the same way that the fourth was obtained from 
the third. This Is actually two necessary conditions on the 
maximizing arc because of the alternate hypotheses (a) and 
(b). However in this case the condition with property (b*) 
is stronger than that with property (a). J?’or, let u, and 
be two eoluttons of class O'" of equation (6-3), neither of 
which is identically atero. Assume u, (X 3 ) =» u, (x^^) = 

(x^),u«(x^)j + Au^(xj) - 0 . The functions 

u, and \i^ are linearly independent, since if c, u, 4 ^ 

then Cj,u^(x^) = 0. If u^(x^) « 0 and [fyy.. “ fy.y. f y. y. ] ^ 0 
the equations 

nT.U,u,.uJ,u*)|’‘*-fy,.y„ (x,)u; (x^)+fy,y„(xjui (xj - 0 

»^i(x#uj ,u* jUj )+AUj^J ^ s= fy.yM(Xj^)uJ )+fy.y, (x^ )u* (x ^)—0 

imply that (x,^) == 0 ; whence u^ = 0 , contrary to hypothesis 
Since u, and are linearly independent Sturm* s reparation 
theorem implies that vanishes for a value of x between x, 
and Xj,. If every semi-extremal is eon extremal then the func¬ 
tion fyyM - fy.y.fyr-y.. taken along is non-vanishing or 

identically zero according as it is not zero or is zero at 
X ** Xj,. If it Is identically zero the fifth condition cannot 
apply. Hence the sixth condition is not weakened if property 
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(a) is removed from it. 

In order to state this condition geometrically consi¬ 
der a one-parameter family of semi-extremals of which is a 
memher, and a curve H which cuts each member of the family 
transversally, A point where touches the envelope of this 
family of semi-extremals will be called a focal -point of the 
curve N on . 

3IXTH ANALOGUE OP THE JACOBI CONDITION. Suppose every 
aeml-extremal is also an extremal, and E,^ la an extremal, with 
fy..y#i ^ 0 along it, which Is not tan::;ent to the curve N at the 
point 2. Then if maximizes the Integral I, the curve N can 
have no focal point interior to at which fy.y,.-fyry.fy,,y„ ^ 0. 

We first show that, If every semi-extremal is an ex¬ 
tremal, the value of the fifth condition is independent of 
the particular solution of equation (6*3) which is used to de¬ 
fine it. It has been proved that under the assumptions of the 
sixth condition the inequality [fy.y.. - fy.y fyy 4 0 for x, 
between x, and x^ implies [fy.yM - fy.y.fy..y.J 4 0. Let u, 
and u^, neither of which is identically zero, be two solutions 
of class of equation (6*3) which satisfy the equations 

[n,,,(x,Ui ,uf +(fyy, +A)uJ**»0, 1=1,2. 

By hypothesis 

n,„(x,u, .Ui'.uf )|’‘^«[fy..y,.ur =0, i » 1.2. 
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These four equations Imply that the two linear homogeneous 
equations 

fy.y,. (X, ) t, + fy.y, (X^) (fyy, (X^) * ^ ^ ^ ^ 0 

( 6 - 12 ) 

fy,.y« (X,) ♦ ry,y,.(X^) ♦ f y „ y (X^) ^3 » 0 

In the three Tariahlee ( i,, have the two aolutlons 

[u,«(xj,uf(xj.u, (X 3 )] and [u« .nl (x, ) .u^Cx^)] . However 

the rank of the matrix of these equations is 2. Hence there 
cannot be two linearly Independent solutions and the two solu¬ 
tions are proportional. Choose k so that u,(x,) » ku^(x^). 

The value k is uniquely defined since u^^Cx^^) ■* 0 and equations 
( 6 * 12 ) would imply \x\ (x^^) » 0 autid so u,. ^ 0 , contrary to 
hypothesis. There follows the equation u,*(x^) « ku^ (x^) and 
30 u, - kUj^ is a solution of equation (6*3) which vanishes 
with i^a first derivative at x « Xj_. Hence u, (x) s ku^^Cx) 
and the zeros of u, and u^ are the same. 

next let y ■ y(x,a) be a one-parameter family of ex¬ 
tremals which includes for a = 0 and such that each mem¬ 

ber is cut transversally by the curve K, that is, the equation 

(6-13) {f - y'[<l>(d),a] ry,}4'(‘<) + fy.'f'(d) - 0, 

where the arguments of f and Ty, are the sets 

.y[ 4 >(cl) ,aj , y’[ 4 >( 6 <),a] , ,a]j , becomes an identity 

in a when d is replaced by the function of a which is defined 
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"by the system 

(6-14) y[<f»(^),a] ^(O) = 0. 

There exists a unique solution of this kind for values of a 
near 0 if E,j^ and H are not tangent at their point of inter¬ 
section, If the two identities (6*13) and (6-14) are differ¬ 
entiated with, respect to a, a taken equal to zero, and the 
quantity (o) eliminated between the two equations there 
results the equation 

(6.15) jQ^, [X3.,ya(x2^,0) ,y^ (x^,0),y2^ (x^,0)]+ (x^^, 0)s0. 

Since yj^CxjO) is a solution of equations (6*3) and (5*6) and 
satisfies equation (6*15) the fifth condition prescribes that 
y^(x,0) must have no zeros in the interval x, x c x^* But 
this is equivalent to saying that the envelope of the family 
y » y(x,a) must not touch at an interior point* 

The fourth analogue of the Jaoobi condition now becomes 
superfluous since if an arc satisfies the sixth euialogue 

it necessarily satisfies the fourth. To prove this first 
notice that, when every semi-extremal is an extremal, a func¬ 
tion u(x) which is effective in the fifth condition cannot 
vanish at x -= x^, since, if it did, equations (6*12) would 
imply u’(Xj^) =* 0 and hence u ^ 0, contrary to hypothesis. 
Therefore if E,j^ satisfies the sixth condition there can exist 
no such function which has a zero in the interval x,-cx^Xj^. 

Then it follows from Sturm's separation theorem that any solu¬ 
tion of equation (6-3) which vanishes at x " x^ cannot have a 
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zero In the interval x, < x ^ x^. Hence the sixth condition 
implies the fourth condition in the strengthened form that 
allows the arc E,^ to have no point, including the point 2, 
conjugate to the point 1. furthermore in case there exists a 
two-parameter family of extremals it is the sixth analogue of 
the Jacohi condition which is useful in building a set of suf¬ 
ficient conditions as will be seen in §7. 

7* Sufficient conditions * If every semi-extremal is 
also an extremal conditions can be given which are sufficient 
to insure that makes the Integral I a maximum. By a 

field of semi-extremal8 will be meant a region of the xy-plane 
associated with a one-parameter family y = y(x,<<) of semi- 
extremals which simply covers it. The paraiaeter value vdiich 
gives the semi-extremal passing through the point (x,y) is 
^(x,y). The slope function is p(x,y) ■» y*[x,rf(x,y)] and 
there is also associated with the field the function 
r(x,y) = y"[x,c^(x,y)] . 

If f^M yi, ^ 0 along equation (5*2) can be solved 

for y**, 

C7-1) y" = G(x.y,y>), 

and If fy„ has continuous partial derivatives of the first n 
orders so has Cx(x,y,y’)- Hence solutions of equation (7*l) 
which are of class C*** are semi-extremals. As for solutions 
of equation (7*l) it is known that through every element 
(x 3 ,y 3 ,y* ) in a neighborhood R* of Ej^^ 


there passes a unique 
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solution y «= yCxjXjjy^.y* ) and that yCxjXj, yj, y '3 ), 
y*(x,X 3 ,y 3 ,yJ ), and y« (x,X 3 ,y 3 ,y *3 ) are continuous and have 
continuous partial derivatives of the first n orders.^ Hence 
if is a semi-extremal there exists a family of serai- 

extreraala which includes ®' niember. If R* is properly 

restricted, each of these solutions has an element corres¬ 
ponding to X 3 X,. The gener^'l solution then talces the form 

y = y(x,y3,y* ) 

which is a two-parameter family including para¬ 

meter values » y(x,), y\ *= y’(X|). The equations ex¬ 
pressing the fact that the above solution passes through 
(x, ,y 3 ,y *3 ) are y^ » y(x, ,y 3 ,y* ), y*^ = y*(x^,y 3 ,y^ )• It 
follows from these equations that 


(x .yj ,y]) 

yv' (x, .yj .y’s ) 


1 

0 



B 



y*^(x,.y,.y') 

y;, Cx, .ya.y’j ) 

*3 


0 

1 


Eor convenience replace the parameter y^ by a, and by b, 

and let C0,O) be the parameter vaJlues which give 3,^, • 

An argument i>arallel to one used by Bliss now proves 

the^ 

XSMBIA. Every semi-extremal arc having fy,.y// # 0 
along it, and containing no point conjugate to 1 , la interior 


iBliss, Princeton Colloquium lectures, pp. 95-98. 
SBllsa, Calculus of Variations, pp. 155, 156. 
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to a field F of which it is itself a semi->extremal arc> 

Asaxome tiiat tlie arc satisfies the hypotheses of 

the lemma eund that every semi-extremal is also an extremal. 
Hence by the lemma a field F can be formed in which each of 
the semi-extremals is an extremal, and this field of extremals 
will imbed . In such a field the differential of the in¬ 
tegral I taken along any portion £ 3 ^ of any of the extremals 
of the field such that £ 3 ^ joins a curve C to a curve D can 
be found by a simple extension of the development of § 5, The 
expression for the differential is (5*4). let 5 and 6 be the 
points on G and D respectively which are given by b = bg. Tlien 
if both sides of ( 5 - 4 ) are integrated from b = 0 to b = bg we 
obtain 

(7.2) KEsJ - I(B„) " I*(D^<,) - I*(C,5) 

in which 

I*=J{f[x,y,p(x,y),r(x,y)]dx + (dy-pdx)f^,[x, y, p(x.y), r(x, y)]} . 

In equation (7-2) if the curve P and the points 3 , 4 , 5,6 are 
fixed then everything is fixed except the path . It fol¬ 
lows tiiat the Integral I"*^ is independent of the path in the 
field F. 

SUFFICIEFT GONDITIOITS FOR A STRONG RBLATIYB MAXIMUM. 
Suppose that every semi-extremal is also am extremal, and that 
is an admissible arc having the properties 

yny., 


a) it is an extremal having f 


< 0 at every element 



whose polfats (x,y) lie sufficiently near • 

In proving this theorem we first consider conditions 
under which a one-parameter family of extremals cut trans- 
versally by IT and containing can be constructed. Suppose 

K Is represented by the equations x*4>(«<), y“'f'(<3 i). By the 
previous theory of this section it follows that there exists 
a two-parameter family of extremals y « y(x,a,b), which con¬ 
tains for parameter values (a,b) = (0,0), and having 

y (Xj, , 0 , 0 ) yb(x3,,0,0) 

* 0 . 

(Xi,o,o) yM3Ci»o,o) 

The equations 

(7-4) 

y[4>(<*) .a.b] = 4'(<*), y't'I'C'*) ,a,ti] K p, y"[4>(«<) ,a,b3 » r 


(7-3) 
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are satisfied for c< = 0 by the values 
( 7 * 5 ) (a»b,p,r)= ( 0 » 0 »Pi>^x) 

of E,j at the point 2. If these equations can be solved for 
a,b,p,r as functions of for values of near 0 and such 
that for 4=0 they assume the values (7*5) v/e will have a 
one-parameter family of extremals each of vfhich is cut trons- 
versally by N. The functional determinant of equations (7-4) 
with respect to a,b,p,r at the point 2 given by ^ 0 is 


y* (x^.o, 

0) 

yi 

(x^.O.O) 

yj (Xj^.O.O) 

yb(xi.o. 

. 0 ) 

yi 

0 

0 

yg (x^.o.o) 


[>f*(0) 

-P,,<J)*(0)] fy.y. 

0 



-1 


0 

[r(o) 

-Pz4-’(0)] fy.y.. 

0 



0 

- 

1 


= [f'(0)-Fz4'(0)]- 

~f . . 
y Y 

ya 

yl 

-f 

ya yS 





yi> 

yi 


yb yJ 


where 

the arguments of 

f y.y 

M are (x^,y^ ,Pj , r^ 

) , and 


the arguments of y^jy^iyJ (x^,0,0). If the equations 

(6-9) are solved for yi[(Xj^,0,0) and yl^(x^,0,0) and these 
values used in the above determinant it becomes 


(7-6) 






ya yi 




y'y f 

Iy..y.. J 


yb yi 


This expression does not varnish if, (a) the x)oint 2 is not a 
singular point on N, (b) f # 0 at the point 2, 
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(c) fyy: - fy.y, fy,.y„ ?« 0 at 2 . POP If “ 0 It fOl- 

lows from the first of equations (7-4) and the condition (h) 
that (t>'(0) »■ 0. But <|>'(0) = '/"(O) - Pt+'(0) B 0 implies that 
<j>'(0) = 'f'*(o) = 0 at th.e point 2 which contradicts condi¬ 
tion (a). Condition (c) implies that the second factor of 
(7*6) does not vanish and the last factor is different from 
zero hecauae of the inequality (7*3). 

Hence equations (7-4) can he solved for functions 
a(<<)* p(«<), rC*^) vrhich become 0»*0,p^,ri for a. = 0. 

These functions are continuous and iiave continuous first 
derivatives near » 0. Thus each member of the one-parameter 
family of extremals y = y(x,<^) = y[x,a(£<) ,b(c<)J is cut trans- 
vcrsally by H. Since the equation ^ is an 

identity in <M it may be differentiated with respect to 
giving ye<(xj,,0) = 'f*(0) - Pz<#>*(0). This is not zero since it 
is the first factor qf (7-6). If contains no focal point 

of remains different from zero along . Hence 

belongs to a field of extremals each member of v^hich is cut 
treinsversally by II. 

The integral I* is independent of the patli in this 
field and as a result of equation (4*1J’) equals zero when 
taken along II. Hence 

I(C,J-I(E,J = I(G,, )-I*(E,^) = I(C,^ )-I*(C|^ 

= L ‘'[f (x,y,y'.y")-f (x,y,p,r)-(y»-p)f , (x,y,p,r)] dx. 

The sufficiency theorem follows immediately. 
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8. An example of the problem of § 4 for which, a maxi¬ 
mum exists . The second monopoly problem of § 1 which sug¬ 
gested the theory of $§4-7 can now be analyzed. The conclu¬ 
sions which were reached at the close of § 3 when we were 
considering the third monopoly problem can be easily general¬ 
ized to fit the present problem. Since this is so and since 
we liave no forms of the price and cost functions, (l*5) and 
(1-2), which have been shovm to have special economic sig¬ 
nificance, we will examine instead another integral which 
satisfies the sufficient conditions of §7. 

If the function f(x,y,y*,y") is defined by the equation 

2f = y**y‘-*‘a„y‘* 42a,^ y*y4a^^y^'l'2ao^yy»4a,y*^a 

where the coefficients atj,(i,J = 0,1,2), a, , and a are con- 
stants, and if the maximum of the integral I = ^ 2f dx is 

sought in the class of admissible arcs (in the sense of § 4) 
for which y(x,) = 0 we have an example of the problem of § 4. 
Conditions on the coefficients of f will be sought which will 
insure that the integral I has a maximum in this class of arcs. 

Hypotheses a) and d) of the sufficiency theorem and 
the analogue of the Legendre condition imply 

(8-l) a^^^ < 0, a,, -c 0, a^, - a,,a^j^ -c: o. 

The differential equations of the maximizing arc are 

(8-2) == ♦ a^, y* + y = 0 
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(8.3) (^11 - ®oi)y" - ^ooy = ° 

If y" and y*" are eliminated from these two equations a third 
equation 

(0.4) a^, (a^, -a„a^j)y' + (a^,a^^+a^^aj^-a„a„^a^^-a„oatJy = 0 

is obtained which the maximizing arc must satisfy. If every 
solution of equation (8-2) is to be a solution of equation 
(8*3) then equation (8*4) must be an Identity in y and y*. 
This with the help of conditions (0«l) implies 

(8.5) aj, =0 a^^ = e.ci_{e.oz - ^nV^zz ■ 

The form of the :::eneral solution of equation (8.2) depends 
upon the value a^^^. Assume 

(8.6) a^i ^ 0. 

Then the General solution of equation (8.2) is 
(8*7) y '=^ c, e 4^ c^e 

where m constants c, and c^^ are chosen to 

satisfy the end and transversality conditions. 

y(x,) = o,e"”‘'+ o^e-"”*' = 0 

( 8 * 8 ) 

fy.(Xj^)« c,(a„ni + a,(,)e"'^i+ Cj(-a„Ei + a,o )e''”% a,/2 = 0 
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If 

mx, -mx, 

e ' e ' 

( 8 . 9 ) 

(a„in ♦ (-a„m ♦ a,^ )e 

= -Saijin cosh x, ) - 2a,^ sinh ni(x^ “ ^ 



these equations have a unique solution for c, and c^,. 

To obtain the focal points solve tlic second of equa¬ 
tions (8-a) for one of c, , in terms of the otlier. Since 
a„m 4 0 the coefficients a„m 4 a,^ and -a„m 4 a,^ cannot both 
vanish and this solution is alv/ays possible. Assiune 



Hence every member of the faipily 


(8-10) y^y(x,c, ) = c, e’ 


^a„Tn-a,' 


m r Xj - X) 


is cut transversally by the line x =* The abscissas of 

the points in v/hich tlie rnaximizirir^ arc touches the envelope 
of this one-paraineter family of extremals are the zeros of the 
function 


/ \ 'mx . ■*' ^lo Z>nx -mx 

y^ (x, c, ) - e 4 - -e ^ e 

c, a„m - a,^ 


( 8 - 11 ) 


^ co3h m(x,-x) [a„m+a,„ tanh n(x^-x)] 


The fraction here cannot vanish. Any zeros the function may 
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have are zeros of the function 

m + tanh m(x^ - x). 

If ^ 0 this function is negative for all values of x s 
If a,o ^ 0 suid tanh. m(x^^x,) < -a,, m/a,^ the function is non¬ 
zero for all values of x on the interval (x, ,x^). These are 
necessary and sufficient conditions that the function (8*ll) 
he non-vanishing in the interval x, « x ^ x^^. They also imply 
that the determinant (8* 9) is not zero. 

For every element (x,y,p,r) of the field of extremals 
which is cut transversally hy the line x = x^ the equation 

s [f (x.y.y* ,y'') - f(x,y,p,r) - (y*-p)f (x,y,p,r)] 

= ^zz(y" - r) + a„(y» - p)- 

holds, where the element (x,y,y*,y**) is any admissible element. 

The only one of the sufficient conditions which remain 
to be verified is f(x^) ¥ 0. The constant a is not involved 
in the constajits c, , c^^^, m and is Independent of the other co¬ 
efficients of f. Hence in general f(x 2 ^) is not zero. Further¬ 
more it is possible to simply cover the entire portion of the 
plane between x » x, and x » x^ with the family of extremals 
( 8 * 10 ). 

THEOREM. I£ a^^ ^ 0, a,,-c 0, 0, a^^ - 0, 

^oo - f (x^) 0, and If either a^^ ^ 0 or 

tanh 


/”?SII(xj^ -X,) I < r - ^ . L- — then the arc (8-7) with the 
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parameter values (c,,c^) which satisfy equations (8«8) lur- 
nishes a maximum for the intepcral I araon^ all admiasihle arcs 
which join the point (x,,0) to the line x « x^,* 
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INTRODUCTION 


The purpose of this dissertation is to show the 
relations existing between the theory of functions of lines 
and the celoulus of variations, and to trace the historical 
development of these relationships* In order to do this it 
has been found necessary to study first the various defini¬ 
tions of the differentials of a function of a line, and 
second, the applications of suoh differentials to the problems 
of the calculus of variations* In the following pages the 
terms ^function of a line” and "functional” will be used 
int er 0 hange ably * 

In 1887 the first precise definition of a functional 
was made by Volterra* Between 1887 and 1890 several papers 
by Volterra on this subject appeared in the Rendioonti del 
Linoei* Prom then until about 1913 little progress v/as made* 
The renaissance of the theory of functions of lines may be 
said to begin with the publication in 1913 of two books by 
Volterra; one on functions of lines and the other on integral 
equations* About the same time there appeared some articles 
by Fr^chet on differentials of functions end functionals, 
which also stimulated interest in the field* Since then 
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many articles have appeared on various phases of the subject* 
In this paper only those articles which deal with the 
derivatives or differentials of functionals, or phases of the 
theory of functionals which may be applied to problems of the 
calculus of variations, are considered. 

In the first chapter the definition of a func'tional 
as conceived by Volterra, together with the study of the deriv¬ 
atives and differentials of a functional as deduced by him 
are presented* as Volterra was the first person to consider 
such ideas, his work is first discussed* The criticisms of 
his derivatives and differentials by Hadamard and Bliss, 
showing that they must be modified in order to be applicable 
to problems such as those of the calculus of variations, are 
also considered. Fischer has extended the definition of a 
derivative of a functional as given by Volterra so thnt it 
is applicable to the problems of the calculus of variations. 

He also generalized these ideas for functions of surfaces* 

The topics indicated above are in essence, the content of 
the first chapter. 

The second chapter deals primarily with the concep¬ 
tion of differentials of functionals as given by Prechet, 
togobher xvith the modifications of his definitions which 
were made by Le Stourgeon, and v/ith theorems concerning the 
representation of linear functionals by means of Stieltjes 
integrals. The definitions of the differentials of a ftino- 
tional as proposed by Prechet appear to be inconvenient in 
the theory of the calculus of variations, Le Stourgeon has 
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modified Pr^chet’s definitions in such n manner that they 
are applicable to this theory* According to Pr^ohct’s de¬ 
finition the first differential of a functional is a linear 
functional, eind can therefore be represented as a Stieltjes 
integral* A brief disouseion of suoh representations of 
linear and bilinear functionals, in particular of the Riesz 
theorem, is also made in this chapter, as suoh reprenenta- 
tions are useful in the applications of the theory of func¬ 
tionals to the calculus of variations* 

A study of the applications of the thoorjr of function¬ 
als to the problems of the calculus of variations is the theme 

of chapter three* The more or loss unsuccessful attempts to 

relate the two fields, suoh ns were made by Hednmard and 

Volterre are first considered* The first systematio study 
of the projDlem of miniraizlng a functional was made by Le 
Stourgeon* Her work end its applications to the sii.iple prob¬ 
lem of the celoulus of variations are treated in some detail* 
The work of Fischer oh the same problem is also presented* 
Fischer further studied the problem of minimizing a fmiction 
of a surface, a generalization of the problem of minimizing 
a double integral. The problem of Lagrange has been treated 
from the standpoint of functions of lines, by Hahn and others, 
end a section is devoted to suoh treatments* The Hamilton- 
Jaoobi theory for double integrals and its relations to the 
theory of funotlons of lines are also included in this chap¬ 
ter* The relations of the theory of functionals to the 
theory of the calculus of variations as expounded by Tonelll 
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and hie followerB are likewise briefly considered* 

The theory of the calculus of variations is not usually 
thought of as a chapter in the theory of functionals* The 
funotlpnala of the calculus of variations are relatively so 
special that many of their most important properties do not 
hold for functionals in general* It is probably for this 
reason that the contributions of the general theory to the 
theory of the calculus of variations are so few in number* 

The purpose of this paper is to make a survey of the relation¬ 
ships hitherto developed between the general and the more 
special theories, with the hope that further results of in- 
tefest in this domain may be secured in the near future* 



CHAPTER I 

VOLl^lXu^*^ DEHIVA-^DlYlil OF A FJirOAIOI.'AL 

IntroduQtlon > It is seldom thot in any mathemstieal 
field one can point to a certain erticlo and say that with 
this article the study of that particular field begins. For 
the case of the theory of fiinctions of lines, however, the 
theory may be said to begin quite definitely with on orticle 
ty Tolterra written in 1887 [ 2 , p. 9?] *. Previous writers 
had studied functions which depended on other functions, na 
for example Koenigs in his work on functional oQuations 
[^1. p. S. sj , but they did not consider functions which 
depended on all the values of another function, and they 
consequently did not have need to define a functional of 
the most general type. 

In this first chapter of the present paper the work 
of Tolterra, with its criticisms and generalizations by 
others, is presented. 

1. The Yolterra derivative . Yolterra 2, p. 97][ 
defined a function of a line, or functional, as a variable 
p whose value was determined when ell the values of a func¬ 
tion y{x) defined on a certain interval ob were given, end 
denoted his functional by the symbol 

* !rhe r’’S'r"p7'’"5T3 means reference of the blbliogra- 

phy at the end of the text, page 97. Other symbols of this 
type should be similarly interpreted. 
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Siiiiilarly, fmicticnala which dependo'i on n fimeticns and m 
vr.riahles were represented in the form 




For such e fiuictien of a line F |fy(x)j| Volterra 
defined a derivative at o point x = p. 07; 5, p. 141; 

17, p, 24; 18, p. 12; i58, p* 23j| • For the definition of the 
derivative the fmictionel F is assujaed to have continuity of 
order p.oro, that is, for every it is true tliat there 

exists a S such that when < % on ah, then 

jrl[y(x)-t-v^(x)jj-r|[^cx) jii < £ . The functions yfx) on 

which the functional depends are assumed to bo continuous on 
the interval ab* On a subinterval h of ab conlnininp the 
point ^ let y(x) have a continuous 
increment 'Vj^Cx) such that |v|(x)| 4 8 . 

The curve y =» y(x) so iiicdified will 
be represented by the eQuation 
y = y (X) . ( x) wliose graph is sho\7n 

in the figure. In order to define a 
derivative, the follov/ing farther 

relations are supposed to be satisfied. Fig. 1. 

d 



I 


The variations 


of the ordinates are less in 
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absolute value than 6 , and for the corresponding Inorement 

of F, represented by ^ F, the inequality 

< M, 

is presupposed where M is a constant. 

II. If the deformation of the curve y - y(x) on the 
interval h is always on the same side of the curve, tliat is, 
obtained by either increasing or decreasing rll the ordinates, 
and if (T represents the area between t}ie original and the 
varied curve, then Volterra assumes that the limit 

exists. This limit is a function of the curve y - y(x) and 
the point f into which the interval h shrinks, and will be 
denoted by F* I(^), J ] | * 

III. With respect to all functions y(x) and all 

abscissae 5 ratio A tends uniformly towards its 

limit. 

IV. The functional F II is continuous with 
respect to y(x) and 

/ ^ 

The quantity r'i[^w,SJI IS then called the 

derivative of the functional F j f y(3c)]| taken at the point 

X « 5 . 

One should note that the derivative so defined is 
applicable only to functionals v/hich have continuity of order 
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zero. The asawaptlon III, that the limit of ^cr is 
unlforraly approached as ^ and h tend toward zero is a very 
strong one. 

The problems of the calculus of variations are prob¬ 
lems in the theory of functions of lines for which F has the 
fo rm 

P|[y W]1 f (x, y(»),y'(x)) cU. 

These fimotionala obviously do not in general have continuity 
of order zero, and therefore do not always have derivatives 
in the sense described above. The derivative as defined above^ 
is taken at the particular point on the arc y(x) corresponding 
to X « ^ • For the problems of the calculus of variations 
it turns out that a differential defined along y(x) over the 
whole interval Wi ^ x ^ has greater applicability. 

The Yolterra differential . The differential of 
a functional, as contrasted to its derivative, was defined 
by Yolterra [^2, p. 101J and shown to be expressible in 
terms of the derivative in the form 

(2.1) SF=|V'|[^(X)j]|Sy (S)cl|. 

In his first paper on functions of lines 2, pp. 100-2 ^ 
Yolterra gives a proof of this formula which is not altogether 
satisfactory. In his later works 17, p. 25; 18, p. 22; 

38, p. 23 J he obtairis the formula for the differential by 
analogy with the case for a function of a real variable. 

In that case, if F is a function of n real variables y^ and 
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If ^ is the differential of y^, the differential of E la 
a linear expression with auitable properties of the form 

^F = L 

I ^ ^ 

where the symbols F^* designate simply the go efficients of 
the differentials S yj^ without any reference to their inter¬ 
pretations as derivatives. In the case of functiuns of 
lines one has an analogous formula (2*1)* the summaticn sign 
being replaced by an Integral. This method of attack provides 
the definition of a differential without the preliminary 
definition of a derivotlve. 

In his first paper 2, p* 97j on the derivative of 
a functional Volterra assumed that the ratio AP/tk (see 
page 7) was bounded. In a second article 3, p. 141^ he 
oonsidered coses when this ratio had other particular proper¬ 
ties. In one of them he showed that if the variation 
of y(x) was less than £ on the interval h, and at the point 
I the relation 

A P _ Q 

holds, then the differential of F still has the form 

Sr =jr^F t]ly|^{t)dt. 

Another case which he discussed 3, p. 145j was one 
for which the functions y(x) end their vorlationa Y) had 
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oontinuous derivatives up to and including these of order m. 
Lot y be given a variation on the interval h containing 
the point J , and let be so chosen that 

are in absolute value less than ^ and respectively equal to 
• ■ ^ at the point ^ • Eurtherraore it is presup¬ 
posed that the ratios tend towards a set of constants 

as 1 and h approach zero. For every such approach to 
zero it is also assumed that at the point ^ the ratio APA 
has the limit 


XAyvl a P 

c,K=o « 


%v< 


f > 


where the coefficients a have well determined finite values* 

P 

under these circumstances Voltorra shows that the differential 
of F has the form 




In order to prove this, let us define a functional G by means 
of the relation 

( 2 . 2 ) = 

From this definition it follows with the help of the proof 
first mentioned in this section that G has a differential in 




the form 
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and it may be, easily proved that 

&’ ) [ y(x),t J| - F* I [y(x),t]) . 

Thus, taking the differential of both sides of equation (2.2) 
and solving for S F, it is clear that 

SF = SC'bZ 

Sucli an expression for the differential is interesting, but 
does not appear to be applicable to many particular problems. 

Volterra defines second derivatives of functionals by 
a method similar to the one used in deducing first derivatives. 
The first derivative is defined at a point , and tliore- 
after the second derivative at a point , and the latter 
may be expressed in the form 

r'lL^jW, s,.ul- 

Under si^itable hypotheses this expression is proved to be 
symmetric in and [2, p. 102; 17, p. 26] • Volterra 

also shows that for F|(^y(x) ♦ ^ ^31 derivative with 

respect to 6 at t » 0 is expressible in the form 

and in an analogous manner the second derivative may bo 
represented in the form 
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These expressions correspond to the first and second differ¬ 
entials used in the theory of the calculus of variations* 
criticism of the derivative hy Bliss * The 
Volterra derivative as defined on page 7 has been shown not 
to he applicable to problems of the calculus of variations* 

As such examples constitute an important sub-field of the 
theory of funotlcnals, it is desirable that there be a theory 
suited to such applications. Bliss [^23, p* ^ has given 
examples from the calculus of variations for which the Vol- 
terra derivative does not exist. 

One example for which the derivative does not exist, 
because the integral is not continuous ^ 

in the Volterra sense, is the length / \ 

integral / \ 

In the figure, ao 4 cb is the length /\y\ Ay\/\/\/\/\ . 

ai :— - V V V V 

of each of the broken lines connecting a 
end b, which consist of the slanting Elg* 2* 

sides of the triangles with bases on ab and equal altitudes. 
In each neighborhood of ab there is one of these paths, all 
of the same length, and one readily sees by means of these 
variations of the straight line ab that the length integral 
has not continuity of order zero as presupposed by Volterra. 

Another example is given where the limits AF/r 
end A (see page 7) are not well defined as required 

by Volterra. Consider an integral of the form 
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(3.1) 




where the function f Is supposed to he continuous and to 
have continuous first and second derlvetlves in a neighborhood 
R of the values fx,y,y*) belonging to the curve y « y(w), 

(a £ X £ b)* If (x) is the variation of y, the corres¬ 
ponding Increment aT of the Integral (3,1) may bo expressed 
in the form ^ 

(3.2) t 


where 




end where vj la continuous and has continuous first and 
second derivatives except perhaps at a finite number of points 
on the interval eb. The values (x,y ♦Y|,y’ ♦Vj^') for 
a £ X £: b are assumed to be In R# Aftor an integration by 
parts, usual in the oalcTilus of variations, and an appli¬ 
cation of the mean value theorem the expression (3*2) becomes 

,3.3, , tB-teU.X'i"iv, 


where x* Is a suitably chosen point on the interval of length 
h containing the point J at which the Voltorra derivative 
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was taken. If the variation YJ^ (x) has the form 

corresponding to a circular arc on the interval 


where it is not identically zero, as she™ in figure 3. then 


one sees that 

(T rj* - Svm, e Ot<5 0 ) , 

(3.4) 

£K- 

When £ is allowed to 
approach zero while r remains 
constant, the above relations 
zero and 



imply that h and 8 both approach 



At a point J where ^ero either one of the last 

two liniits may be made to take on an arbitrarily assigned 
value by properly choosing r. Hence here the condition that 
the above two ratios are uniquely defined or boimded is not 
satisfied. 

For a general variation satisfying restrictions 
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of tiie typo imposed in the last paragraph it follows from 
(3.3) and (3.4) that 




where the arguments of f and its derivatives are 
(x,y ♦ 9)| .y* ♦ and x* is the tnterraadlate value be¬ 
tween J " k and ^ ^ mentioned on the preceding page. 

If this limit is to exist and have the value 


- ff ~ iL -f /I 

£.k-o cr LT^ 


it is evident that the conditions 

)iw|<£, 

should also be imposed on . If it is also further pre¬ 
supposed that 


where M Is a fixed quantity, then one is assured that the 
ratio is bounded since 





Bliss also shows what properties possessed by an 


Integral of the form 
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Fbj] - 

will insure that it has a derivative in the Volterra sense 
approached with order r. A more detailed study of this work 
was undertaken hy Eiaoher, and will be considered in Section 

7. 

From the considerations above» it is seen that the 
Volterra derivative has to be modified in order to be appli¬ 
cable to the problems of the calculus of variations, and the 
type of modification is indicated in the preceding paragraphs* 

4* Volterra^8 work on the three-spaoe problem * In 
a series of articles Volterra developed a theory of func¬ 
tionals 2, p. 97; 3, p, 141; 4, p. 153] and applied his 
idee of a functional derivative to various examples, such as 
functionals in three-space 6, p* 225; 6, p. 274] , ordi¬ 
nary monogenic functions 7, p. 281; 8, p. 107; 9, p, 196; 

13, p* 233J , monogenic functions in higher dimensional 
spaces f 10, p. 158; 11, p. 291; 12, p* 599] , and the Hamil- 
ton-Jacobi theory of the calculus of variations for multiple 
integrals 14, p. 12?] • In his texts [^17, p* 77; 18, p. 

29; 38, p* 4l] he presents the theory of functions of lines 
as preliminary to a study of integral and integro-differen¬ 
tial equations. For some of the problems of the calculus of 
variations it has been shown that the Volterra derivative 
will not always exist* However, Volterra*s applications to 
the calculus of variations, and to the theory of maxima 
and minima of more general functionals than those which 
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ocour in the oaloulus of variations have been very sugges¬ 
tive. 

In particular, for the space case 5, p. for 

which a curve L is defined by the equations 

X=x,(s), = H: = i(S)^ 

and a neighboring curve by the equations 
ij = y,{S)^ z= 2,(5)^ 

the variations of the curve L ere the quantities 

= X,(s)-X(s)^ S* = Z,(s)-2 (s) . 

Volterra asstimed that the differential of a funotionel P|j^L]( 
had the form 

S F=^(f,Sx f Rj'sy t F.'gE)a.« 

This is a direct extension of the differential of a func¬ 
tional depending on one independent variable. 

Yoltorra [^6, p. 274^ also oonsidors the differen¬ 
tial of a functional in three space for certain special 
oases. In each instance a formula for the differential is 
deduced. Yor example, if oL are the direction cosines 

of the tangent to the curve L, then It turns out that the 
relation pcP/^/Sp' = 

a 
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Is satisfied, and the quantities S' P P_’ may he 
, X y a 

expressed in the form 

The differential may then be represented by the expression 

(4.1) 

Prange, in his dissertation [ 30, p. 41J oalls the 
quantities A, B, 0, which occur In equation (4.1) the deri¬ 
vatives of the functional F with respect to the coordinate 
planes. He makes use of them in the Hamilton-Jacobi theory 
for double integrals. Such applications will be considered 
in a later section. 

Fabri 16, p. 432^ has generalized the ideas of 
Volterra to functionals of the typo 

where the are n independent variables ranging over a 
domain G. The first variation of such a ftinctional is found 
in the form 

^ Jr][;) K. .X jIj)^ 

r' jUv, 


where 
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^ "being the customary variation of y different from eero 
on the portion 0^ of 0. Fabrl also considered funotlonals 
in three-spaoe, and deduoed representations of speolal funo- 
tionals and their differentials in forms similar to those 
o"btelned "by Volterra* 

The work of Volterre and Fabrl for the three-spaoe 
problem is exceedingly suggestive of possible applications 
Of the theory of functionals* Their results, however, need 
simplifioation end adaptation* 

5. Hadamard’s oritioism * A orltioism of the Vol- 
terra derivative of a funotion of a line L in three-dimen¬ 
sional spaoe was also made by Hadamard [ 16. p. 40] . 

He noted without proof for a funotion of the form 




that under certain clroumstanoea the expression for the dif¬ 
ferential . 


^r=J^(r,S>i* PjI F^'U) As, 


as given by Volterra £ 6, p* 227^ was not valid unless one 
added to it terms of the form 



aimilarly it was soon that the differential of the deriva¬ 
tive oould not be represented in the form (5*1), as it 



20 


THE VDLTEERA DERIVATIVE 


(214) 


depended on the quantities y* end z* as well aa x,y,z* 

Hadamard noted that the differential of Volterra 
was a distrihutive funoticn as defined hy Plncherle, an 
additive function as defined by Bourlet, or a linear funo- 
tion in Sx, S » S?: aooordlng to hia own definition^ 

He also showed that many of the properties of the Volterra 
derivative for the functional P may be obtained by oonsid- 
ering the values of the functional P taken along a two-par¬ 
ameter family of ourvea L, depending on the parameters X 
end jL » The identity 

is then satisfied, Hadamard states that from this formula 
alone many of the relations involving the Invei'Sion of vari¬ 
ous differentiations of a functional may be obtained, 

Hadamard*s criticism was the first to bo made of the 
Volterra differential* He showed that such differentials 
do not necessarily exist for all typer of functionals, and 
Indicated the types of functionals for whioh they were 
applicable. He did not Ci rry through the details of the 
suggestions whioh he made. 

Other hypotheses for the existence of the Vol ¬ 
terra derivative . Other hypotheses for the existenoe of the 
Volterra derivative of a function of a line have been given 
by Evans, His purpose was to weaken the continuity proper¬ 
ties required for the fimotional ff also for 



(215) 


THE SVAH3 DERIVATIVE 


23 


its argument y(x), in order that the derivative should exist. 

One set of hypotheses given by Evans [^28, p. 
consists of the following three assumptions: 

I. The function y(x) lies between two functions Ofx) 
% 

and H(xy such that G(xy < H(x) on the interval ab, and 
p|£yj j is well defined end continuous for every continuous 
ftuaotion y(x) in that region. 

II* On the interval h, within the interval ab, let 
y(x) take on a continuous variation V|^(X) * vanishing at 
the ends of h, of one sign, and such that ^ 

the interior of h. Let the corresponding inorement of P be 
denoted by A P * end for convenience, write 

It is presupposed that the ratio approaches a 

fixed limit P’ as t and h tend towards zero, provided that 
the interval always contains the point | at vshlch the 
derivative is to be taken. 

Ill* The ratio approaches its limit uni¬ 

formly with respect to all the functions y(x) described above 
and ell points | on the Interval ab. 

If these conditions are fulfilled Evans shows that 
the derivative of a functional will surely exist. These 
assumptions are similar to those made by Volterra, the 
differenoes being in condition I and the fact that the 
derivative is not assumed to be continuous. Evans gives two 
other sots of hypotheses which assure the existence of the 
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Volterra derivative* 

Daniell {^35, p* 414 J deduced e oriterion for the 
linear property of the Volterra differential* He considered 
only continuous* functions y(x) end defined the differential 
hy the relation 

In place of Volterra* s four conditions he made the follotTing 
two assumptions; 

I. PtCy]| satisfies a Gauohy-Llpschitz condition, 
which states that there is a number M such that 

iDfa.ji-riMl 

exists for all aon- 
tinuoua , end ell continuous y^ in the neighborhood of y* 

Under these conditions Daniell shows that the differ¬ 
ential D(^.V is a linear functional. 

These articles by Evens and Daniell are of interest 
because they show that the hypotheses Volterra made for the 
existence of the derivative and the differential of a func¬ 
tional are unnecessarily stringent* 

p;eneralized Volterra derivative of Fischer * 

It has been shown that the derivative of a functional as 
conceived by Volterra freq^uently needs modification in 
order to bo applicable to the problems of the calculus of 
variations. The purpose of Fischer was to extend the 


II. The differential D(y 
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Volterra derivative in suoh a way that it may bb utilized 
in th.e theory of the problem of Laf:reiiee in the calculus of 
variations. 

Plsoher (^19, p. 375 J defined a derivative of a 
funotion of a line L(C)^ relative to a specially defined 
class of curves K in the plane and a set of points -,1,^ 
on the interval In order to define the sot of curves 

K, oonsider a set of differential equations 

(v.i) <= 

end the initial conditions z^(3r^) - the ranf^e of x 

being from x_ to x . When a function y => y(x) is given, the 
above equations determine uniquely m functions, Zj^(x). A 
curve of the class K whioh is to be considered, is repre¬ 
sented by an eanation 

(7.2) C: 

*11 curves of the class join two given points (x.^,y^) and 
(Xg.y^) in the xy-plane. A curve belongs to the class, if 
when substituted with its derivatives in equations (7.1), 
the resulting functions z^fx) satisfy not only the pre¬ 
scribed initial conditions at x^, but also take on speci¬ 
fied values at -che other end point x^. 

A property of the curve G which will be found to be 
useful in the applications of Fischer’s generalized deriva¬ 
tive is that of normality. A curve G is said to be normal 
if there are no solutions X ^ of the equations 
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^ I J 

are also solutions of the equation 

except the solution Xi - 0* The arguments y(x), y*(x), 
z^(x) of the derivatives of g in these equations ere those 
belonging to 0* 

In order to define, after the manner of Volterra, a 
derivative of the funotional L(0) at a value x » | and 
relative to the set of values ‘’’Em it is necessary 
to compare the value of the functional. L(C) on C with Its 
value taken along a neighboring cxirve of the class K* 
defined by an equation 

^ = yx) + 

where must be properly chosen in order that this curve 

will talong to tho aet K. risoher (] 19, p. 379] has dovlsed 
a method for constructing these functions § y(3c)* Suppose 
that Y|^ (X) is a continuous function with continuous first 
end second derivatives such that the conditions 

|\'(X)|X:S, 

fV.3) 

= O, 


are satisfied* A curve 0 ^ defined by the equation 
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Cj'- -^(*) + >!<><) + r >^i(x). 

Will 'belong to the Glass of ourves K If the functions 
are properly ohosen. When the set of points ^ is arbi¬ 
trarily chbsen, one may determine the (^) as funotions 

which have the same continuity properties as • 

which are Identically zero everywhere except on intervals 
^ )L ± where they are of constant sign, end 

which are such that the curve le in K. 

In defining the derivative of a function of e line 
mentioned in the last paragraph, the points Se are oon- 
sldered as fixed. The variation >^{x) is chosen Idontl- 
oally zero everywhere except on an interval 
where | is a fixed point, and also satisfies the hypoth¬ 
eses indicated above. If Js(0) la a fimotton of a lino ouch 
that the limit 

L (C.) - UP ^ L'(C4: I,. - 

exists uniquely, where cr i® defined by the equation 

then that limit is called by Vlaoher the generalized Vol- 
terra derivative of the functional IifC) at the point ^ 
relative to the set of points and the class of 

ourves K. The derivative as defined above is said to be 
approached with order two because of the restriction 
j j 4$ imposed above. 
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In order to define a derivative which will be ap¬ 
proached with order r* the inequalities (7#3) are replaced 


(7*4) 




£ ^ 


1 


(X) 




(A,! 


4 S, 


end it is assiimed that y(x) has continuous derivatives up 
to eind including those of order r* A discussion similar to 
the one given on the preceding pages will still hold, and 
will again imply the existence of a derivative. 

This extended derivative is defined for curves 
having at least continuous first and second derivatives, 
and not for all continuous curves. In order to get a more 
widely applicable derivative Fisoher proved another theorem. 
In addition to the preceding hypotheses it is presupposed 
that there is a neighborhood of 0 such that if , C* 

are in that neighborhood then the ineqtiallty 


L(c:)-L(c') 

cr 


L'(c:i) 




is always satisfied. 

The comparison curves for this case have an equation 
of the form 

where the function Vj^(X,o<.) is given in advance and the 
funotlons • • * > are determined as before as functions 

of X and the parameter o(, • It is also assumed that the 
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fimotiona ^) ^> • * 'approeoh zero xiniformly with«- 
exid that the funotion V|(x,cd.) has at - 0 a derivative 
with respeot to ot whioh Is continuous in x 
and approached uniformly with respeot to x. Under these 
oonditione the functions determined with 

properties sirniler to those imposed In the preceding para¬ 
graphs and such that the curve 0 holongs to the claas 

K* 

If these assumptions are fulfilled, then the limit 

e = 0 at 


is unique, and oan he proved to have the form 

!Tc — - Jl'(C.x)Y(^(x,o)cU. 


In particular, if is an admissible variation, that 

is if tne curve 


C^: ^<x) 


belonge to the set S, then 1(0^ ) is a xinlquely determined 
function of oi and its differential at oc - 0 has the 
form 


(7.5) 



e 

UC,X) V|^^(x,o)dL^, 
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This Iheorom on the generalised Volterra deriva'^ive 
is of a type applicable in the oaloulns of variationa. 

Ifore conditions than Volterra used are imposed on the curves 
under consideration, but the results obtained are more use¬ 
ful than those of Volterra in the applioations* 

8* ytaoher*a derivative of a funetion of ei surf so e * 
Plsoher has defined a derivative of a function of a surface 
in the Volterra manner, extending the ideas desoribed in the 
last section to functions of surfaces in three-space* He 
also defined a derivative of a function of a surface rela¬ 
tive to a special class of surfaces K* These theories will 
be considered in this section* 

The derivative of a function of a surface L(S) is 
defined in en article in the imerlosn Journal of Mathematics 
[]20, p* 289J • The surfaces to be considered are repre¬ 
sented by equations of the form 

S: Z = 

4 : 

and are defined over a region R of the ay-plane. The func¬ 
tions sCx.y) end (ac.y) are continuous and have continu¬ 
ous derivatives up to and including those of order r. 

The fTinotion vanishes for all values of x and y out¬ 
side a region interior to R defined by the inequalities 
x„-£ <x < x. + e-, £ . la this region h«8 a 

constant sign. The absolute values of the partial deriva¬ 
tives of Y) (x,y) up to and including those of order r are 
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Buppoeed to be every^ere less than € • The derlvetlTe 

of a function of a surface L(3) at the point x ,y is then 

o o 

defined to be the limit 




if the limit exists, where 


r V 

_ _ J 

O J* 


Such e derivative la said to be approached with order r be¬ 
cause of the reatriotlona above placed upon and its 

derivatives* 

If it is also eaauined that the derivative l4M8,XQ,yo) 
is continuous with order r in its arguments S^x^^.y^ and 18 
approached uniformly with order r for all (x^.y^^) in R and 
surfaces 3 in a neighborhood of an Initial one, then a for¬ 
mula may be deduced for tho derivative with respect to oC 
of the functional L(S^ ) on a one-parajneter family of sur¬ 
faces S , ct being the parameter of the family* The family 

o6 

of surfaces 3^ may be defined by an equation 


S^; Z = Z(x,y)+ 

where w(x,y,o<, ) has the same continuity properties as 2(x,y) 

and the derivatives of w with respeot to x and y vanish on 
the boundB3:*y of R and approach zero uniformly in x and y 
when cyL approaches zero* It is also presupposed that 
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w(x,y, cL ) has a derivative with respect to ^ such that 
“^06 exists. Is oontinuous, and approached uniformly 

for all (x,y) in R* If the functional L(S) and the surfaces 
S ^ satisfy the assumptions stated above, then it turns out 
that the derivative of L( 3 ^ ) with respect to the parameter 
od is p:ivon hy the relation 


( 8 . 1 ) 


= r f l'(5:^.^)\a/^(x.^,o) dy-<Li 

. J«,-o ^ *4 


This work of Fischer's on the derivative of a func¬ 
tion of a surface is an extension to functions of surfaces 
in three-space of Yolterra's ideas on derivatives of func¬ 
tions of lines, as indicated in the first two sections of 
this chapter. The applications of this derivative to prohlo^^is 
of minimizing functionals will be considered in Section 18. 

Fischer f 20, p. 297J also defined a derivative of 
a function of a surface relative to a class of surfaces K. 

In doing so he considered m functionals Mj^(S) which are 
continuous and whoS'e derivatives M^*(S,x,y) are continuous 
and approached uniformly with order r in a neighborhood of 
the surface S. It is also presupposed that there are some 
points such that the inequality 


is satisfied. 


(i.jn, VH) 


9tO 


A surface S 


is said to belong to the set K 
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if it satiafies the relation 

Mj(s")-M3(S) =0 (3=>.a,. .m) 

If a aurfaoa helongs to the set Z, there is no 
aasurano© that a neighboring surface 3^ 

S/. Z + 


will belong to the set. However, Piaoher shows in a manner 
similar to that used for the plane case (see page 3. 6 ) 
that if m points properly chosen, then ra funo- 

may be deter;.lined such that the surface 

m. 

belongs to the set K* 

Por this restricted class of Gurfeces Fischer defines 
his derivative as the limit 

L (S; - L- - L. Cs) ^ 


tions 


having properties similar to those of 


where CT has the value indicated on page a.*i • This limit 
is called the derivative of the functional L(S) et the 
point (x^,y^) relative to the set of surfaces K and the 
points (x^,y^)« The functions appear in tho value of 
the derivative L*(S), For example, L’ may be written in 


the form 
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( 8 . 2 ) 




where (T^ is defined by the relation 


r'‘“ r>''‘ 


The limit /(T* evaluated in terms of the functicns 

Since belonf^s to the set K, it follows that the 
equations 

<r 


are satisfied, and hence as 6 and <r approach zero it is 
evident that 

(8.3) Mj(S;X„,^.)+ f 

^ I J ^ ^ eio a- 

If these equations are solved for the desired ratios and 
the results substituted in equation (8*2), it can be shown 
j^20, p* 301J that the derivative L’(S) may be written in 
the form 

(8.4) L'{S;X„y..X,.^0-L'(S;X..^.)+E x,M;;(S;x..-y.), 

where the X depend only upon the derivatives of L and 
on the surface S at the points 

These results are a generalization of those obtained 
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by fflsohor for tho analogous plane case, and are espeoially 
applicable to the problem of minimizing a functional whose 
arguments are subjected to certain restrictions* The appll* 
cations o;f such derivatives to tho problem of Lagrange in 
the calGxalus of variations will bo discussed later. 

In another article Plsoher [ 31, p. S59j ooneidered 
surfaces with exceptional points or curves. The type of 
hypotheses used in the preceding papers on the surfaces 

S: z - z(x,y), 

; z » 2 (x,y) ♦ (x,y), 

: z « z Cx,y) ♦ W (x,y,oi ), 


and the functionals L(a) are adopted, except that there is 
an exceptional point exceptional curve. 

Fischer’s notations and arguments are lacking in clearness* 
The following paragraphs give the liypothec-es and results of 
his paper with modifications which seem necessary in order 
to harmonize them with the text of his proofs. 

The first type of exceptional point (Xq, yQ) which 
ha considers is one at which tho limit 


(8.5) 


L(s.)-L(s) 


holds for every ( 3 :,y) dependent upon oC , and such that 
the ratio (x,y)/oc is bounded for all points (x,y) in 
R and all values of oC near U - 0, and furthermore such 
that the limit 
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exists* Fischer does not describe explicitly the dependence 
of (x,y) upon oi , oi^ of od upon £ but it appears in 
hie proofs that V| is always a function whose 

absolute value approaches zero uniformly with o6 for ell 
points (x,y) in R* The Inequality 

attained by making approach zero* His limits as f 
approaches zero should perhaps therefore be interpreted to 
be limits as oC approaches zero. For an exceptional point 
(xQ.yo) of the type described above, it is shown that the 
form of the derivative as given by the expression (8.1) is 
unchanged* 

A second type of exceptional point (x^,y^) is one 
for which there exists a set of constants aj^j such that the 
relation 


L (Sg) - L(5) 


£ a.. iw. X 


d k'' 


holds. For such points, by a method similar to that used 
by Volterra (see page lo ) Fischer shows that the derivative 
of L(S^) with respect to oc for oC m 0 may be expressed 
in the form 

(0^7) L- JcC = o j ^ d 

f £ a,. 
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in order to prove the above formula it is assumed that the 
relation (8«6) holds at the point A new function 
L(S) is defined by the expression 


L (s) = L (s) - L -.j 


This function ^(S) will satisfy equation (8*5) and have a 
derivative in the form given by the expression (8.1)* The 
derivatives I^’(3jx,y) and L(3;x,y) are equal except at the 
exceptional points. The combination of these results gives 
the derivative (8*7) for Ii(S). 

Piacher obtains a second derivative for functionals 
of a surface with an exceptional point of the 

second kind described above in the form 


A‘Lqs^') 




( 8 . 8 ) 








(*, .M. ■°) 




-f- L'CS; .^ 0 .°)] 

■the a. . being constants whenever the point (x ,y ) is fixed. 
IJ 0 0 

Por functions of surfaces with exceptional curves 
Pischer f 31, p. 262] obtains similar forme for the deriva¬ 
tive of a functional L(S). Two cases are considered, the 
first being for those curves along which a certain limit 


JUc L(S,)-L(S) 

6 = 0 


t 


“ O 
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holde ■anlformly in a neighborhood of the given surface* 

For suoh curves the form of the derivative as given by the 
expression (0*1) is unchanged* 

The second type of exceptional curve is one for 
which there exists a set of n continuous fxinotions 
suoh that along the curve 


JUu L(S,)-L(S) ^ I ,3) JU. 

e = o e«- it'd -4-1 ^ ^ ' 


where the variation (s,n) is expressed in terms of the 
arc length s and the normal distance to the ctirve* By a 
proof similar to the analogous case for surfaces which have 
exceptional points of the second kind Fischer shows that 




If the functional L(S) depends on a surface repre¬ 
sented in parametric form by the equations 


X . x{u,v), y - y(u,v). 


z » z(u,v)* 


Fischer fss# P« 123] defined the derivative of the func¬ 
tional to bo 


^ V ft 

= J J Y|^Cu..v) W (u,v) Aa. cL/^ 


where 
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and T^ere H du dr is the element of surfaoe area* The 
customary hypotheses on the surfaces and functionals under 
oonsidoration are understood to be fulfilled* 

, Fischer moulded his definitions and theorems so that 
they might be applicable to problems of the calculus of var¬ 
iations, and used them to deduce some necessary conditions 
for a minimum of a functional in general. These applications 
will be considered in a later section. 

9. Definitions of the derivative of la funotional 
by Pascal and Daniele . Other definitions of the derivative 
of a functional in the manner of Volterra have been made by 
Pascal and Daniele. Daniele j[24, p. 319; 26, p. 496] 
considered the derivatives and dlfferentials of a funotional 
F whoso argument y(x) depended on another function Z' ( ^ ) t 
and a value x of the independent varlahlo. He shows in the 
mcLnner of Volterra that if 

the derivative of F is expressible in the form 

r'|[y'Cs)/]( 

The functions under oonsideration are assimcd to be contin¬ 
uous, end the derivatives P* and y* are taken in the Vol¬ 
terra sense. Analogous formulae are deduced when either 
p Involves higher derivatives of y, or y involves those of 
. The whole procedure is akin to the ordinary process 


38 


THE 7DLTER1U DERIVATIVE 


(232) 


of diffarentiatlon of a funotion of a function* 

Pascal [ 21 , p. 40; 22, p. 68; 29, p. 3183 defined 
the various derivcitives of a functional in a manner slightly 
different from that of Volterra. The functionals ha con¬ 
siders depend on a curve y « y(x), and a variable t, 

(9.1) r = r([^],i)^ 

where the range ofxisa^x^b, and the range of t is 
oc ^ ^ /S . 

Pascal distinguishes two types of functions of lines, 
the first of which is a functional, (9*1), independent of t 
which has a well determined value for all curves in a certain 
region of the xy-plane* Such a functional is called a point 
function of a line* The second type of functional, depending 
upon t as well as y(x), is called a line function of a line* 
The functional F given by equation (9*1) is a point function 
of 8 line v/hen t is kept fixed, and is a line function of a 
line when its value for ell values of t are under consider¬ 
ation* 

In order to determine the derivative of a point 
function of a line, Pascal first fixes the variable t in 
equation (9*1)» His method of procedure is like that which 
Volterra used, (see page )♦ On varying the function y(x) 
in a neighborhood of a fixed abscissa x^, a change A P of 
F is obtained. If the area between the original curve 
y =« y(x) and the corresponding altered curve is denoted by 
6r , the limit of the ratio A as the area CT ap- 
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preaches zero in the manner specified by Volterfa, is called 
the partial derivative of the point function of a line \7lth 
respect to the point and is denoted by ^ or 

^ (M,) • This is Volterra's derivative ;^th a differ¬ 


ent notation* 

The partial derivative of a line function of a line 
\ 7 l.th roapeot to a curve y •* y(x) and a particular ordinate 
y(x^) is denoted by the symbol ['y (x,)] • It is 

defined to be the limit of the ratio of the increment of 
area of the curve defined by F In the tF-plane, to the in¬ 
crement (T of area, near the ordinate of the curve de¬ 
fined oy y(x) in the xy-plane, as (T approaches zero in the 
way described in the definition of Yolterra’s derivative* 

The value of this derivative is {piven by the formula 


(9.2) 


agj 

<X.)] 




where P* > \ I® the partial derivative of the function 

y (^1 / 

F( [y] *'^5 thought of as a point function of a line as de¬ 
fined above for a fixed t. This Pasoal derivative is inde¬ 
pendent of the type of variation, subjeot to Volterra's 
restrictions, chosen for y* Demiele has commented upon this 
definition of a derivative, and his comments ^lill ho descri¬ 


bed in following paragraphs* 

Pascal also deduces a formula for the total derivative 
or e line funotion of a line F( [y(3c)] .t), with respect to 
y(x). Suppose the function y{x) la given on increment A vi 
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for eaoh x* Then the functional F la changed Into F -f A F* 
The derivative of F with respect to y. If it exists, is 
defined to be 



J 




as the denominator approaches zero, with the understemding 
that the mode of approach of A ^ to zero is specified in 
advance. Pascal makes this specifioation by assigning 
Ay* y(x,e ) - y(x), where y(x,0) « y(x), and takes the 
limit as e tends towards zero. In contrast with Pascal's 
definition of the partial derivative of a point function of 
a line, the variation of y(x) extends over the entire range 
of X, not being restricted to the neighborhood of a fixed 
point, and the value of the derivative depends in general 
upon the special mode chosen for A y to approach zero. 

The value of the limit so defined, if it exists, is 

designated by • Pasoal shows that it may be 

represented in the form 

,/3 


-jtu 


In seouring this resiilt, he uses Volterra's formula for 
the limit of the ratio AF^g as g approaches zero. It 
should be noted that the formula (9#3) depends upon the mode 
of representation of y as a function of the parameter 6 . 

Deniele [^27, p. 102 J has shown that if the func- 
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tional F(y,t) does not contain the variahlo t, then form¬ 
ulae (9*2) and (9*3) reduce to 


respeotively. Thus* the partial and total derivatives of 
pasoal for this special case are equal to the corresponding 
derivatives of Volterra multiplied by a constant* 

For the total derivative* Daniele [^27, p. 106j 
showed that as y(x) does not depend upon t* formula (9*3) 
may he expressed in the form 


i[F] f'^F'r i>M 

- = 3 _ _ ^ 

d-C^] j 


u 

DC • 


I 


<i)G 


J 

^OL. DC 

It tt ts presupposed that /i>e ® flzed sign for 

x^: b, it follows that 


icp] . \ 


where is a suitably selected mean value on the interval 
eb* This formula can be considered as a mean value relation 
for the Pasoal derivatives. It shows that Pasoal*8 total 
derivative is always equal to the value of Pascal’s partial 
derivative of a line function of a line at a suitably chosen 
value on the interval ab. For the special case when 
F( £y ] ,t) does not contain t explicitly* the last formula 

and (9.2) show that 
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40 .(-3-‘)r;..,(hi), 

BO that PaBoel*s total derivative is in this case equal to 
a mean value of Volterre’s derivative of P multiplied by 
the oonetant /S - oC^ • 

10# Misoellaneoue papers oonoerninR Volterra^s 
derivative of a funotiongi # The topics discussed in this 
section are the Twork of Daniele on solving certain functional 
equations, MandelbroJt’s study of a type of functional deri¬ 
vative, and the results of a number of articles on the expan¬ 
sions of functionals in series, analogous to Taylor's series. 
Daniele £ 26 J considered functionals of the type 

ao.i) -fcx) = 

o 

where f is defined as a function of ^ on the interval 
0 £ I ^ X, and of the variable x. He also thought of 

this equation as defining ^ slB a function 1 £-f 
end studied not only the relations between f and jp , but 
also those existing between the derivatives off with respect 
to and ^ with respect to f. He developed this analysis 

first for the particular functionals 

( 10 . 2 ) 

f (X) 

end later considered briefly its extension for functionals 
of more general types. For functionals given by the first 
of eqtiations (10.2), it follows that (p may be expressed 



(237) TOPICS COKCERITING VDLTI2RRA*S PEEIVATI7S 43 

in the form 

t>(x) = f(x) + rV(x.i) f 

where P(x,z) is the resolvent kernel of J (x,y). Henoa 
one finds that 

fv 'iJI = ^ 

Doniele then states the prinoiple of reoiproolty 

S (*. 1 ) + r (x,^) = - (X,z) P(Z,i)oti!: 

well known in integral equation theory, with the aid of 
v/hlch he then shows that 

An immediate oonsequenoe of this relation is thtit the deriv¬ 
atives -fy and ere permutable in tho sense of Vol- 

terra’s first type of permutahility [ 17, p. 133J • 

Daniele then shows that suoh ideas of reciprocity and 


permutahility can he extended to more genoral functionals of 
the type (10*1), in particular to tliose which have a variation 
in the form 
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(x)=Jp ^'|[f Sf W, 

Y/hero a(x) is e function independent of 

llandelDrojt 37, p. 151 J defined a derivative of 
order o6 of a functional f(x), "being any reel number, by 
means of the relations 

D ^ f (x) = f (x)j 

D.'f w («<■>). 

Dr f(»< 

Let us for convenience denote the functional derivative 
f(x), e function of the tv/o variables x and , by 
f(x, oi )* With the help of this notation, an integral 

(10.3) L z P [*,f ^ • *-t (Xi] 

of tho calculus of variations may be written in the form 

(10.4) X - f cx,<x)]|<L-, (o i oi i t) 

Jo 

nandelbrojt then shov;s that the variation §X of the 
fhmctional (10*4) may bo represented by the equation 
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where the integrand Is the Volterra derivative of F 

with respect to f at the point J for the value oc • An 
euiologue of the Euler-Lagrange equation of the oeloulus of 
variations for the problem of minimizing the integral (10*3) 
is then obtained for the problem of minimizing the functional 
(10.4) by setting 

A study of the properties end solutions of equations of this 
type has not been made as yet, but Itendelbrojt states that 
he will discuss this question in a later note. 

Various generalizations of Taylor^s series have been 
made with the help of the idea of the Volterre derivative. 
Volterra gives for a functional J’£y] having derivatives up 
to and including those of order n the expansion f 17, p. E8; 
38, p. 26j 

where 0 ^ 9 ^ 1, and the are successive Volterra deri¬ 

vatives. This formula is analogous to Taylor's series with 
a remainder term. Similar expansions for enelytio funotionala 
have been made by Kakeya £ 33, p. 341; 34, p. 177 J end 
Levy £ 36, p. lOSj . 



CHAPTER II 


THE PR^HET DIPFEREHTIAL OP A PUHGTIOHAL 

Introduotion » In 1909 P* Rleaz ahowod that a linear 
functional with suitable oontinuity properties could always 
be represented as a Stieltjes integral. About the same time 
a new conception of the differential of a functional was 
introduced by Prechet, According to his definition, the 
differential was a linear functional, and could therefore, 
by the Riesz theorem, be represented as a Stieltjes integral* 

In this chapter the theory of the representation of 
linear and bilinear functionals as Stieltjes integrals is 
considered as a basis for the introduction of the Prechet 
type of differential. The work of Prechet end Gateaux on 
the definitions of the differentials of a functional, to¬ 
gether with the modification of these definitions by Le 
Stourgeon in her study of the problem of minimizing a func¬ 
tional, are the topics treated in this chapter. 

The Riesz theorem . P* Riesz [^39, p. 974] in 
the Comptes Rendus first showed that a linear functional P(y), 
having continuity of order zero, could always be represented 
as a Stieltjes integral in the form 

(11.1) r(ij) cU(x). 

A more detailed proof was published in the Annales Scienti- 
fiques de L»&ole Normale Superleure |^41, p. 33] . Later 
Riesz [ 47 , p* zj proved the some theorem under slightly 
different hypotheses, using a modularity property instead of 



(241) 


THE HIES2 THSOREiC 


47 


the continuity of the linear functional previously required. 

Bliss, in his unpuhllshed lecture notes of oourses 
on functions of lines in 1916 and 1920 at the University of 
Chicago, proved this thecrem hy methods similar to those 
which Rlesz used. L. M. Craves, in his course on the same 
subject in 1929 generalized the integral used to that of 
Lehesgue-StieltJes; extended the class of functions y, for 
which P is defined to the Borel measurable class; and proved 
certain relations existing between such generalized repre¬ 
sentations. 

One of the most concise and satisfactory published 
proofs of the theorem of Rlesz was made by Hahn [ 5b, P- 535^ . 
Since the functional Hahn used is defined only for continuous 
functions y, his theorem is not as general as those which 
Rlesz and Graves proved, but it is ample for most of the 
applications one desires to make In the calculus of variations. 

Another proof of the theorem is given in Levy*, 
text [[ 36, p. 55] , but follows closely the method originally 
used by Rlesz. Hlldebrandt [ 51, p. 183] , in an article on 
int.egrals related to those of Lebesgue, states the Rlesz 
theorem, and gives some of the consequences of it as seen 
from the Stieltjes integral standpoint. 

18^ Extensions of the Rlesz theorem . The Rlesz 
theorem, that a linear functional may be represented as a 
Stieltjes integral, has been extend*="d in two directions, one 
of which is for functionals P which depend on several func¬ 
tions y^(x), the other being for the case when y is a func- 
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tion of n independent variables 

Por this letter ease, Pisoher [^49, p. 640; 50, p* StJ 
and Preohet [40, p* 24l]] have shown that a linear funotion- 
al P [ •••# t where y is a continuous function, 

may be represented in the form 

where T is the region in which the functions y(x) are defined 
and where oc is a f;mction of limited variation, suitably 
defined in n-dlmenslonel apace, the integral being taken in 
the sense of Stieltjes. This is a generalization of the 
Riesz theorem to n dimensions. 

Por a linear functional P [yi(3c)J which depends on 
n independent functions y^(x), Hahn [65, p. 53?] has shown 
that P[y^(x)J may be represented as a sum of Stieltjes 
Integrals 

r[MiW]=t jrV(s)A«.(s) 

( 12 . 2 ) “■ 

The sum of integrals appeors because the linear functional 
P is expressible in the form 

F • ■3'0 = r o. • ■ + P [o, y. 0,0, .- •] 

+ ■ • + r )jn]. 
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The whloh ooour in the expression (12»2) are of limited 

variation. Hahn also proves that under suitable oonditions 
P oan be expressed as the sum 

id 

where the functions /B^ are integrable in the sense of 
Lebesgue. 

The representation of a bilinear functional B|^f,gJ , 
linear in each of the variables f and g separately and with 
suitable continuity properties, v/as considered by Preohet 
1^48, p. 215J • If the functions f and g are continuous and 
well defined over the region a^x^rS*. ^ y^b*, then 
the functional is expressible in any one of the forms 

BDr.j] = A,/® (*,3). 

f(n)^ 

The functions Y which Preohet used are defined over 

the same region as f and g, are not zero for x • a* , or 
y « b*, and are regular and of bounded variation with re¬ 
spect to one or both of their arguments. The idea of a 
bilinear functional occurs in the study of the second differ¬ 
ential of a functional, as we shall see presently. 
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Wong 57, p. 34J has extended the Stieltjes inte¬ 
gral representation of bilinear functionals to the case 
when the functions f and g depend upon more than one inde¬ 
pendent variable* He obtained for bilinear functionals 
results similar to those deduced by Pisoher and Preohet for 
linear functionals. Thus, for a functional B f ,g(y 
where x » •••» ^ yn^ Wong shows that 

B may be represented in any one of the forma 

=J^f 3 f-j) (*>l|) 

ft*) 

where R, S, T are suitably chosen regions, ci and /3 
satisfy certain restrictions regarding their variation, and 
the integrals are talien in the sense of Stieltjes. 

The theory of the representation of linear and bi¬ 
linear funotionels as Stieltjes integrals will be useful in 
the application of the theory of functionals to the calculus 
of variations. 

13. The Prophet differentials . In this section 
the notions of Pr^chet on differentials of functions and func¬ 
tionals will be considered. In his first article [ 42. p. 

385J Pr^ohet points out that the differential, at a parti- 
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oular point, of a funotion of several variables Is a linear 
fimotlon of the increments of the arguments of the funotion, 
and that it differs from the increment of the original funo¬ 
tion by a quantity which approaches zero with the modulua of 
the increments of the arguments. In this article he considers 
only the case of a function of a real variable, but states 
that similar relations exist for funotionals. 

In a later article 44, p. 1363 Preohet applies 
this idea to functionals. The funotionals Ffy) which he 
considers are defined over a field of continuous fiuiotions 
y(x) on the interval ab. are continuous in this field, and 
such that Pfy^(3c)) approaches P(y) as oonvergos uni¬ 

formly to y(x). If a fimotlonal so defined is to have a 
differential at the argument y, then according to the defin¬ 
ition of Freohet, there will exist a linear functional ). 

such that the relation 

■ r + L , 

is satisfiedj where f tends towards zero with the maximum 
of the absolute value of , M( ). The linear functional 
L so defined is said to be the differential of the funotion 
P(y). Similarly, if the functional F depends on several 
arguments y,z,**#,w and has properties analogous to those 
described above for the oase of a single one, then the 
linear functional L will have as its arguments the incre¬ 
ments of all the variables, and again may be defined to be 
the differential of the funotional. 
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It l8 interesting: to oompare the differential of 
Fr^chet with that of Volterra (see Seotions 1, Q)^ Vol- 
terra defines first his derivative of a functional at a 
point, and then proceeds to derive an eigpression for the 
differential of the functional hy analogy with the case of 
a function of a real variable# Frrfohet, on the other hand, 
defines his differential directly without using the defini¬ 
tion of a derivative# Both of these two authors presuppose 
continuity of order zero for the functional P, which is 
more than is possessed by the funotlonals of the calculus of 
variations# 

After defining the first differential of a functional, 
Frechet considers the problem of representing it as a Stlel- 
tjes integral by means of the Riesa theorem ^4, p# 145^ # 

As his differential is a linear functional, it may be so 
expressed# Several different representations are given, 
depending on the nature of the fxmotional L and the type of 
discontinuities of the function of limited variation occurring 
in the differential# 

Frechet defines a second differential of a functional 
in the form of a bilinear functional f 48, p# 232] # It is 
assumed that F(y) has a first differential L(y; ) corres¬ 
ponding to an increment of y{ac)# Frechet further pre¬ 
supposes that L(y; ) has a differential B with respect to 
the argument y for a new increment » This new func¬ 
tional B(y; ) is a bilinear functional in ^ and , 

and is called the second differential of P# It might have 
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1 ) 66 X 1 defined directly from the original funotlonal F hy 
means of the relation 

an expression wliioh is obviously symmetrlo in its two argu¬ 
ments ^ ^ bilinear funotlonal may be represented 

as an iterated Stieltjes Integral (see page ). It is 
readily seen that higher differentials of a funotlonal may 
be defined in a similar manner. In a later paper 66, p* 
893 J , Freohet oonslders definitions of differentials of 
functionals in general analysis. 

14* ^ Stourgeon’s modifioation of the Fr^ohet 

differential . A definition of a differential of a funotlon¬ 
al, following the ideas of Fr^ohet, but designed espeoially 
to be applicable to the problems of the caloulus of variations 
was made by Le Stourgeon 53, p. • As continuity of 

an order higher than zero is required for such problems, the 
definition of a differential of a funotlonal must neoesserlly 
be newly phrased. 

Le Stourgeon oonsidered an arc y^ - 7 ^(x} which is 
continuous and has continuous first derivatives on the inter¬ 
val ab, and a functional F(y) which is defined for functions 
y in a neighborhood of order one of y^. The variation 
of y is assumed to have the same continuity properties as 
y. The functional F(y) is then said to have a differential 
at y^ if there exists a linear functional L( Yj ) with con- 
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tlnuity of order one (see page 6) such that for all arcs 
in a neighhorhood of y^ the relation 

F(^0= r(^.) + L+ M (^i) ^ (i), 

holds where M( >^ ) is the maximum absolute value of 
and on the interval ab and e (vj^) is a quantity vani'sh- 

ing with U( )• Under these conditions the linear func¬ 
tional L is defined to be the differential of F, and may be 
represented by the Rlesz theorem as the sum of two Stieltjes 
integrals 

>^(x)lot(x) +J' v^'(x)dL/3(x), 


Where the functions (3c), yB (x) ere of limited variation 
on the interval ab* 

Le Stourgeon defined second differentials of a func¬ 
tional in a Similar manner. The functional P(y) la said to 
have a second differential at yQ if there exists a linear 
functional L, and a bilinear functional B( ) having 

continuity of order one on the interval ab and such that 


= r(^,) + L(\)-t-B (yi^ri) 

for every arc Fq * \ previously described. 

As before, M() represents the maximum absolute value of 
and on the interval ab, end ^ is a quantity 

which vanishes with H( 'll ). The value of the bilinear 
functional B( ) when is called the second 
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dlfferontial of the funotional F# The functional B( ) 

may be expressed in the form 

+ y^(x) Vj.' (^) M (^) 'J'x, ^ . 

Where the functions p,q*,4",r are of limited variation with 
respect to the two variables of integration, x and y. 

The work of Le Stourgeon stands in the same relation 
to the work of Fr^ohet as did Fischer's to Voltorra's work. 
The purpose of both Le Stourgeon and Fischer was to extend 
definitions of differentials so that they would be applicable 
to the problems of the caloiilus of variations. Both authors 
deduced from their definitions of differentials necessary 
conditions for the existence of a minimiim of a functional, 
which ere of a type applicable to the problems of the oolcu- 
lus of variations. 

15. Other definitions of differentials sImilar to 
those of Freohet . The work of Gateaux and Levy on function¬ 
als, together with a definition of a differential of a 
funotional by Bliss will be considered in this section. 

Gateaux studied the problem of representing a funo¬ 
tional as the limit of a sequence of other functionals each 
of which is expressible as a sum of integrals 43, p. G46; 
45, p. 310; 46, p. 405; 54, p. 9j • Those sums are analogous 
to polynomials in a finite number of variables, so that 
Gateaux's theorem is an analogue of the theorem of Weier- 
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strass concorning the approximation of a ximction of 

hy a polynomial in these variables. Gateaux ob¬ 
tained expressions for functionals P | | with con¬ 

tinuity of order zero in the form 

where , . ,. , 

= -^(X) 

= 4 - 3 """"' 

-- - 4 

and the functions are properly chosen continuous func¬ 
tions. In another paper [52, p. 72] he deduced formulas by 
means of which continuous functions of a denumerable infinity 
of variables Xt,Xo,*** could be approximated by polynomials 
in n of these variables, obtaining better approximations as 
n approached infinity. 

The problem of determining the variation of a func¬ 
tional was also considered by Gateaux [52, p. 82; 54, p. ll] 
Levy, after Gateaux’s death [36, p. 51] formulated another 
definition of the variation, or differential of a funoticnal, 
following Gateeux’s mode of attack. If, for example, P(y) 
is a real continuous funoticnal of a real continuous function 
y(x), 0 X 1, then the first variation of P(y) is de¬ 
fined by Gateaux to be 
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if this quantity exists, v^here is a function with the 

same properites as y. This variation S F is a fuiictional 
of y and , and is linear in • If S F a first 

variation respect to y, then F(y) is 

said to have a second variation, which will be linear in 

as well as . If one takes « Vj^ it follows 

that ^ r given by tlie expression 


which is homogeneous of the second order in . In a 
similar manner the n-t:i variation % P ® homoge¬ 

neous quantity of degree n in , and. is given by on 
analogous formula* 

The two articles 52, p. 70; 54, p* l] which were 
published after Gateaux's death are incomplete in*detail, 
but are very suggestive* Levy’s definition 36, p* 6lJ 
makes the differential of a functional appear after the 
manner of Frechet, as o quantity v/hich is homogeneous of 
degree one in the increments of the arguments of the func¬ 
tional, and which differs from the change of tho functional 
hy a quantity v;hich approaches zero with tho modulus of the 
increiaent of the argument* The homogeneity condition re¬ 
places tho linearity property required by Fre'chet* Higher 
differentials could be defined in an analogous manner* 
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This oonoeptlon of a differential of a functional hae not 
been fully developed* 

Levy in hia text on Punctional Analysis [^36, p. 5^ 
disouases the generality of the definitions of a differential 
of.a functional which were given by various authors. He 
shows that the definition of Gateaux has greater generality 
than that of Prechet, and that each of them is more general 
than the definition of Volterre* 

Another definition of a differential of a functional 
was given by Bliss in hia course on Punotions of Lines in 
1916* The functional P(y) is said to have a first differ¬ 
ential for a fixed y^ if there exists a linear fimotional 
I»(y* It linear in ^ , such that when 4 • y ~ yo 

r(^)-F(,lJ = L(3,4), 

for every y in a sufficiently small neighborhood of y^. The 
differential of P(y) at y « y^ is defined to be the expression 
L(yot ^ ) -for arbitrary ^ ♦ A functional Pfy) is similarly 

said to have a second differential if there exists a functional 
B(y, 4 1 bilinear in ^ and , such that when 

- C, - y - yo 

The functional B(y^, ^ ^ arbitrary ^ is called the 

second differential of P(y}. Differentials of higher order 
could be defined similarly. The expressions so obtained for 
P(y) are analogous to those obtained for an ordinary function 
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of several real variables by applying Taylor’s formula with 
integral form of the remainder term* 



CHAPTER III 


APPLIGATIOH;S OF PUHCTIOHALiii TO THE CALCULUS 
OF VARIATIONS 

Introdiiction # The progress which has heen made in 
the application of the theory of functionals to generalize'* 
tions of the problems of the calculus of variations is only 
moderate. Volterra [l7, p. 48] found, for the problem of 
minimizing a functional, an analogue of the Euler equation, 
which for special functionals led to integral or integro- 
differential equations. Hademard j^59, p. 201^ devotes an 
interesting and suggestive chapter of his Leecns sur le Oaloul 
des Variations to functions of lines and their differentials, 
but he does not develop any theoi'y of maxima and minima of 
functionals in general. The same may be said of the short 
appendix on the calculus of functicnals in Vivanti»s Elementl 
del Calcolo delle Vnriazionl. Fischer and Le Stourgeon made 
serious efforts to bridge the gap between the two fields. 

Halm studied in some detail the iDroblem of Lagrange from the 
functional standpoint and found an analogue of the Lagrange 
multiplier rule. Larnson has shown the existence of solutions 
of fimotional equations which have an application to this 
problem, and his theorems have been greatly generalized by 
Hildebrandt and Graves. 

Tonelli studied the integrals of problems of the 
oalculus of variations in the plane from the functional stand¬ 
point and shows the importance of the notion of semi-contin¬ 
uity of a fmiotional in the proof of the existence of a 
minimizing curve. 
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These are the topics considered in this chapter, 
except that at the end of the chapter a section on the appli¬ 
cations of functions of lines to the Hamilton-Jaoobi theory 
is included, in which the work of Volterra, Freohet, and Prange 
is mentioned. 

16* A first | 3 ;roup of attempts to correlate the theory 
of functionals and the calculus of variations . A number of 
writers have tried to connect the theory of functionals and 
the theory of the calculus of variations, but most of them 
did no more than to find a first differential and to say that 
a necessary condition for a functional to have a minimum is 
that this first differential vanish. 

Volterra, in his texts on Functions of Linos (^17, p* 

50 ] and Integral Equations [^18, P« 23 J , deduces the first 
variation of a functional (see page 9), sets it equal to zero 
and calls the result a first necessary condition for a mini¬ 
mum. For the particular case when 
it i-i- 

his first variation has the form 

and in order to make S F vanish, he sets 

ycx) [p ()(,?; + p(z_x)]j(x)<U =o 
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The problem of finding the extremals for this example there¬ 
fore leads to the solution of an integral equation. For 
other special forma of the functional F, the problem of find¬ 
ing the extremals leads to integro-differential equations. 

After arriving at those integral and integro-differential 
equations, Volterra, in these books, drops the study of the 
onlculus of variations and devotes hii-xSelf to the solution of 
these equations. 

Hadamard (^59, p. 281J in his treatise on the calculus 
of variations devotes a chapter to functions of lines. He 
develops a differential S P after the manner of Volterra, 

(see page 9), and speaks of its properties, but he does not 
actually apply his results to problems of maxima end minima 
of functionals. 

Levy, [^36, p. GO^ in his text on Functional Analysis 
states that a functional F v/ill have a minimum if S F « 0, 
and S P ^ differentials in 

the sense of Freohet (see page 50). This is an obvious 
extension to functionals of the tlieory of maxima and minima 
from ordinary calculus. He does not pursue the matter further. 

An attempt to apply the theory of functionals to the 
calculus of variations v/as also made by Vivanti ^74, p. 253*] • 
He defined a derivative of a functional F ^ f (x,y,y' )dx 
in the Volterra manner, and expressed its first variation in 
the customary form (see page 9). 7/ith these preliminaries, 
he states tha.t an absolute minimum will exist if for all 
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points of a field, and for all values of x the first varia¬ 
tion vanishes, if P , , > 0, and if the integral to he mini- 

y y 

mized is lower semi-continuous* His analysis of the situation 
is very brief, and appears in his text as an appendix, indi¬ 
cating a phase of the subject which needs further develcpment* 

17* The work of Le Stourgeon * The first person to 
make a systematic study of the relation of the Prechet differ¬ 
ential to the problems of the calculus of variations was Le 
Stourgeon [ 53, p, 357J . Her inspiration v;as probably ob¬ 
tained from a course on Functions of Linos given by Professor 
Bliss at the Universit/^ of Chicago in 1916• However, her 
article is the first in which such ideas appeared in print. 

The definitions of a first end second differential of 
a functional as given by Le Stourgeon appear in Section 14. 

The functional F(y) is said to have a minimum at y^ in the 
class of functions Y if there exists a neifchborhood of order 
one of y^ in which P(y) > Ffy^) every arc y of the class 

Y# With this conception of a minimum, Le Stourgeon v;a3 able 
to deduce certain necessary conditions for the existence cf 
the minimum of a functional. 

A necessary condition for a functional to hcvo a min¬ 
imum is that the first differential of the functicnal vanish. 
For a functional F(y), Le Stourgeon (see page 54) obtains a 
differential L( Y] ) In the form 



(17.1) 
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where is the variation of yfx), and the functions csL (x) 

and p (x) were defined in Section 14* Thus, a necessary- 
condition that the functional P(y) have a minimiun for V » 7q 
in the class of arcs y joining the end points of is that 
the differential L(Y|^ ), the expression (l?^!), shall vanish 
for every function (x) which is continuous and has contin¬ 
uous firut derivatives on ah end such that 

Y^(a) rYja) =:0 • 

The first differential of e functional, (17.1), is 
expressed ao the sum of two integrals. A necessary condition 
deduced from tho vanishing of this sum of Integrals states 
th.'^t if P(y) is to have a maximum or minimum, then the func¬ 
tions oL (x) and j3 (x) occurring in the expression (17,1) 
for the differential L( Yj^ ) must satisfy a relation of the 
form 

yd ()^) - r ot (X) Xx. n -ftx t 

(IV.2) 

everywhere on the interval ah, where k and 1 are constants. 

If the maximum or minimum is to hold with respect to the values 
of P(y) for all arcs y{x) of the type descrlhed, in a neigh¬ 
borhood of y^Cx), then tho additional conditions 

{i (a.) = oL (a- + o)-o^(o.)_ 

(17.3) 

must he satisfied. These latter conditions for the problems 
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of the oaloulus of variations lead to trensvorsality oonditions 
at the ends of the interval eh* 

In ordinary calculus a further necessary condition for 
a function to have a minimiim is that its second differential 
he greater than or equal to zero* The analogous oondition 
for functionals is that the bilinear functional ) 

(see page 54) must satisfy the relation 

(IV.4) 

for every V|^ of the type previously described in the state¬ 
ment of the first necessary condition. 

For the problems of the calculus of variations the 
functional P(y) has the form 

(17.6) 

If the functions dL (x), (x) are defined by the relations 

u, 

'^O. J *^0. 3 

the first variation as given by equation (IV.i) becomes 

This form is a familiar one in the theory of the oaloulus of 
variations. The necessary condition given by equation (17.2), 
for this case, v/hen differentiated with respedt to x reduces t< 

fj' -//A ■ “• 
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whioh when again differentiated leads to the well-known 
Euler equation 




:! 


1 


The condition (17#3) for this case implies that 


f„,(a) - f - 0 . 

^ y 

This is a tranaversality condition. Thus one sees that the 
necessary conditions, deduced from the first variation, for 
a functional to have a minimum reduce to well-known restric¬ 
tions on the minimizing arc in the case of the classical 
theory of the calculus of variations. 

If one attempts to get second order conditions hy 
minimizing the second differential, as has been done by Bliss 
in the theory of the calculus of variations [^76, p. 163J , a 
further study of the second variation must be made. Por this 
purpose the second differential may be expressed in the form 

(17.6) 

where, corresponding to the notation oh page 55 

q - I [q-(^.y) > q"(x.y)] . 

For this functional B( yi.^K the first variation may be 
represented by 
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(17,7J if r C(x) 'Cx) 

where C , C' a^-e the increments of r|^ and respectively, 

ir 

ur (X) = ^ (x.y) + <J. (X,^)] , 

If one applies to the expression (17.7) for B( ^ 

condition given by (17.2), it la evident that the equation 


(17.8) 


r ^ 

L,(Y^x)~ur-J uroU-fex^l, 


must be satisfied by all variations Vj^ whloh minimize the 
second variation in a class of functions (x) having 
(a) - >1 (b) »0. 

A condition on the character of the solutions of 
equation (17.8) needs to be imposed in order to make sure 
that the functional B( ) is greeter than or equal to 

zero. This condition stateo that no solution n of equation 
(17.8) can exist which vanishes at x * a and at a point ^ 
between a and b, but which is not identically zero on the 
interval a | , and which furtherm.:re is such that 
This is an analogue of the Jacobi condition for classical 
problems of the calculus of variations. 

For the particular functlcnale of the calculus of 
variations given by the expression (17.5), when one defines 
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P(Xfy) - a - y - 

-J"' ^yy'^ z t y t), 

and q end r by similar escpressions, it follows that eqiiation 
(17*8) becomes 

If this expression la differentiated twice, the resulting 
equation 



Is the Jacobi equation of the calculus of variations. The 
necessary conditions expressed in terms of its solutions are 
consequences of statements in the last paragraph. 

Thus, from a purely functional standpoint one is able 
to deduce necessary conditions for the existence of a minimum 
of a functional, which when applied to the particular func¬ 
tionals of the calculus of variations lead to some of the 
classical necessary conditions. Le Stourgeon*s worlc is the 
first systematic attempt to deduce second order necessary 
conditions for a minimum of a functional with the help of 
Pr^ohet’s second differential. 

18. The work of Pisoher. Pisoher [^19, p. 383; 20, 
p. 289; 31, p. 259 ] made some generalizations of Volterra’o 
derivative of a function of a curve, which were discussed 
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in Seotions 7 and 8« He elao applied hio reaulta to tlie pro¬ 
blem of minimizing fnncticnala, especially those of the oal- 
o'olus of variations. 

In order that a functional L linve a minimum it is 
necessary that its firi'.t derivative vanish identically along 
the minimizing curve 1^. P* 289J • If the generalized Vol- 
terra derivative of Fischer is used, and the minimum is sought 
within a restricted class of curves K, as described on page 
23, this condition implies that 


(18.1) 




where the quantities involved were discussed on page 2G. As 
is an arbitrary function, this implies that 


(18.2) L»(C,x) - 0. 


In the case of the calculus of variations, L(C) may 
be a definite integral of the form 

A 

(18.3) L(0) - I f (x,y,y» ,Zi*z’i)d3:, 

whore C is an arc y * y(x), ^ ® class K (see 

page 23). The class K is the totality of all arcs C suoh that 
the functions z^Cx) determined by the differential equations 

Zl* - gi(3:,y.y',2i), 

and the initial conditions * ^il» prescribed end 

values z^Cxg) » The proof is made on the assumption that 
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the curve C Is a normal curve (see page 23)* If a function F 
is defined by the relation 

F- f 

and the set of points J described on page 24 chosen once 
and for all, it may be shown that the Volterra derivative, as 
described on page 26 has the value 

(18.4) > 

where according to Fischer the functions aro determined 

as solutions of the equations 


(18*5) 





- O . 


Whose constants of integration are determined by the relation 


(18*6) 






=1 o. 




Thus, a first necessary condition that the integral (18*3) 
have a minimum is that the expression (18*4) vanish identically, 
This expression has the same form as the Euler equation for 
the Lagrange problem of the calculus of variations* The 
derivative (18*4) is not uniquely determined since it depends 
on the arguments |t as well as on C and x* However, the 
constants of integration occurring in the functions X. ^ (x) 
are uniquely determined by equations (18*6) [ 19* P* 394^ * 
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Therefore it follows that there is at most one sot of constants 
which make the expression (18*4) Identioally vanish, which 
implies that the derivative (18.4) is independent of the 
arguments J;, . Other methods of determining the constants of 
integration would lead to similar results# 

A definition of the derivative of a funotion of a sur¬ 
face was formulated by Pisoher [ 20, p. 291^ and was discussed 
in Section 8# A necessary condition for a funotion of a sur¬ 
face to have a minimum is that Its first derivative vanish# 

If the derivative is expressed in the form (8#1) on page 30 
It follows that this condition Implies that 

L* (S,x,y) - 0. 


In partloolar. If i is the double integral 


1 .( 3 ) 



f<x.y.z,p.q)dy di. 


where p and q are the partial derivatives of z with respect 
to X end y, Fischer shows that the equation L’ - 0 is equiva¬ 
lent to the iagrange equation 






o . 


Pisoher also defined the derivative of a function of 
a surface relative to a set of surfaces K 20, p* 300 J # AB 
was shown on page 31 the additional functions M which oharao- 
terlze these sxirfaoes, do not essentially change the form of 
the definition of the derivative, but do assist in its evalu- 
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etion in particular cases. This type of derivative occurs in 
the theory of the calculus of variations in the study of the 
Lagrange problem. 

The particular problem to which Fischer applies his 
theory is that of minimizing the double integral L(S) above, 
in a class of surfaces S subject to the conditions that 


For this particular problem the derivative of L(S) with respect 
to the restricted set of surfaces (see equation 8.4) is given 

by the equation 

/ , 


L (S; 


l 


a f p $,f 


_IT _ _ 

ax 3^ 


i + 






^ X 


], 


and a first necessary condition for a minimum is that the right 
hand side of the last equation shall be equal to zero. The 
functions X * ; for this case may be determined by the method 

(3 

indicated on page 32. 

For functions of surfaces which have exceptional^points 
or curves, Fischer [^31, p. 260^ deduced derivatives in the 
forms (8*7) and (8.9) of Section 8. In order that such fxino- 
tionals have a minimum, it is necessary that L*CS,^,7) vanish 
and also that 




0 , 


for the case of excoptionel points, whore the a^j are the 
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quantities defined on page 34« For the case of exceptional 
GUi'ves , lie obtained the auxiliary conditions 

o i 

with the help of formula (8,9) on page 36. 

Fischer [^31, p. 262 jj obtains rn analogue of the 
Jacobi ccnditicn of the calculus of variations for the prob¬ 
lem of minimising a f.uicticn of a surface with an exceptional 
point of the second liind (see page 34) from a study of its 
second derivative. The second derivative is given in the 
form of equation (8.8) on page 35. If L(S) is a double inte¬ 
gral and its second derivative L”{S,XQ,yj^,x,y) vanishes, the 
second vari? ticn, as given on page 35 becomes 


[AL„d/ I 

The aneloguo of the Jacobi condition is obtained by selting 
the integrand of the above cicpresGion e(iuel to zero. A 
detailed study of tlic solutions of the resulting ociuation lias 
not been made. 


19. The theory of functionals and tlio problem of 
Lagrange . A few authors Invo tpiJlled the theory ci functions 
of lines to r oneraliza tiens of tlic Larre.ng;o problem. Thoir 
maixi result has uocn to obtain for minimum problems invclviiig 
functionals an analogue of the Lagrange multixilior rule. 

Hahn [^35, p. 538^ bas given the most cc.ipleto dis- 
Gussicn of such problems. He considers c set of r operators 
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which have a unique real value on each arc 

(19,1) - yj^(x) (a ^ X ^ b, i * 

of. a suitably selected class. Further, he considers m other 
operators 

(/= f, • • I 

which depend also on t on the Interval t^ f t t^. His 
problem is to find in a class of arcs (19.1) which satisfy the 
relations 

^y. =0^ (t, t = - 

one v/hich will minimize the functional W^* 

In order to deduce properties of a minimizing arc 
y|^®(x) ,a®,b^, he considers variables y^ and parameters a and 
b defined by the relations 

K ' K 

a = a% Z. + I 

where j]e[) is a quantity tending towards zero withjf*^ ' ] . 

For such values of yj^,a,b, the functionals and 
supposed to be expressible in forms 


are 
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where both the funotions T^( vi.oi.^S ) and 
linear and continuous with respect to '*^1 » \v 

Furthermore he assumes that for every system of k sets 

of the quantities 

«.,/ 3 ,, . '">■ 

With suitahle ccutlmiity propertiea which satisfy the equations 

C19.3) /3, ^) = o (t ^ 

there exists a solution y(x),a,h of the form (19.E) which 
satisfies the equations 

Under these hypotheses a necessary condition for 
to have a minimum is that the determinant 

vanish whenever the arguments of satisfy the 

system of equations (19*3)»- 

An Immediate consequence of this statement is that 
there exist r numhors g^,**-,Sr zoro, sitoh 

that tiiG GX or os si or 


(19.4) 
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vanishes for all continuous differentiable solutions of 
equation (19*3) 

If (y * 1,***,21) are two sets of functions 

which with / 3 ^* satisfy the relations 

(n_V* /3 * 0= 5:^ (n*'X 

then on account of the linearity of the functionals 

Hence, satisfy equation (19*3), and 

therefore the equation 

"V”(vf- v^*; ci ^^ = o 

Using the linearity property of V, one finds that 

V (vj^v:,s«) = 

Thus one sees that any two sets of values of /3 which 

give to the fimotionals equal values, likewise give the 

function V( oC^/3 ) equal values. If one defines 

it follows that Y( ) depends only on m functions y^(t) 

end therefore 

(19.6) V(\,=^,/3) ^UCyf,-• >)7,) 

The further assumptions are made that to each %>o 
there is a ^>o such that for each set of functions 
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which are continuous on the interval ^ t — tg and less in 
absolute value than ^ , there is at least one set of functions 
(x) with oontinuous derivatives on a°,b^ which with two 
numbers oL ^ (3 satisfy the relations 




(19.6) 




i<§. 






oL 


k 


It may now be shown that the function U defined by 
equation (19.6) is a linear oontinuous functional, v/hioh may 
therefore be expressed by a generalization of the Riesz 
theorem (see page 48) in the form 

where the m functions are of limited variation, and the 

integral is taken in the sense of Stieltjes. The negative 
sign in front of the integral is chosen for convenience. On 
substituting for U its value from equations (19*5) and (19.4), 
and for y^(t) the expression (19.6), one Is lod to the follow¬ 
ing analogue of the Lagrange multiplier rule. If the arc 
y^®(x) on the interval a^,b° is to furnish a minimiun for the 
problem stated at the beginning of the section, it is necessary 
that there exist r numbers not all zero, and m 

functions of limited variation H (t) such -that the relation 

A. \ 'rr^ ' 

Z 3^ ^ + r’’Z ol (I (tj o. 
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holds for all numbers and functions ^ which are con¬ 

tinuous and have continuous first derivatives on a°b^. This 
is the analogue of the Lagrange multiplier rule for a minimum 
problem involving functionals of the type described above. 

Hahn treats the Meyer problem with variable endpoints as form¬ 
ulated by Bliss [^69, p. 306^ as a special case, deducing the 
multiplier rule and end conditions which are given in Bliss* 
memoir. He also displays the special form his functionals 
must have in order that his general problem may reduce to the 
problem formulated by Bolza [ 65, p. 430j . The problem of 
Lagrange and the so-called isoperimetric problems of the 
oalovilus of variations are special cases of these. 

Pisoher [l9, p. 392; 20, p. 289] in his studies of 
the generalized Polterra derivative has deduced certain resxilts 
for the Lagrange problem. His results are obtained from a 
oonslderation of the derivatives of functionals with respect 
to a restricted set of curves, and have been mentioned in 
the last Section* 

Lameon [ 70 , p. 243 ] studied the solutions of a 
particular type of functional equation, and showed that the 
differential equations of the I»agrange problem are equivalent 
to a single functional equation of the type he considered. 

Thus, from a study of the solutions of a general functional 
equation he is able to show the existence of a solution of 
the system of differential equations occurring in the problem 
of Lagrange. 

The particular functional equation which Lamson 
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ognsidered is 

(19.'!’) G [y;p] - *{p) , 

where p Is a variable with a range P of a very general type. 
He showed that this equation for y has a unique solution 
y - Y(z,p) whioh is real single-valued on a suitably restrio- 
ted range of z, and is continuous as a functional of z. ffor 
the Lagrange problem one is expected to minimize the integral 



subject to the side conditions 

*li(^.yi»yi') “0 (°^ - m), 

and the end conditions 

y^(a) - hj^ « 0* 

lo the equations • 0 there may be adjoined the equations 

(19.8) fr • m+l,-**,n), 

where » 0, for r ^ m* Lemson shows that the equation (19*6) 
and the end conditions at x « a are equivalent to the single 
equation 

foifl 

j“ da 

This equation has the form (19.7) where p denotes a pair (i^x), 
and the range P is the totality of such sets for i = l,2,*»*,n. 
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a 4: X Prom tho general theory of suoh equations, one 

sees that the above equation has a unique solution with 
properties of the type previously described. 

Graves and Hildebrandt ([79, p. 127; 80, p. 5143 
studied implioit functions and differential equations in 
General Analysis. Their results apply to equations of the 
form G(x,y) • 0 whore x end y are points of abstract spaces 
of the type discussed by Preohet, and their conclusions are 
therefore applicable to e very great variety of special cases 
including those of Lemson. 

The relation of the Tonelli method to functions 
of lines . In 1923 Tonelli published a treatise [72] on the 
calculus of variations in the preface of which he states that 
he will consider the theory from the standpoint of functions 
of lines. His purpose is to develop the theory of the cal¬ 
culus of variations with the aid of the idea of semi-contin¬ 
uity. Tonelli*B ideas were fin-t presented in e series of 
articles [60, p. 2S9; 61, p. E97; 6S, p. 448; 63, p, 554; 

64, p. 132; 66, p. 49; 67, p. 28; 66, p. 233; 71, p. 167] 
which furnish a portion of the material of his Pondamonti 
di Calcolo delle Veriezioni. 

The classical theory of the calculus of variations 
was developed with a great deal of aid from tho theory of 
differential equations. Tonelli’s aim is to I'eplace existence 
theorems for differential equations by existence theorems for 
minimizing curves of integrals. Thus, a theory of the rela¬ 
tions of an integral to a class of curves is developed, a 
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theory of funoticns of lines. Throughout hie work the concept 
of the semi-continuity of a functional is regarded as a fund- 
omerital one* 

The first volume of Tonelli^s text is divided into 
throe parts, in the first of whioh is presented a theory of 
sets of curves. In this section occur theorems wliich insure 
the existence in a class of curves of e limiting curve. The 
second part deals primarily with integrals in parametric form, 
such as occur in prohlems of the calculus of variations in the 
plane. necessary and sufficient conditions are here developed 
which v;ill insure that such an integral will have lower semi- 
continuity. In the third portion of this volume non-parame- 
tric integrals are considered and results ore obtaijiod similar 
to those deduced for parametric integrals. This is the 
preliminary material which is necessary for a study of the 
calculus of variations from this functional viewpoint. 

In order to describe setisfactori-ly the results of 
Tonelli it is necessary to give some of his doflnitions 
[ 77 , p. 514] . 

1) If for the pa.rametric integral 
(20.1) 1(G) « I^ » J" P (x(t),y(t),x*(t),y*(t))dt ^ 

the function defined by the relations 

** ^x*y* *" ^y*y* “ *’^*^^1* 

is greater than or equal to zero for (x,y) In a region A, 
end + y*^ / 0» then the integral Iq is called positively 
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quasi-regular* 

8 ) An ordinary curve is one which is reotifiahle, 
and lies entirely in a region A where the integrand of I has 
suitable continuity properties* 

3) A class of ordinary curves K Is said to be oomplet 
if every rectifiable accumulation curve of the set is in the 
set* 

Using these definitions, Tonelll derives conditions 
which insure that an integral of the form (20*1) shall be semi 
continuous, among which is the followingi 

If an integral Iq (20.1) is positively quasi-regular 
for all ordinary curves of bounded length of a class K, then 
Iq is lower semi-continue us [72, V* 1, p* 292] * 

The second volume of Tonolli's treatise deals with 
the theory of the calculus of variations. He discusses the 
parametric, ordinary and isoperimetrio problems in the plane* 
For each of these he shows first under what conditions a 
curve will exist which will give to the integral under oon- 
slderstion an absolute maximum or minimum value. He then 
discusses the properties of suoh curves, arriving at among 
other consequences, the four classical necessary conditions 
of the oaloulus of variations. The main emphasis, however, 
seems to be placed on the existence theorems which are deduced 
for a great variety of problems 7;ith the aid of the notion of 
semi-continuity* One of the principal existence theorems is 
given in the following paragraphs. 

Theorem. If the integral is positively quasi- 
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regular, and if for a complete class K of ordinary curves all 
contained in a "bounded portion of a region A, It is possible 
to determine a function $ (oc) , defined and continuous for 
all real values of oc , and always non-negative and non¬ 
decreasing, such that for all curves C of the class K 

L< 

where L is the length of the curve C, then there exists a 

curve in K which will give to the integral Iq its absolute 

minimum value |]72, V. 2, p, 5]# 

It will be of interest in indicating Tonelll^s method 

to outlines the proof of the last theorem, Letj^D^^n - 1,2, •• 

be a sequence of sets of ordinary curves of K, such that for 

each 0^ 
n 

I. < it J- , 

i being the greatest lower boxind of the values of I in K, 

C 

which we will assume to be finite, Shen it follows that 

(20.2) ^ 1( Icj£ + i (t + l), 

which implies that the curves imdor consideration are of 
bounded length, ffrora the theory of such sets of curves it is 
known that the set has a rectifiable accumulation curve 

<3q, which can be proved to lie in the region A# and whoso 
length Lq satisfies the restriction (20,2), and which belongs 
to the class K, 

The function Iq is lower semi-continuous, as it 
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satisfies the condition given on page 82* Therefore, for 
every E > o there exists a p such that for any curve 0^^ 
which lies in a yo neighborhood of Oq the inequality 


1 

-‘"‘-w n * 


holds. Hence one concludes that 


T ~ 




and therefore I^ ^ However, was shown to belong to 

Oq O 

the set K, and hence I^ ^ i. Therefore, I« * 1* which 
Co ^0 

implies that Cq is a rectifiable curve giving to the integral* 

its absolute minimum value. 

Tonelli likewise deduces theorems which insure the 

existence of a minimizing curve for non-parametrio integrals 

and the integrals of the so-called isoperimetrio problem. The 

hypotheses he uses can generally be divided into two parts, 

the first of which insures the necessary semi-continuity of 

the integral I-; the second specifying the region under con- 

c 

sideration, and the properties of the curves in that region. 

One important consequence of these existence theorems is that 
they imply the existence of solutions of some of the differen¬ 
tial equations utilized in the older theory of the calculus 
of variations. 

In the classical treatment of the calculus of variations, 
a group of necessary conditions for a minimum is derived. 

These are also obtained by Tonelli, the difference being that 
they are occassionally -rephrased. In order that the concept 
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of soml-oontlnulty and the modern theories of integration may 
he utilized* 

The last part of the second volume of Tonelli*B text 
is devoted to a study of the problems of relative maxima and 
minima within a restricted class of curves. The usual criteria 
which insure the minimizing property of a curve are deduced 
for the parametric, ordinary and isoperimetrlc problems, 
essentially the same as those deduced in tho classical theory. 
Many of the results obtained for such problems of relative 
maxima and minima are easily derivable from those obtained in 
the first part of this volxime by suitably restricting the 
class of curves among which the extremum is sought. 

Since the publication of the Tonelli treatise a few 
authors have generalized or extended the ideas which Tonelli 
introduced, among them being Roussel [^78, p. 595] , Hahn 
[^76, p. 457] , Downing [82] , and Mo Shone [85] . Their 
work has been largely for problems in the plane. Whether 
these methods of Tonelli are applicable to problems of a more 
general type such as the Lagrange problem remains to be seen* 

21. The Hamilton-Jacobi theory for multiple integrals * 
The Hamilton-Jacobi theory for multiple integrals, as so far 
developed involves in an essential manner the theory of func¬ 
tionals. For double or multiple integrals the analogue of the 
Hamilton-Jaoobi partial differential equation is a functional 
equation. The relations between such equations and tho prob¬ 
lems of the calculus of variations are at the present time 
only imperfectly developed. In this section a sketch is 



86 


APPLICATIONS OF FUITCTIOIJALS 


(280) 


given of the results of Volterra, Pr^ohet, and Prange. 

Voltorra P* 127 J was the first person to study 

the Hamilton-Jecohi theory for multiple integrals from a 
functional standpoint. He considered the problem of minimizing 
the double integral 


( 21 . 1 ) 

where 


I 


liK= A. 


' f Ik) cLu. JLw, 

dL(u.,v) 


The first variation of the Integral (El.l) is found to be 




which must be equal to zero when the integral (21.1) takes on 
a minimum value. On integrating by parts, and assuming that 
%vanishes on the boundary of the region over which the 
Integration is performed, one finds that on a minimizing 
surface 


( 21 . 2 ) 


c)X;. 


-t 


Hir • 


c) 


dL 


. = 0 




For convenience put 


(21.3) 

end 


3 (A 


r- 


fi{ =0 •> 


( 81 . 4 ) 


H = -p +21 fiK . 
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J’rom the relations (21*2) and (21.3) It follows that 

J oKr.K.M ar 

K=i dL(^,v) d 

On solving equations (21.3) for | end substituting these 
values In equation (21.4). H beoomoe a function of the form 

Prorr equation (21.4) the relatione 


( 21 . 6 ) 


^ AIL.- £ 


follow, whloh with the help of the above notation may be 
expressed as 


■* an f il(y>f M _ 9H 

(21.6) flL(ix,V) * d-l dL(u..v) 3^1 


This form of the equations Is perfectly analogous to the can¬ 
onical form given for the equations of dynamloa by Hamilton, 
and is called by Yolterra the canonical system for this problem. 

Volterra also shows that if one is given a system of 
differential equations of the form (21.6), an integral of the 
calculus of variations will exist whose extremals are deter¬ 
mined by these equations. Such an integral is 


Yolterra then studies in some detail the case when 


there are three dependent variables x^,Xg,Xg, 


Por this situ- 
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atlon ho derives a nrunber of theorems, two of the principal 
ones being stated here without proof* In these theorems it 
is assumed that H does not depend explicitly on u and v, and 
that W is a function of a line depending on the curves in 
x^XgXg-spaoe which correspond to the boundary of the region 
of integration in the uv-plane* The quantities 
are functional derivatives of a type similar to those used 
by Prange which are described more in detail later in this 
section* 

Theorem I. If tlie integrals of the differential 
equations 

oI()(. <k) . ^ H y Al±iKiiil= _ a H (i= 1,1,3) 

are known, it is possible to determine a function W of a line 
in x^XgX^-space of the first degree which satisfies the 
relation 



^ W 3 W 

a(*i.>t,) ' 3(Xj.K,) ’ 


;>W 

^a) 


X. ,X 




+ k =.( 


where h is a constant, and the derivatives of the function W 
are substituted for the quantities in H* 

Theorem II* Let W be a function of a line of the 
first degree, depending on a curve in a three-dimensional 
apace with coordinctes x^,X 2 ,X 2 and satisfying the relation 
^ W ^ ' 


H( 




X » X, . X , xN - ^ 

»Cx,.x.) 3(x,,x^) ■ 1 y 
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Where h is a constant* 
the equations 


^ W 
CX^.X,) 


Let also ^12 defined by 


^ W 

-afx^x,) 


a w 

J>(x,,x^) 


- r- 


If on substituting these values in the equations 


dpi ^ a H 
dL(u,v) 

it turns out that they are compatible, then these values also 
satisfy the equations 


y j ^ aH 

K S)(u,v) 


This last theorem implies the existence of an extremal 
surface for the original problem bocauee of the relations 
existing between the so-called canonical equations and the 
equations for the extremals of the integral. 

Frechet |[58, IStJ extended Yolterra’s work to the 
case v/hen one has r independent variables. He deduced results 
analogous to Yolterra’s for an integral of the form 


I=Xf /f(x 




^ ^ Vi 

X p 




whore are the independent variables, ^r'*'l*****^n* 

the dependent ones, and the partial derivatives ^^A.f»y4x- 
ere expressible in the form 





X-l ^ 


3 ? - 

ou;,) 
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Prange [30] likewise dlsousaed the KamiIton-Jaoobi 
theory for multiple integrals* He showed, as in Section 4, 
that the differential of a fimetional S [l] , where L is a 
space curve, is- expressible in the form 

where oLcr is the arc length along L* Premge states 30, 
p. 40 J that if the curve L is displaced along itself then 



+ S„ ^ +- S, A*. = 


3d? 


d<r 


= o. 


which may be shown to be equivalent to the fact that S 
is by hypothesis independent of the parametric representation 
of L* The vector therefore perpendicular to 

the curve L, and its components may be expressed as the deter¬ 
minants of a matrix of the form 


(JLx 



dcr * 

a<r 

a<r 

Sy, 


S,;j 


The quantities 3y2,*^2X*^xy called by Voltorra ^6, p. 27^ 
and Prange [30, p* 41 ] the functional derivatives of S with 
respect to the coordinate planes* These quantities are not 
uniquely determined, for they would satisfy the same relations 
if an arbitrary multiple of dx/do" ,dy/d<r ,dz/dcr were added 
to each of them resp 0 <itively• In terms of them it follows that 
S S may be represented in the form 
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(SI* 7) 



The double integral 



I 



f(x,y,z,p,q)dx dy. 


where p • dz/dx, q • dz/dy, is a function depending on the 
surface S hounded hy a space curve L# If a fixed, simply 
closed curve in space L^, is given, Prango states that through 
Lq and a neighboring curve L a unique extremal surface E of 
the integral may be passed* Thus, the integral I taken on 
such a surface depends on the two curves and L, and can 
be considered as a function of the variable curve L* ?or 
such a functional it may be shown p. 44] that 


( 21 . 8 ) 



A<r' 



Asl ^ 

A<r ^ dor 


f,. r'rnVf 


ol 


(T 

> 


where p:q;-l is the direction of the normal to the extremal 
surface B at a point of L* After comparing this expression 
with the expression (21*7), Prange states that by comparison 
of equations (£1.7) and (21.8) he is Justified in setting 


(21.9) 


ye 


-p. 


9* 






If one introduces the canonical variables 
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(21.10) -rr. fp, k - 

which imply on solving for p end q that 

(2X.11) TO “ ^ ^ ^ ^ 

and if one defines 

(31.12) H(x,y.z,Tr .k) - pfp 4. qf^ - f I P - « , 

then according to Prange the analogue of the Hamilton-Jaoohi 
partial differential equation Is the functional equation 

(21.13) - H(x.y,3.Iy^.I^^). 

which is a consequence of equation (21.9). 5Che problem is to 

find a functional I, satisfying equation (21.13)^ and whose 

functional derivatives satisfy the relations 

3y' yz' ax 

(21.9) and (21.12). If such a functional is found, equations 

(21.11) would determine a set of extremal surfaces. 

Oaratheodory ^73, p. 78; 81, p. 193] also considered 

the problem of finding canonical equations for the extremals 
of problems in multiple integrals of the calculus of variations. 
He did not, however, explicitly use the idea of a function of 
a surface. 

Tfte problem of finding solutions of a set of functional 
canonical equations such as (21.11) and (21.12), end the pro¬ 
perties of such solutions, such as the transversality config¬ 
urations and the determination of fields have not been fully 
developed. The studies which have been made in this domain 
are very suggestive. There remain in this field many interest-* 
Ing questions which have not been completely answered. 
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SUFFICIENT CONDITIONS FOR A PROBLET.! OF MAYER 
IN THE CALCULUS OF VilRIATIONS^ 

1. Introduction , The general problem of Mayer with 
variable end-points as proposed by Bllsg [v, p. 305is that 
of finding in a class of arcs 

(1:1) y^^ = yi(^) (^1 S ^ ^ xe; 1 = 1, •••, n) 

satisfying a system of differential equations and end-condi¬ 
tions 

y, y» ) = 0 ( Of = 1, •••, m < n), 

'v/^[xi, y(xi), Xs, yCxe)] = 0 (^= 1, •••, p ^ 2n i) 

one which minimizes a function of the form 
g[xi, y(xi), xe, yCxe)] , 

Bliss has shown that this problem is equivalent to a problem 
of Bolza [v, p. 306] in the sense that each can be transformed 
into one of the other type. For the problem of Bolza the func* 
tion to be minimized is 

f(x, j, y')dx, 

lit is expected that this paper will appear in the 
Transactions of the American Mathematical Society, vol. 35. 

2 

The numbers in the square brackets refer to the 
bibliography at the end of the text. 
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and it Is clear at once that the problem of Mayer is a prob¬ 
lem of Bolza having f s 0. 

Sufficient conditions for the problem of Bolza have 
been established by Morse [XI, p. 528] and Bliss [xil, p. 27l]. 
However the hypotheses which they make, in particular that 
of normality on every sub-interval, imply that the function 
f is not identically zero, and the sets of sufficient 

conditions established by them are therefore not applicable 
to the problem of Mayer without further modification. In 
view of this fact it is the purpose of the authors of the 
present paper to establish a set of sufficient conditions 
fov the problem of Mayer with variable end-points. This will 
be done in two parts, the first of which is the paper here 
presented,dealing only with the special case in which the 
number of end-conditions = 0 is exactly 2n + 1. By 
methods similar to those used by Bliss for the problem of 
Bolza [XII, p. 261 - 274] the results obtained will be 
extended to the general case in a second paper by Hestenes. 

The problem considered here is an obvious generaliza¬ 
tion of the classical problem of Mayer and reduces to the 
latter when the expression to be minimized is the function 


S = yxCxg) and the end-conditions 


conditions 


= yi(3Cx) - /?i, = Xa - 0C*= - /?j«, = 0 

(i = 1, •••, n; j = 2, •••, n). 


the OL »s and ^ *s being constants. Sufficiency theorems for 
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the classical problem have been established, by Egorov [ll, 
p. 376], Kneser [l, p. 250; VIII, p. 290j , and Larew [vil, 
p, 65], who use in each case an n-dimensional field (\efined 
in the (n + 1)-dimen3ional space of points (x, yi, •••, yj^) 
by an (n - 1)-parameter family of extremals passing through 
a fixed point. Such a field does not seem to be applicable 
to the problem considered here, but one can use instead a 
field of n + 1 dimensions defined by an n-parameter fanlly of 
extremals in (x, y^, •••, yj^)-9pace. The construction and 

use of such a field are important features of this paper. An 
(n + 1)-dimensional field of this sort is applicable to the 
more special classical problem of Mayer also, and a funda¬ 
mental sufficiency theorem for this case can be est-ib] ished 
in this way with greater ease and fewer resIrictions tlian 
have hitherto been required. 

2, Preliminary remarks . In the followin/!; pnges It 
is assumed that the various indices have the follov/ing rang,es 
unless otherwise explicitly specified: 

i, k = 1, 2, •••, n ; ^ 2, m<n; 

yo, <r = 1, 2, •••, 2n +1; r=l, 2, •••, n-1; 

3 = 1, 2, •••> 2n - 1, 

The tensor analysis summation convention is used freely 
throughout, V/e make the following hypotheses concerning a 
particular arc Eis whose minimizing properties nre to be 


studied: 
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(a) The functions defining Ejls are continuous 

on the interval x^x^, and this interval can be subdivided 
into a finite number of parts on each of which these functions 
have continuous derivatives. 

(b) The functions have continuous partial deri¬ 

vatives of the first three orders in a neighborhood Qfl of 
the values (x, y, y* ) on and at each element (x, y,»y*) 

in the matrix II as rank m. 

(c) The functions g, have continuous partial deri¬ 
vatives of the first two orders in a neighborhood of the end- 
values (xi, y^i, xs, yi«) of Eis in which the determinant 


( 2 ; 1 ) 



®71i 






r 3<-a 


is different from zero. 

An admissible set (x, y, y») is a set interior to 
and satisfying the equations = 0. An arc (1;1) having 

the continuity properties described in (a) is called admissible 
if all of its elements (x, y, y*) are admissible. The defini¬ 
tions of equations of variation and of admissible variations 
used in the following pages are those of Bliss [v, p. 307; IX, 
p. 677]. The problem of Mayer here proposed can now be more 
precisely stated as that of finding In the class of admissible 
arcs satisfying the end-conditions = 0 one which minimizes 

the function.g. 



(303) 


PRELF'iINARY R-IE.RKS 


I. THE FIT-ST NFCER^''.RY CONDITION. For every nlni^nlzluR 
arc Eis for the problein of Mayer as here proposed there (^xlst 
constants c^ and £ function F ■*= "A^Cx) (f)^ such that the ££££- 


+ Cl . <j>^ 


are satisfied at each point of Eis. Tbp multipllei^s Ao^(x) 
are continuous except possibly at the v'^Lucs of x (^eflninp, 
corners of E^e and do not vanish slmo] t a,i eously at any point 


To prove this theorem one needs ot\] y to co^lilne the 
methods used by Bliss for the ooi'responding theorems in the 
problems of Mayer [V, p. 31l] and La,^-range [iX, p. 685], It 
is also an immediate corollary of a theorem established by 
Morse and Myers for the problem of Bolza [x, p, R4G] , 

THEOREM 2:1, the functions A(^ are a set of 

multipliers with which an admissible arc Eia satisfies the 
equations (2 ;2) , then for every net of admissible variations 
I , j_(x) along Exa the functions satisfy the 

equations 


for every interval x*x”. 

This result is readily provable by multiplying the 
equations of variation 
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by the multipliers (x), adding, and applying the usual 

integration by parts with the help of equations (2:2). 

An admissible arc Eis is said to be normal relative 
to the end-conditions = 0 if there exist for it 2n 1 

sets of admissible variations such that 

the determinant | ) I different from zero, where 

the functions y^, yj^* occurring explicitly and in the deri¬ 
vatives of being those belonging to Eis. The arc Eie 

is normal on the sub-interval x*x** if there exist for it 
2n - 1 sets of admissible variations ^ 

such that the matrix 


(2:4) 


n 


has rank 2n - 1. On account of the relation (2:3) this is 
the highest rank attainable for a matrix with col\imns of this 
sort belonging to an arc that satisfies the equations (2:2) 
with a set of multipliers A^(x). For convenience an arc 
that is normal relative to the end-conditions yr =0 will 
be designated simply as normal . 

THEOREM 2:2. ^ admissible arc Eis that Satisfies the 

necessary condition I ^ normal if and only if t^here exist for 
it no set of multipliers ^^(x), not vanishing simqltaneously 
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with which it satisfies equations {2i2) and for which the 
determinant 


(2:5) 




0 


, (Xl) 


0 


, (xe) 




vanishes on Eie. ^ Eie normal the constant Xo defined 
below can be taken equal to unity , its multipliers 'X (x) 
being then unique . 

To prove the theorem we first notice that the arc Eia 
is normal if and only if there exist for it no set of constants 
and multipliers Xo, having Xo = 0 but not vanishing^ 

simultaneously, with which it satisfies the relations (2:2) and 


+ yii'syii) Y^x.-^ m’ = 0 




(2:6) V3- 

- yi2 ^12 = 0 


= Py^'(Xl), 


Xog. 


712 


‘ ■'a 


-P t(xe). 
7l 


This criterion for normality is readily established by the 
same methods as those used by Bliss for the case wheri Eie is 
an extremal [v, p. 31lJ . If for a set of multipliers ^^^(x) 
belonging to Eis the determinant (2:5) vanishes, then there 
is a set Xo, Xf^» c ^^(x) having Xo = 0 and satisfying the 
equations (2:6), Hence Exa could not be normal. On the 
other hand if the determinant (2:5) is different from zero 
for every set of multipliers with which Eia satisfies 
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equations (2:2), then there can be no set Xo, X/o , (x) 

with Xo = 0 satisfying the equations (2:6). Consequently in 
this case Eia is normal. The last statement in the theorem 
is readily established by the methods used by Bliss for the 
case when Eia is an extremal [v, p. 31l]. 

THEOREM 2:3. j[f an admissible arc Eie normal on 
x*x”' and satisfies the equations (2:2) with a set of m ulti ¬ 
pliers (x), then these multipliers are unique on the 

interval x»x” except for a constant factor . 

This is a result of the relation (2:3) which Implies 

that the constants p" t(x*)^ i(x’*) are unique except for 

•^i Yl 

a constant factor since it is possible to select a matrix 

(2:4) having rank 2n - 1 on x*x’*. The multipliers belonging 

to Eia on the interval x*x” are then also unique except for 

a constant factor since they are completely determined when 

the set of values i(x*) is specified [IX, p. 680]. 

^1 

3. The family of extremals » An extremal is an admis¬ 
sible arc with a set of multipliers not vanishing simultaneously^ 

Yi = Yi(x), ^01= (xx ^ X S xg)^ 

which have continuous derivatives y^*(x), y^”(x), 
and satisfy the Euler-Lagrange equations 

(3:1) (a/(lic)Fy^, - = 0 , ‘I’ot = 0- 

Such an extremal is non-singular if the determinant 
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R = 

^OL U ^ ^ 

UK 

is different from zero along it. Along a non-singular extre¬ 
mal Ei 3 the equations 

(3:2) F ,(x, y, y*, A ) = z^, Jp 7*) = ^ 

•^i 

can be solved for the variables y^*, 'X ^ a neighborhood 

of the values (x, y, z) on the arc Eis, The solution has the 
form 

(3:3) Jl' = Pi(x, y, z), (x, y, z) 

and has continuous partial derivagives of hhe first two orflers 
since the first members of equations (3:2) have such deriva¬ 
tives. The system of equations (3:1) is now equivalent to 
the system 

(3:4) dyj^/dx = Pj_(x, y, z), dZj^/dx = y» P(x,y,z), A (x,y,z)]. 

The fiuictions F, ot s^^tisfy the liomogeneity 

relations 

F(x, y, y*, k?^) = kF(x, y, y*, A ), 

(3:5) P^(x, y, kz) = P^(x, y, z), 

A^(x, y, kz) = k (:Jt, y, z) (it 0)* 

The first of these relations is a consequence of the defini¬ 
tion of F. The last two follov/ frora the fact that the two 


sets 
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[x, y, kz, P(x,y,z), kA(x,y,z)] , 

[x, y, kz, P(x,y,kz), A(x,y,kz)] 

satisfy equations (3:2) and must be Identical since the solu- 
tions^of these equations are unique K. oaa. . 

Through every element (xo, yo, Zo) in. a neighborhood 
of the set of values (x, y, z) on the extremal Eia there passes 
a unique solution 

(3:6) = yi(x, Xo, yo. Zo), = z^Cx, Xo, yo, Zo) 

of equations (3:4) for which the functions yix# 

have continuous partial derivatives of the first two orders 
since the second members of equations (3:4) have such deriva¬ 
tives. The functions Xi(x, Xo, yo, Zo), kz^(x, xo, yo, Zo) 
are solutions of equations (3:4), on account of the homogene¬ 
ity properties (3:5), and have the initial values (x, y, z) — 
(xo, yo, kzo). Since the solutions with these initial values 
are unique it follows that 

y (x, Xo, yo, kz0) ~ yj(x, Xo, yo, Zo), 

(3:7) ^ 

z^(x, Xo, yo, kzo) “ kZj^(x, Xo, yo, Zo)* 

Since each curve (3:6) has an Initial set at x = Xxo we lose 
none of them if we replace Xo by the fixed value Xio- Piirther- 
more, not all the constants are zero at the initial ele¬ 

ment of Eia. We may therefore renumber the solutions (3:6) 
so that Zno i^ different from zero. On account of the homo- 
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geneity relations (3:7) it follows that the initial elements 
(xio, yo, Zo), (xio, yo, kzo) determine the same curves = 
y^(x, Xio, yo, Zo). Hence we lose none of these curves if 
we assign to the fixed value of Zj^ belonging to Ei« at 

the point 1, Let us for convenience rename the constants 
yxo, yso, •••, yno> ^n^XyO and call them c^, c«, 

^2n-l ^®spectively. The family (3:6) then takes the 

form 

(3:8) = yi(x, c), = z^(x, c). 

The equations 

= yj[(xio, c), ^n+v ~ Zj,(xio, c), Zj^Q 


— Zj^( Xx 0 , C ) 


express the fact that the solutions (3:5) pass through the 
initial element 

(x, yi, Ynf ***# ^n-l> ~ (^lo, Ci, •••, ®n+l* 

•••' ®2n-.l' ^no) 

and from them we find by differentiation that the determinant 

(3:9) 


^ic« 


t.Fikes the value Zj^^ at x = Xio. When we substitute the func¬ 
tions (3:8) in equations (3:3) a set of functions c) 

is determined, and we have the final result: 
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THEOREM 3:1, Every non-singular extremal arc Eis ^ a 
member of ^ (2n - 1) -parameter family of extremals 

(3:10) y^ = c), (xi S x g Xe) 

for special values (xi, Xg, c) = (xio, Xao, Co). The functions 
7l^ ^Ix’ ^±» ^lx» ^ oc continuous first and second partial 

derivatives In a neighborhood of the values (x, c) defining 
Eia, and for the special values (x^o, Co) the determinant (5:9) 
^^fffj^om zero . 

second variation for a normal extremal . Consider 
a normal extremal arc Eia with ends satisfying the conditions 
y^p = 0. Let ^ ^ » \ 1^^^ ^ admissible 

variations along Eig satisfying the equations ^ ^ \ ^ 

= ,0. It can be shown that there is a one-parameter family of 
admissible arcs 

(4:1) = y^(x, b), xi(b) g x g X 3 (b) 

satisfying the end-conditions = O, containing Ei® for 

b =0, and having ' L ' as its variations along 

Eis [iX, p. 695]. The functions Xi(b), Xe(b), y^(x, b), 
y^^(x, b) are continuous in a neighborhood of the values (x,b) 
defining Eis, and their derivatives x^^, ^lbb> ^2b^ ^2bb> 

^ixbb' Jibb l^ave the same property except possibly at the 
values of x defining the corners of the arc ^(x) 

(xi ^ X ^ xa) in x'^ -space. 

When the equations 
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g(b) = g[xi{b), y(xi(b), b), xgCb), y(x8(b), b) ] , 

0= y(xi(b), b), xs(b), y(xa(b), b) ] , 

are multiplied by constants and multipliers Xo, , AQt(x), 
where Xo, X/o ai*e to be determined later and the functions 

are the multipliers belonging to Eia, it is found by 
suitable additions that 

Xog(b) = G[xi(b), y(xi(b), b), XaCb), yCxaCb), b)], 

0 = f[x, y(x, b), y’(x, b), 7v^(x) ] , 

where G = Xo8 By differentiating these equations 

for b it follows further that 


Xog'(t>) = (Ojcj, + yii'®yij^)’^ib ®yiiyib<*i) 

+ (Ox. + yi2’0y^g)*2b Oyigyib^^*)' 

0 = Fy^yib + Pyjtyib’ ' 


and a second differentiation gives for b = 0 

Xog"(0) = + yil’OyjjJ^lbb + Oyiiyibb**-'!’' ° _ 

(4:2) + (G^, + yi2'»yj.2)*2bb * Oyiayib^^*-) I 

* 5, » Si' ^ 

(4:3) 0 = Pyj^yibb + Fyiyibb' + 2U>(X, T| , ^ ), 


where Q is a quadratic form in the variations ^ j^(xi), 

i(xa) of the family (4:1) along Exa and 


(4:4) 2«(x,>^,,j^') = V 


2F. 


-ninK 


y^yic' u iK yi'yk'tl*' 
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Whon equation (4:3) is integrated from Xi to it is found 
with the help of the Euler-Lagrange equations (3:1) that 

3C« ^ Xm 

(4s6) 0 = P iPibb +1 2u)(x, 7J , 

^i Xi %) Xi 

ASinoe Eia la normal,we can determine the constants Xf> 
to satisfy equations (2:6) with /© = 1* Hence by adding 
equations (4:2) and (4:5) it follows that the second varia¬ 
tion la along Eia oan be expressed in the form 


Is « g”(0) “ Q[ §, i n (xi), F , y[ (xa)] 

(4:6) fXa 

t \ 2 U>(x, )dx, 

J Xi 

and this expression must be S' 0 for every set of admissible 
variations ^ along E^a satisfying t^ie condi¬ 
tions J , ^ ) =* 0. 

Since Eia is normal the relation (2:3^ and Theorem 2:2 
imply that every set of admissible variations ^ 1 ^^) 

along Eia satisfying the conditions =« 0 also satisfies 

the equations 5 1 “ Hence in 

the expression (4:6) the value of the quadratic form Q is 
always zero, and we have the following theorem: 


THEOREM 4:1, Along a normal extremal arc Eio with 
ends satisfying the conditions yr^ = 0 the second variation 
is always expressible in the form 
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the equations = 0^ where 2 oj ^ the quadratic form (4:4), 

If g(Eia) iE ^ a minimum for the problem of Mayer as here 
proposed ^ then this second variation must ^ a 0 for every 
set of admissible variations i(x) satisfying the relations 


(4:7) 


\ *= ^ ^( 3 ^ 8 ) “ 0 . 


Since the functions j_(x) satisfy the differential 
equations of variation 


(4:8) ° 

it Is clear that the properties of the second variation suggest 
a minimum problem which Is a problem of Lagrange [of. VI, p. 16] 
namely, that of minimizing !« In the class of arcs 


(4:9) ^ 1 “ *1 (xi S X < X,) 

satisfying equations (4:8) and passing through the fixed points 
(xi, 0), (xa, 0) in xrj-space as indicated by equations (4:7). 
One readily verifies that this problem Is abnormal! since, as 
was seen In Section 2, the rank of the matrix (2:4) cannot 
exceed 2n - 1 on Tilia. However, by a suitable modification of 
the end-conditions the problem can be made normal. For this 
purpose we replace the condition that the arc (4:9) passes 
through the fixed points (xx, o), (xa, 0) In xtj-space by the 
conditions 


(4:10) Xi - ot, = >1 j^(xi) Xb - otj^= fl ^(xb) “ 0 

(X = 1, n; X / P), 
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where p is chosen so that f(xs) / 0. The two sets of end- 
conditions are equivalent since the relation (2:3) implies 
that ~ ^ whenever the conditions (4:10) are satisfied. 

To prove that the new accessory problem just described 
is normal v/e use the fact that since Eis is normal there is 
a determinant of the form 1 which is different 

from zero on Eia, The matrix of this determinant is the 
product of two matrices, the first of which is formed by 
deleting the first row of the matrix (2:5) and has rank 2n + 1, 
and the second of which is a matrix having 2n + 1 columns of 
the form 


(4:11) 




This second matrix must also have rank 2n + 1 if the original 
determinant is to be different from zero, and the determinant 
formed from this second matrix by leaving out the row of 
elements (xg) must be different from zero^as one readily 

sees with the help of the relation (2:3). This last deter¬ 
minant is however one of the form -whose non-vanishing insures 
the normality of the accessory problem with end-conditions 
(4:10). 

The Euler-Lagrange equations for the x>j -problem are 
the equations 

(4:18) (d/cbc)n„» - 
i*- 


= 0, #^(3^, , 'j') = o 
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where CL (x, , ^ ) = ^ • Thore eq\i'tions 
are known as the accessory equations fop the ori.-.inal I.lnyer 
problem. 


THEOREM 4:2. If the functions jX ^ = 1, ^oc(^) li 

set of iTul tipllers with which an ahiTiissihle arc (4:9) for tjhe 
X r| -problem satisfies equations (4:12) , then every set of 
functions = 1» /^oc having this propel-ty is of t.he forn 

fo = 1> yOot (x) = J^ai (^) ^ >‘o((^)' where the functions 

Aot(^) ar-e the multipliers for Eie and k on arbitrary 


constant . 

This follows because if = 1, /^Qt (x) are a^set of 

multipliers for the arc (4:9), then the differences /Oq^ (x) - 
(x) must be multipliers for the original problem and hence 
be of the form (^) - /^ot(^) = ^ since Eie is 

normal. This proves the theorem [cf. VI, p. 19] . 

An admissible arc (4:9) having associated with it a 
set of multipliers , fx^ix) with which it satisfies 

equations (4:12) will also satisfy the transversality condltior 
for the accessory problem just described if it satisfies the 

relation fly.' (xs) = O [iX, p. 693], Since E^e is normal and 

If 

F ,(xa) 7 ^ 0 it follows that a solution i(^)^ Po 

(x) + k ?Vol(x) of equations (4:12) satisfies the 
transversality condition (xg) = O for^suitably selected 

(f 

value of the constant k. 

Let us now assume that Ex» is also non-singular. Then 


the determinant R is different from zero along Eib, 


and the 
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equations 

with ^0 = 1 can he solved for the variables • The 

solution has the form 

1 |/= H^(x, ), /^«= (x, ^ 

and the accessory equations (4:12) with ^ 1 equi¬ 

valent to the equations 

d^ydx = H,(x, M , ^ ), 

(4:13) ^ ^ » 

dS^dx =n^, L, >J , H(X,»] , ^ M(x,>| , C )] 

which are linear and homogeneous in the variables j Ci • 

They have the solution S 0, Ci = Zj^(x), where z^(x) are 
the values of the derivatives P | along Ei«, since the corres- 
ponding values = 0, reduce the first equations 

(4:12) to the Euler-Lagrange equations (3:1)* It Is kno^ 
that for equations (4:13) a set of 2n - 1 solutions u^g, 
whose determinant 


(4:14) 


^is 

^is 


0 

^i 


is different from zero for one value of x, has that determin¬ 
ant different from zero for all values of x. Furthermore every 
solution ( ^^ > equations (4:13) Is expressible in the 


form 
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(4:15) \ ^ + kZj, 

where c^, k are constants [iV, pp. 153 - 4]. One readily 
verifies that the colmrins of the determinant (3:9) are a set 
of solutions of equations (4:13) like those in the columns 
of (4:14) [iX, p, 726]. 

As an immediate consequence of the relation (4:15) 
it follows that there is one and only one solution ( ^^ » ) 

of equations (4:12) taking prescribed values at a 

given value Xo. In particular the only solution taking the 
values Y| ^ = 0 at X = Xo is the solution 'T, ^ 

= 0. Furthermore, since Ej.® is normal the only solution 
having ^ = 0 on XiXe is the solution T. ^ ^ 1 “ kz^(x). 

The same is true on a sub-interval,x*x” provided Eia is 
normal on this sub-interval. 

5. The necessary condition of Mayer . A value ^ Xj. 
is said to define a point 3 conjugate to 1 on Eib if there 
exists a solution \ ^ = u^(x), jX ^ = 1, /^ql=/° oc(^) 

equations (4:12) whose functions u^(x) satisfy the relations 
u^(xi) = ^ identically zero on XiX^. 

IV. THE NECESSARY CONDITION OF MAYER. If Eia is a 
normal non-singular minimizing extremal arc then between the 
points 1 and 2 on Eis there can be no point 3 conjugate ^ 1 
defined by a value x^ such that Eia ^ normal on the interval 

X^Xg . 

If there were a solution ^ “ xx^ix), ^ 0 = 1# 

jo^(x) of equations (4:12) whose functions u^(x) vanish at 
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Xi and but are not all identically zero on then for 

the functions'^ ^(x), /^o, ^ol(x) defined by the equations 

^ Ax) = u.(x), /^o = 1, = pjx) on xxx , 

(5:1) ^ ' 

Y|j^(x) =0 , /J-o = 1, ^ot(3c) 2 0 on x^xa 

the second variation la would take the value zero [iX, p. 726]. 
It follows that the arc 


(5:2) 


■|| j^(x) (xi ^ X < xs) 


would be a minimizing arc for the x'v^-problem since Eia is 
to be a solution of the original problem. Hence there would 
be associated with the arc (5:2) a function Jfl = uj + 
with which it would satisfy the accessory equations (4:12), 
the transversality condition (xa) = 0, and the condi- 

tion that the derivatives (^) continuous on the 

Interval XiXe. If Eia is normal on the interval x_xe then, as 

K> 

was seen above, the most general multipliers possible for the 
functions would have the forms = 1, 

d A^(x) on the Interval x^s, and on account of the transver¬ 
sality condition O ^'^(xa) = O the constant d would be z^ero 
since P^ i(xs) ^ 0. Hence at x = x^ the corner condition would 
require 


It follows that there would exist for the arc (5:2) a set of 
multipliers ^ o = 1, ^oc(x) such that at x = x^ the functions 
Cl - u, u* , ^ ) vanish as well as ^ 
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cally which is not the case, and the theorem is therefore 
established [cf. VI, p. 18], 

6. The determination of conjugabe points . Consider a 
non-singular, normal extremal arc Eie that Is normal on every 
subinterval XiX^. 

THEOREM 6:1, Let u^g, v^g ^ 2n - 1 solutions o£ 
equations (4:13) whose determinant (4:14) different from 
zero at X = Xi. A value Xg ^ Xi determines a point 3 conjugate 
to 1 on Exe ^ and only If the matrix 


( 6 : 1 ) 


UigCXl) 


has rank < 2n - 1. 

This theorem is a simple extension of a theorem g.iven 
by Larew and can be proved by the same methods [vi, p. 20]. 

If now v/e select 2n - 1 solutions Uj^g, Vj^g of equations 
(4:13), as in Theorem 6:1, and such that at x = Xi the func¬ 
tions Uj_g(x) hove the values 

u^ (Xx) = 0, u^_l 4 . 1 ^;(xi) = S ^ 11 ^ 

^ for 1 ^ k ), 

then it is clear that the matrix (6:1) for this set has rank 
2n - 1 if and only If the matrix | | Uj^j,(x 3 ) | | has rank n - 1. 
vVlth this in mind we can prove the following theorem: 

THEOREM 6:2. Let Uj^^, ^ ^ solutions of equations 

(4 ;1.3) which ^ X = Xi satdsfy the relations 
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= 0, iv^p(xi) z^Cxi)! 0, Uij^(Xi) = Z^{Xx), 
Vin(xi) = O* 

A value x^ Xi determines a point 3 conjugate to 1 on Eis If 
and only If DCx^) = 0 , where D(x) = |uj^j^(x) | , 

The theorem follov/s at once from our previous consider¬ 
ations If we shov/ that DCx^) vanishes if and only if the 
matrix | | ^^^ 1 .(^ 3 ) I I has rank < n - 1 . If now D(x 3 ) = 0 , 
then there exist constants not all zero, such that 

account of the relation (2:3) for the 
functions values of at x = Xi 

it follows that 

0 = 2 ^(x 3 ) Uj^k^^S^^^k 2 i^(xi) uj|^k^^3.)ak Zj^(xi)an. 

Hence = 0, and the matrix | | Uj^p(x 3 ) | | has rank < n - 1. 

The converse is Immediate, and the theorem is established. 

7. Mayer fiejlds and a fundamental sufficiency theorem . 
The Importance of the introduction of the notion of an (n + 1)- 
dimensional field in the space of points (x, yx, ••*, y^^) for 
the problems of Mayer will be seen from the following consider¬ 
ations . 

DEFINITION OF A MAYl'^R FIELD. A Mayer field for the 
problem considered in this paper is a region tf in xy-space 
containing only interior points and having associated with it 
a set of functions Pjl(x, y), Y) with the following 

properties: 
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(a) they have continuous first partial derivatives in 

(h) the sets [x, y, p(x,y)] defined by the points (x, y) 
in are all admissible; 

(c) the integral 

= J* |^P(x,y,p, A)chc + (dy^ - Pidx)Fy^i (x,y,p, >. )] 

formed with these functions is independent of the path in 3 ^ , 
This definition of a field is precisely the one given 
by Bliss for the problem of Lagrange except for the form of 
the function F [iX, p. 730]. It should be noted that for 
the problem of Mayer here discussed the function P(x, y, p, “A ) 
vanishes identically in 3 ^ , which is not in general true for 
the problems of Lagrange, Bliss has shown that the solutions 
yj^(x) of the equations dyj^/dx = p^(x, y) are extremals with 
multipliers C\q(^(x, y(x)), called extremals of the field . 

It is clear that the value of I-» is zero along every extremal 
of the field. 

THEOREM 7:1, If Eig ^ a normal extremal arc of a 
field 3 ^ with ends satisfying the conditions - 0, then 

there is a neighborhood N of the ends of Eia in (xxYiXaya)- 
space such that for every admissible arc C 54 ^ with ends 

In N satisfying the conditions 'y^ = 0 the formula 

2 (^ 34 ) - g(Eis) = (l/A^) f ^ E [x,y,p(x,y), 

X 3 


(7:1) 
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holds ^ where a suitably chosen positive constant » 

E(x,y,p, A ,y') = p(x,y,y*, ) - F(x,y,p, >,) - 

(yi' - Pi) Fy^i(x,y,p,X), 

8nc3 the ar,^uments » yj_*(x) occurring in the integrand 

ere those belonging to ^ 24 . 


As a first step In the proof consider the equations 

g(xi, yi, Xs, ys) = g, (:xi, y^, xs, ys) = O. 

By hypothesis they are satisfied by the set [^Xx, y^, Xs, ys, 
sCEis)^ belonging to Ei^, Since the determinant (2:1) Is 
different from zero these equations have solutions of the 
form 


(7:2) Xi = Xi(g), yii = yii(g), Xz = Xs(g), yi2 = yists) 


which have continuous second derivatives in a neighborhood of 
the value g = g(Ex 8 )* Furthermore, in a sufficiently small 
neighborhood N of the ends of Eis the only solutions are 
those defined by equations (7:2). These equations define tv/o 
arcs A, B through the, ends of Ea.s. 

The equations 


= - Pi Fy^,(x, y, p, -X ) I , 
Xogxe + = Pi Fy^,(x, y, p, X ) 1 ^, 
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*" y> P, >^ ) I , 

where the variables Xi, ^12 replaced by the right 

members of equations (7:2), determine continuous functions 
Xo(g)/ X/s(g). When they are multiplied by the differentials 
dxi, ^7^1, cixs, ^Yi2 ^©longing to the arcs A, B and added it 
is found that 

2 

(7:3) Xo dg =-F |(dy> - p-dx) 

Yi ^ ^ 1 

In order to compare the val^ies of g for the arcs Eia and 
this last equation may be integrated from g = g(Ei 0 ) to g = 
8(0^^), By then applying the first law of the mean to the 
left member an- equation of the form 

(7:4) >>„[g(C 34 ) - s(Exa)] = I*(Ai 3 ) - I'-^(B 34 ) 

is obtained, where 7\ ^ is a suitably selected mean value of 

xi>e 

the function Xo(g) on Eia, Since Eie is normal^/o = 1 on Eia, 
according to the agreement made in Section 2. Consequently 
the neighborhood N can be chosen so small that Xo(g) >0 and 
hence 7^ ^ > 0 In N« Furthermore, since is independent of 
the path in it Is clear that 

(7:5) I--(A^ 3 ) - P-(B24) = I^(Exa) - I>^(C 34 ) = - ^^( 034 ), 

the last equality being valid since 1^ vanishes identically 
along the extremal Exe of the field. The theorem nov/ follov/s 
at once from equations (7:4) and (7:5) since, as is easily 
seen, the value of - I-jj-(C^^)/ is equal to the value of the 
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second member of equation (7:1), 

It is now possible to prove the follov/inr; Important 
theorem: 


THEOREM 7:2. A FUIIJJ,,:ii:T^TAL .SUFFIOIIOKCY THEOREM. Let 
^ extremal riro Eia be an extremal of a field 3 " . 

Suppose that the ends of E^s satisfy the conditions = 0 

and that there is a neir^hborhood N of these ends in (xiy^i 
^®Yi 2 ):iS£s^ such that no other extremal of the field has 
ends in N satisfying the equations = 0 . ^ ^ each 

point of y the condition 


E [x, y, p(x,y), 7v(x,y), y'] > 0 


holds for every admissible set (x, y, y») ^ (x, y, p), then 
the neighborhood N can be so restricted that the inequality 
5 ( 034 ) > s(Ei«) ^ true for every admissible arc ^ 3* 
with ends in H satisfying the conditions yr^ = 0 and not 
identical with E^a. 

To prove this restrict N so as to bo effective as in 
Theorem 7:1. It follows at once from Theorem 7:1 that the 
inequality 6 ( 034 ) = s(Eia) is necessarily satisfied by every 
admissible arc 0^^ in 3^ with ends in N satisfying the con¬ 
ditions vj. = 0. The equality sign is appropriate only when 
the E-funotion vanishes along C 34 , that is, only when y^^* =* Pi 
at each point of °34- But in that case would be an 

extremal of the field and would coincide with Eia since Eia 
is the only extremal of the field with ends in N satisfying 
the conditions = 0 . 
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8 . ^ auxiliary theorem ^ A normal extroinal aro Kia 

is said to satisfy the Clebsoh oondition III^ if at each 
element (x, 7 f 7'9 ?^ ) on it the inequality 

holds for every set { 7T, , •••, IT^) (0, •••, 0) whloh is 

a solution of the equations TTi = 0. The aro Eia Satisfies 

0 ^ 

the Mayer oondition IV if there is no point 3 conjugate to 
1 on Eja between 1 and 2 or at 2 . 

In this seotlon wo propose to construct n solutions 
U 4 V, V^v of equations (4:13) whose determinant |U 4 i,(x)| is 
different from zero on To do this we consider a normal 

extremal aro Ei^ that is normal on every sub-interval XiX^ 

0 p 

and satisfies the conditions III , IV just described. Prom 
the condition III* we conclude that Eia is non-»ingular 
[ix, p. 736]. 

LEMMA 8:1. Thar8 Is an Interval Xi < x 5 Xi + h on 
which there is no point 3 conjugate to 1 on E^a. 

This lemma is readily proved by the methods used by 
■Bliss to establish the corresponding theorem for the problem 
of Lagrange [iX, pp. 737 - 740]. Bliss makes the stronger 
assumption that Eib is normal on every sub-interval x’x*’, a 
restriction which is useful if we wish to show thnt there 
are no pairs of conjugate points whatsoever on Ei« defined 
by values x*x” on an Interval Xi S x S Xi h. It can, 
hov;ever, be replaced by the weaker hypotheols that Eia is 
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normal on every sub-interval if we wish to consider only 

the points 3 conjugate to 1 on Ei«. 

For every pair of solutions (, Ci.)# ^i) 

equations (4:13) it is known that the expression ^ j^v^ - ujl 
is a constant. If this constant is zero, then the two solu¬ 
tions are called conjugate solutions of equations (4:13), A 
set of n mutually conjugate solutions of equations (4:13) 
is said to form a conjugate system of solutions. 

Consider now the system of solutions of equa¬ 

tions (4:13) defined in Theorem 6:2. One readily verifies 
that this system forms a conjugate system if the functions 
Vi^(x) are modified so that they satisfy the relation 
Zl(Xl)' Vij^(xi) = 0. This can be done by adding to the solu¬ 
tion UjLij, Vj^jj. suitable multiples of the solution = 0, 

= 2 j^(x). Furthermore, since satisfies the condition 
IV* it fdllows from Theorem 6:2 and Lemma 8:1 that the deter¬ 
minant |uj^jj(x) I is different from zero on the Interval Xi < x 
a Xa. When the matrices | | Uj^j^ | (, | | Vj^j^ | | are multiplied 

on the right by the inverse of the matrix || || a new 

conjugate system is formed which takes the values 

B^i^at X = Xa, where equals 0 or 1 according as 

1 k or i = k,and lei* is clear that the deter¬ 
minant I >2 I also different from zero on the interval 

Xi < X s xa. Hence the n-parameter family of solutions of 


xa) 


equations (4:13) 
(3:1) 


^ 1 = ^ S X < 



(327) 


AN AUXILIARY THEOREM 


29 


simply covers a region 8^ of points (x, ) whose 

x-coordinates lie on the interval Xi < x 5 x^. Each arc of 
this family intersects the hyperplane x = Xa in points whose 
^ -coordinates are the parameters aj^ defining the arc. Further¬ 
more, on the hyperplane x = Xa the Hilbert integral la^^ for 
the x>j^-problem defined by the family (8:1) takes the form 

la* = J 2 ^ = J 2B j^j^aj^da;^ = J B lk®l®k > 

and hence is independent of the path. It follows that the 
family (8:1) defines a field 9 " [ix, p. 733], and the 
following lemma Is established: 

LEMMA 8:2. JX Is a conjugate system of 

solutions taking at x = Xe th^ values » ®iK defined, 

then the determinant | »J j_j^(x) | Is different from zero on toe 
interval xi. < x = Xs. Furthermore the n-paraneter £^}ZLll 
(8:1) of solutions of the accessory equations defines a Mayer 
field over a region y of points (x, 
coordinates lie on the interval Xi < x = xs. 

LEMMA 8:3, For every extremal Tor the 

problem .1 pining points (x,>| ) = (x^^, 0) and (x, VJ ) = (xg, a)^ 

with xi 5 < xg^ the relation 

(8:2) Ia( ) - J? « 

h olds where 

7 


, )dx. 


Is 


=/ 


2 to (x. 
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Consider first the case whenx^ > Xi. According to 
Lemma 8:2 the Hilbert integral Ib-*** for the integral la is 
Independent of the path in 3* . Hence 

l8*( “ Ia'**‘(ATj2) Ia*(Lg^) 

1‘24 

Since is admissible it follows that 

(8:4) Ia( P, ) - I«*( P,, ) = f djc, 

where E^ is the Welerstrass E-functlon formed for the func¬ 
tion 2 fl • By the luse of Taylor’s expansion one readily 
verifies that the condition on Eia Implies that En = 0 

along , Hence from equations (8:3) and (8:4) it is clear 

that the inequality (8:2) is true whenever x^ > Xi, If now 
x^ = Xx then P^^ is an extremal of the field and by direct 
integration it is found that Ib( P 3 ^ ) = B • Hence 

the lemma is established. 

The following theorem gives us the result described 
at the beginning of this section. 

THEOREM 8:1, Let ^ ± con.iugate system of 

solutions of equations (4:15) having nt x = Xa the initial 
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vtgues , Hiij = ©iK - ' ®iK ^ 

values described above . For suoh a system the determinant 
|U^j^(x) I ^ different from zero on the whole Interval Xi = 

X = Xb and = ^kl* 

In the first place |Uj_ij.(xa)| = 1'. If now lU^j^Cx) | 
vanishes for a value X 3 (xi 5 x^ < xa), then there exist 
constants a^^, not all zero, suoh that U^j^(x 3 )aij = 0. The 
equations 

’l i = ^lk®k * ^ 1 ~ ''ik^k 

define an arc as In Lemma 8:3. By direct Integration 

It is found that for this arc 

Ia( ) - S ik^l®‘k ~ ^ ^iK ~ ^iK^®-i®k “ ^ ik^i®-k “ “®^1^1 

This contradicts the result obtained In Lemma 8:3. Hence 
l^lk^* 3 ^l is different from zero on the whole interval XiXa 
as was to be proved* 

9 . The construction of a field . In order to construct 
a field we need the following theorem: 

THEOREM 9:1. Suppose that an n ~parameter family of 
extremals 

(9:1) ^n)^ ^ 16 = ^n) 

is Intersected by an n»»dimensional manifold 

(9:8) X = xi(ai^ •••, 71“^! * * * »^n)» 

and simply covers a region ^ of xy -space containing only 
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interior points , If the parameter values of the extremal 
through the point (x, y) are denoted by y), then the 

region S?' is. a field with slope-functions and multipliers 

(9:3) Pj^(x, y) = y^^ 1?* X.(x,y) = X.^[x, a(x,y)] 

provided that the Integral I* is Independent of the path on 
the n-dimensional manifold {9:2) » 

This theorem has been established by Bliss for the 
problem of Lagrange [iX, p. 733]. The proof is the same for 
the problem considered here* 

THP’.OREM 9:2. ^ a normal extremal arc Exe ^ normal 

on every sub-interval XiX^ and satisfies the conditions III^ , 
IV', then Exs i£ a member of an n -parameter family of extre¬ 
mals (9:1) whose determinant lyia^^l is different from zero 
along Eia. Furthermore Eis i£ an extremal arc of a field J 
simply covered by the family . 

To prove this let W(ai, •••, a^^) be a function of the 

form 

(9:4) W(a) = Ziga^ + (l/2)HjL;^( - yi2^^®^k ~ YkB ^ ' 

where the constants ^12 values of the functions 

yj^(x), Zj^Cx) defining Exs at x = Xe, and the are the 

numbers belonging to the conjugate system defined 

in Theorem 8:1. When in equations (3:6) the set (xo, J±of 
is replaced by the set (xs, a^, Wg^^), an n-parameter 
family of extremals 
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Wa) = yi(x, a), 
= 2^(x, xs, a, Wa) = z;^(x, a) 


is defined and contains Kis for the special values a^ = y^g. 
The multipliers A^(x, a) associated with this family are 
determined by equations (3:3), Furthermore, since each 
extremal (9:5) defined by parameter values a^^ has on it the 
element (xs, Wa^), it follows that yiaj^ “ ^iaj^ ~ 

Wg^i^^ = at X = Xs. Hence from Theorem 8:1 we conclude 

that the determinant lyia^^l different from zero along 
each extremal of the family (9:5), This family, therefore, 
simply covers a neighborhood 3^* of Eis. Moreover, on the 
hyperplane x = Xs the Hilbert Integral can be expressed 
in the form 

= J Fy^.dy^ = J Wa^dai = J dW 


and hence is independent of the path* Theorem 9:1 now justi¬ 
fies the theorem that was to be proved. 

TH-EOREM 9:3, Let a normal extremal arc Em ^ a member 
of an n-parameter family of extremals (9;1) whose determinant 
— different from zero along E^g. If the ends of Eie 
satisfy the conditions y/j^ ~ 0, then there is a neighborhood 
^ ££ ^^^se ends in^Xiy^ -| x^y^ p^-space such that E^g ^ the 
only extremal of the family with ends in N satisfying the 
conditions \ir =0, 

- V 

To prove this let Eig be a member of the family (9:1) 
for the special parameter values (xio, Xgo, ao). By hypothesis 
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these values satisfy the equations 

VC. y(xi,a), Xs, y(xa,a)] = 0. 

r r 

The theorem now follows at once from implicit function theor¬ 
ems if we can show that the matrix 


(9=6) 11 v;;*. ^ aii 


has rank n + 2 on E^a. To do this suppose that it had rank 
less than n + 2, Then there would exist constants Idi, ba, 
Cj^, not all zero such that* the relations 


Fy^,(xi)yi^^(xi).c^ - P7p(''‘')Flaj^(='»)°k = ° 

would hold on Eia, The last equation is precisely the relation 
(2:3) for the admissible variations ^ ^ account 

of the normality of Eic the determinant (2:5) is different 
from zero on Eis. Hence we would have 


hi — ba — ao)cj^ == yj^a^(^so, ao)Cj^ -- 0, 

But this is impossible since the determinant lyio | is differ- 

k 

ent from zero along Eis. The matrix (9:6) therefore has rank 
n + 2 on Eis, and the theorem is established* 

10. Sufficient conditions for relative minima . The 
condition I is defined in Section 2; the Clebsch condition 
III' and the Mayer condition IV' in Section 8. A normal 
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minimizing arc Eie is said to sati 3 f;y the Weierstrass condi¬ 
tion ir at each element (x, y, y*, A ) in a neighborhood 

ITt of those belonging to the inequality 

ECx, y, y», A # Y*) > 0 

holds for every admissible element (x, y, Y*) 5 ^ (x, y, y*)* 
THEOREM 10:1* SUFFICIENT CONDITIONS FOR A STRONG 
RELATIVE MINIMUM. Let Eie ^ HI admissible arc without 
corners and with ends satisfying the conditions y//jo = 0 . j[f 
is. normal relative to the end-conditions yr^ - 0, is 
normal on ever^ sub-interval XiX^ of XiXs, and satisfies the 
conditions I, II^', III', IV*,' then there are neighborhoods ^ 
of Exe in xy -space and N of the ends of Exe ^ (xiyiXsya)- 
space such that the inequality 8 ( 034 ) > g(EiE) holds for 
every admissible arc O 34 ^ with ends in N satisfying 

the conditions = 0 and not identical with Eie. 

To prove this theorem we first notice that the condi¬ 
tion I and the normality of Eia imply a unique set of multi¬ 
pliers 7^^ (x) and constants c^ with which Eie satisfies equa¬ 
tion ( 2 : 2 ) and for which Xo - 1, as agreed upon in Theorem 
2:2, The condition III' implies further that Exe Is non¬ 
singular and hence must be a single extremal arc since it 
has no corners [iX, p. 735], According to Theorem 9:2 we 
now see that Eis is an extremal of a field 3f with slope 
functions and multipliers Pj,(x, y), ?Vq^(x, y). It follows 

that if the field S' is taken sufficiently small, the values 
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X, y, p(x, y), y) belonging to it will lie in so 

small a neigb-borhood of tbe sets (x, j, y*, A ) belonging to 
Exm that the condition will imply the inequality 

E(x, y, p(x,y), 7v(x,y), y») > 0 

for every admissible set (x, -y, y») = (x, j, p) in ? . 
Theorem 9:3 and the fundamental sufficiency theorem 7:2 now 
justify the theorem that was to be proved. 

Bliss [iX, 736 - 7 3 has shown that if on extremal arc 
satisfies the condition and is an extremal of a 

field y with slope functions and multipliers p^Cx, y), 

Aj^(x, y), then the inequality 

e[x, y, p(x,y), 'X ( 3 c,y), y*] > 0 

holds for every admissible set (x, y, y») / (x, y, p) in a 
neighborhood -IJJ of the sets (x, y, y*) on'Eia. Hence by 
arguments like those in the preceding paragraph the follov;ing 
theorem is justified: 

THEOREM 10:2. SUFFICIENT CONDITIONS FOR A WEAK RELA¬ 
TIVE MINIMUM. ^ admissible arc Eig satisfies all the con ¬ 
ditions of the preceding theorem except the condition II |^^, 
then there are neighborhoods of the sets (x, y, y») on E^s 

and N of the end-values (xi, yi, x^, ys) £f Eis such that the 
Inequality 8 ( 0 ^ 4 ) > g(Eig) ^ true for every admissible arc 
C 34 whose elements (x, y, y») are all In , whose ends are 
in N and satisfy the conditions 


0 , and which is not 
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Identical with Eig, 

Suppose now that the functions are continuous 

at every pair of distinct or coincident points in a neighbor¬ 
hood of those belonging to Eis. Bliss has shown that if the 
ends of Eis are the only pair of distinct or coincident points 

~tKj- '^p s O 

on then for every neighborhood N of the ends of Eie in 

(XiyiXeys )-3pace there is a neighborhood of Eis in xy- 

space such thnt every pair of points (xi, yi), (xg, yg) in 3* 
satisfying the conditions = 0 are also in N [XII, p. 267], 

Hence by suitably restricting the neighborhood 3^ of Eia 
in Theorem 10:1 we have the following'corollary: 

GOROLLiRY 10:1. Let Eie hje an admissible arc satis ¬ 
fying the conditions described in Theorem 10;1 . If further 
the ends of are the only pair of distinct or coincident 

points on Eis satisfying the conditions = 0 , then there 

is a neighborhood y £f Eia ^ xy -space such that the inequal ¬ 
ity 8 ( 034 ) > g(Eig) holds for every adpilsslble ^ arc C 34 3^ 

with ends satisfying the conditions = 0 and not identi ¬ 

cal with Eig, 

A similar corollary can be stated for weak rel;.tive 


minima 
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SUFFICIENT CONDITIONS FOR THE GENERAL PROBLEM OP MAYER 
WITH VARIABLE END-POINTS^ 

1. Introduction , The problem of the calculus of varia¬ 
tions to be considered here is the general problem of Mayer with 
variable end-points as proposed by Bliss (V, 305)^ and recently 
studied for a particular case in a joint paper by Bliss and 
Hestenes (XVI, 1-39), As was remarked in the latter paper the 
general problem of Mayer is equivalent to the problem of Bolza, 
but the sets of sufficient conditions which have been given by 
Morse and Bliss for the problem of Bolza are not applicable to 
the problem of Mayer without further modification. In view of 
this fact it is the purpose of the present paper to establish a 
set of sufficient conditions for the general problem of Mayer with 
variable end-poinbs. The proofs here given are equally applicable 
to the problem of Bolza considered as a problem of Mayer, 

The procedure used Is similar to that used by Bliss for 
the problem of Bolza (XII). We first derive in Section 4 a 
necessary condition analogous to that deduced by Bliss for the 
problem of Bolza, In Section 5 we construct an auxiliary problem 
of Mayer of the type discussed by Bliss and Hestenes, Their 
results are then applied in Sections 6 and 8 to the general prob¬ 
lem by methods closely related to those of Mayer (XIII) and 

^It Is expected that this paper will appear in the 
Transactions of the American Mathematical Society, vol, 36, 

^The Roman.numerals refer to the bibliographies at the 
ends of the present and preceding papers. The Arabic n\;mierals 
refer to pages. 
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Hfthn (XIV, 127-136). 

Statement of the problem ^ In the following pages the 
notation and the terminology used by Bliss and Hestenes for a 
particular problem of Mayer will be used throughout (XVI, 3, 4, 
8)« In addition it will be understood that the indioes ^ 
have the ranges 


1, •••, p < 2n + 1, 

The general problem of Mayer is then that of minimising a function 
g[*i» y(*i). *■» y(*«)] ia a olass of arcs 

(2:1) y^ ■ yi(*) (Xi ■ X S x«) 

whloh satisfy the diffsrsntlal equations and snd-oondltlons 

4)(x* y. y') ■ 0. y [*i* y(xi)» *s, y(xs)l - o, 

la ’ 

As before the arcs (2tl) and the functions , g, will be 

assumed to have the continuity properties (a), (b), (o) (XVI, 4) 
in a neighborhood of a particular arc Eo whose minimizing proper¬ 
ties are to be studied, the determinant (2:1) appearing in (c) 
being now interpreted as a (2n •f 2)x(p -f 1) dimensional matrix of 
rank p 1* 

For the general problem of Mayer the first necessary con¬ 
dition as given by Bliss and Hestenes (XVI, 5) is modified as 
follows, and is readily established by the methods which they 
suggest* The theorem has also been established by Morse and 
Myers (X, 246)* 

I. THE FIRST NECESSARY CONDITION. Every minimizing arc 
the problem of Mayer with variable end-points must satisfy * 
besides the conditions (XVI, 5) 
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S 


( 2 « 8 ) 




X 


P_ dx , 

Xi ^1 


f»- 0. 


the further relation 


(8*5) 


(P 


yj'Py^Jdx + Fy^,«lyi 


2 

■f 

1 


<ig « 0 


for eyery set of differentials dxi, dyj,^^, dx#, dy5^2 aatisfying 
the equations d * 0, being a suitably chosen constant s 

An admissible arc Eo is said to be normal relative to the 
end-conditions 'VfT^ ■ 0 if there exist for it p sots of admissible 
variations o'ioh that the determinant|‘5r^(5'^^V|')| 

is different from zero (XVI, 6)p For convenience an arc that is 
normal relative to the end-conditions ^ will be designated 

simply as normal ♦ 

THEOREM 2:1» ^ admissible arc that does not satisfy 

the necessary condition I Ija normal # 

This follows at once because an admissible arc E« satis** 
fles the necessary condition I if and only if every determinant 
of the form 


G(r.r) 


( <r » 1, p + 1) 


yanishes, where t P ^ sets of admissible 

variations for Et, and the function G is obtained from g in the 
same manner as is obtained from (V, 309)# 

THEOREM 2:2. ^ admissible arc Et that satisfies the 

neoesesu?y condition I Ijs normal if and only if there exist for 
it no set of multipliers 'A^(x), not vanishing simultaneously ^ 
with which it satisfies equations (2:2) and for which all (p !)• 
rowed determinants of the matrix 
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’ll-. "n-s,, 

vanish , Et is normal the constant can be chosen to be 
unity , the multipliers (x) with which Et satisfies the condi - 
tions (2{2) and (2:3) being then unique . 

This theorem is an obvious generalization of a theorem 
given by Bliss and Hestenes and can be proved by the same methods 
(XVI, 6-7), A similar theorem has been established by Bolza 
(III, 441). 

Theorems on extremals . It is known that in the prob¬ 
lems of Mayer a non-singular extremal arc can be Imbedded in a 
(2n - 1)-parameter family of extremals (XVI, 12) 

(3:1) y4-yi(x, cx, - A,(x, d, 

(Xi « X a X9), 

Further properties of this family are given in the following 
theorems 

THEOREM 3:1, Let E# be ^ member of the (2n — 1)— parameter 
family of extremals (3;1) for parameter values (xn, Xao, Co), 

If the matrix 

Yio (*•» o) 

8 

has rank 2n - 1 on E*, then there is a neighborhood N of the ends 
of Et ^ (^CxyiXaya)- space such that the end-values of every extre¬ 
mal of the family (3:1) with ends in N satisfy a relation 
W(xi, yi, x«, y#) « 0, Conversely , every pair of points (xx, yx)^ 
(xst ys) in N satisfying the condition W » 0 can ^ joined ^ 
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extremal E of the family (3:1), and by taking N sufficiently 
small the paramfeters (xi, Xr, c) belonging ^ E will lie ^ a 
preassigned C - neighborhood of those belonging ^ E*. The func¬ 
tion W has continuous partial derivatives of the first two orders 

iB. N* 

The theorem can be proved as follows. Select 2n constants 
a^, bf such that the determinant 

c) 

Is different from zero on E®. Consider now the equations 
Yll * c) + Wa^, 

(3:4) 

^12 “ 

These equations are satisfied by the set (xi®, yi®* Xa®, 7»9, c®, 

W « 0) belonging to E®. Furthermore the functional determinant 
with respect to the variables o^, W is the determinant (3:3) and 
Is therefore different from zero on E®. It follows that equations 
(5:4) have a unique solution 

(3:5) Cg « Cs(^i> yiy ya), W » W(xi, yi, Xs, ya) 

in a neighborhood N of the end-values (xi®, y^o, xa®, yao) be¬ 
longing to Eg. The right members of equations (3:5) have continu¬ 
ous first and second derivatives in N since the right and left 
members of equations (3:4) have such derivatives. If now the end- 
values of an extremal are in N, then these end-values must satisfy 
the relation W(xi, yi, Xa, y«) =* 0 since the solutions of equa¬ 
tions (3:4) are unique* Furthermore every set of values 
(xi, yi, Xa, ya) in N satisfying the relation W = 0 are the end- 
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values of an extremal E with parameter values [xi, x*, 
o(xi, yi, x«, y«)]# and by taking N sufficiently small these 
parameter values will lie in a preassigned € -neighborhood of 
those belonging to £§• Hence the theorem is proved. 

It is now possible to give an interesting geometric inter¬ 
pretation of normality. 

THEOREM 3:2. A non-singular extremal arc E«, whose 
matrix (3:2) has rank 2n - 1, ^ normal if and only if in the 
space of points (xx, yi, Xa, ye) the extremal meinifold W = 0 and 
the terminal manifold « 0 are not tangent to each other at 

the point (xio, 7x%, Xa«, yao) defining the end-values of E#. 

To prove this it is sxifficlent, as is readily seen, to 
show that the derivatives ^X 1 ^» ^yjLg proportional 

to the elements of the first row of the matrix (2:4). These deri¬ 
vatives have this property because the relation * constant 

along extremals (XVI, 6) with = y^^ dc^implies that the differ¬ 
entials dxx, <3X8, ^^12' ^®s' belonging to equations 

(3:4) satisfy the relation 


^i 


- 


•^ic 


dc 


h dW « h dW 


where h » ^iF |(xa) - ®i^^ f(^x)* If h « 0 on Et then on account 
Yi 7 ^ 

of the relation P t " constant, the determinant (3:3) would 
^1 

vanish on Et which is not the case. Hence h / 0 on Et and 


(3:6) 


Py^.(x.) - 


as was to be proved, 
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condition of Mayer . The necessary 
condition of Mayer for the problem of Bolaa, as stated by Bliss 
(XII^ 266), is also valid for the problem of Mayer considered 
here.^ In order to derive this condition we suppose that Ko Is 
a normal non-singular minimizing arc without corners and hence, an 
extremal arc* If ^ i, ? a, ^1^^^ ^ admissible varia¬ 
tions for Eo which satisfy the conditions ^ ,^) = 0, tlien Eo 

is a member of a one-parameter family of admissible arcs with 
ends satisfying the conditions = 0 and having | i, ^ g, ^ j^(x) 
as its variations along Eo (IX, 695), For such a family the sec¬ 
ond variation of the function g to be minimized is expressible 
along Eo in the form 


(4:1) ^ "Mi? 

J X« 

2tu (x,V| , )dx 


^ + 2(Q + 


where Q, Q^are quadratic forms In f x, ^ 

whose coefficients are the second derivatives of the functions g, 
'\f/, respectively, and 

This form for Ig is readily obtained by the methods used by Bliss 
and Hestenes (XVI, 12-14), Let us consider variations satisfying 
the equations ( ^>^) = 0 along Eo, and of the special form 

f 1 = dxi, ^ s = dxg, ^ic wl^ere the functions 

yj^(x, c) are those defining the (2n - l)-parameter family (3:1) of 
extremals to which Eo belongs. For such variations the seconu 


^ The proof is somewhat different from that given by Bliss 
for the problem of Bolza, He has called my attention to the fact 
that the argument which he used is inadequate in the case when 
the ends of E are conjugate, and has suggested the modifications 
indicated here. 
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variation (4:1) can also be expressed in the form 


(4:2) 


d®g = + yi'Py^jdx® + dx + 


yi 


+ s y n^' (x, S y, S y', S X ) 
^ U 


^ + 2(Q + X^Q.^) 


given by Bliss (XII, 266), where 


). 


n U,yi,yi'.^) = (x,Y| 

Sine© Eo is a minimizing arc the expression (4:1) must be ? 0 for 
all sets of admissible variations which satisfy 

the conditions ) = 0, In particular it must be ? 0 for 

variations 5 i ^ ~ ^ i = ^ ^i special type 

considered above satisfying the conditions d = 'I^^(dx,S y) = 0, 
We have therefore the following result: 


IV. THE NECESSARY CONDITION OP MAYER. For a normal non - 
singular minimizing arc Eo without corners the quadratic form 
(4:2) must satisfy the conditl^on d^g = 0 for all sets ('ixi, dxs, 
dc_) / (0,0,0) which satisfy the equations d y/;^ = 0. Furthermore 

3 " ■“.. A*" 

between the end-points 1 and 2 on Eo there can be no point 3 
conjugate to 1 defined by a value such that Eo 3^ normal on 
the interval x^xs. 

The last statement is the condition IV for problems of 
Mayer having 2n + 1 end-conditions (XVI, 19), valid here for Eo 
since Eo must also be a minimizing arc for such a problem, as 
will be sften in the next section. 

5. ^ auxiliary problem of Mayer . In order to construct 

a problem of Mayer of the type described in the last paragraph 
we suppose that Eo is a minimizing arc for the general problem 
of Mayer considered here. Its end values (xio, yio, ^zo, yso) 
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satisfy the conditions =0(^ = 1, •••, p). Adjoin to the 

functions , 2n + 1 - p functions y (xi, y^, xa, ya) 

(T ap+1, •••, Bn+l) possessing continuous first and second 
partial derivatives in a neighborhood of the values (xiq, yio, 
Xao, yso)# vanishing at these values, and having the determinant 




®Xb 

®yi2 






different from zero on £©• The new set of end-conditions ^ »s 0 
(p =1» •••# 2n-fl) defines an auxiliary problem of Mayer of 
the type discussed by Bliss sind Hestenes. It is clear that E* is 
also a minimizing arc for this auxiliary problem, 

THEOREM 5:1, Let E© be an admissible arc that is normal 


on the interval Xi©Xse and satisfies the necessary condition I. 

If E© ^ normal relative to the end-conditions « 0 ( ^ = 1, 

*•*# P)» then it is normal relative to the end-conditions y^ = 0 

( yo =* 1# ••♦j 2n + 1) just defined . 

To prove this theorem we recall that the matrix (2:4) has 

rank p + 1 since E© is normal relative to the end-conditions 

y ^ 0^ Purthei*more since E© satisfies the transversallty con- 

dltion (2:3), it follows that on E© the derivatives ^^ll' 

g , g^ are expressible as a linear combination of the rows of 

the matrix (2:4), the multiplier of the first row being different 

from zero. The rank of the matrix (2:4) formed for the new end- 

conditions y^ ^ 0 Is therefore unaltered when the elements of 

the first row are replaced by the derivatives g^ , ®Xa' 

g , The matrix thus formed is the matrix of the determinant 

^12 

(5:1) and has rank 2n + 2, Hence according to Theorem 2:2, E© is 
also normal relative to the end-conditions y^ = 0, and the 
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theorem is established* 

6. A fundamental sufficiency theorem * With the help of 
the auxiliary problem just constructed we can prove the following 
theorem: 

THEOREM 6:1* A FUNDAMENTAL SUFFICIENCY THEOREM. Let Ef 
be an extremal arc with the following properties; 
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second neighborhood N of these end~values such that for every 
admissible arc C with ends In N there Is an extremal E of the 
family (3:1) with ends In M satisfying the conditions (c) = 

•V^ (K), 

With the help of these lemmas the proof of Theorem 6:1 Is 
as follows* Select first neighborhoods of Eo and M of the ends 

of Ea effective as in Lemma 6:1 and as in (B). Select a second 
neighborhood N of che ends of Eo related to M as in Lemma 6:2* 
Consider now an admissible arc C In with ends In N satisfying 
the conditions =» 0* According to Lemma 6:2 there Is an 

extremal E of the family (3:1) with ends In M satisfying the 
conditions (E) =* 0, (E) = where the functions 

are those adjoined to the functions to form the auxili¬ 

ary Mayer problem defined In Section 5. Prom Lemma 6:1 It follows 
that g(C) ^ g(E), and from the property (B) we have g(E) » g(EoJ. 
Hence g(C) a g(Eo)« the equality being valid only in case C 
ooinoides with Eo as was to be proved* 

7, Proofs of two lemmas * In order to prove Lemma 6:1 we 
use the result obtained by Bliss and Hestenes (XVI, 32-33) which 
states that the property (A) for Eo given in Theorem 6:1 Implies 
the existence of a function W(ai ••• a^j) such that the n-parameter 
family of extremals 


(7tl) 71 “ yi(x, x»o, a, Wj), zi » x»q, a, W^) (xi i x ^ x* 


contains Eo for parameter values (xio, 3C8o, Wo) and has the deter¬ 
minant different from zero along £o» Furthermore each 

extremal E of the family (7:1) has on It the element (x, y, z) * 
(x«o, ^9 where the a^ are the parameter values defining E* 

If now we select n - 1 functions Wj,(ai, a^^) having continuous 
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first and second partial derivatives, and such that the determinant 
is different from zero for the values a^ =» 
the (2n - l)-parameter family of extremals 


7 ± * yi(^f ^ Vra^ “ ^i^** » 

(7:2) 

- z^{jL, xao, a, + Vra^ * 

(xi ^ X ^ xa) 

contains E# for parameter values (xio> ^ 20 , ^ 0 , b « 0). Moreover 
every extremal E of this family has on it the element 
(x# 7^$ z^) = (xao, aj^, + Vrai^> where the parameter values 
aj., bp are those defining E* The equations e3q>re83ing this fact 
are the equations 


®1 “ '»)» '"'aj * '’r'^'raj “ 

and by differentiation it is found that the determinant 

“lajj “'ibj. *1 

is different from zero for the values (x, a, b) = (xbo, a©, 0)* 
Hence the family (7:2) is one of the type (3:1), its multipliers 
;V^(x, a, b) being found in the usual manner (XVI, 8-12). 

Since the determinant ( Yiaj^ I belonging to the family 
(7:1) is different from zero on Eo, the determinant I 

belonging to the fsonily (7:2) has the seune property. Hence the 
system of equations 

(7:3) yj, = yj^(x, a, b) 

has a unique solution 


“1 ” 
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In a neighborhood D of the values (x, y, b) belonging to Eo. 

The functions aj^(x, y, b) are continuous and possess continuous 
derivatives of the first two orders in the domain D » If now 
we let 

Pl(*» 7, b) «• yw[x, a(x, y, b), b] , 

(7S4) “ 

A^(x. 7, b)» \[x, a(x, y, b), b] , 

$ 

then according to the condition II ^ implied by the property (A) 
on Eo, the domain D can be so restricted that at each element 
(x, y, b) in D the inequality 

E[x, y, p(x, y, b), A (x, y, b), y»] > 0 

holds for every admissible set (x, y, y*) 3^ (x, y, p), where 

E(x, y, P, > # y’) is the Welerstrasa E-function (XVI, 24, 36)♦ 

Furthermore on the hyperplane x * xao iri xy-space the Hilbert 

integral is independent of the path (XVI, 33| cf. XII, 269) 

when the parameters b^ are fixed* It follows that for each set 

b^ the region S of points (x, y), whose elements (x, y, b) are 

all in JO # forms a field with slope functions and multipliers 

defined by equations (7:4) (XVI, 31*32)• We have a family of 

such fields depending upon the n - 1 parameters b^# In each field 

the Weierstrass E-funotion is > 0 unless y^* “Pi* Hence according 

to a theorem proved by Bliss and Hestenes (XVI, 26) there is a 

neighborhood M cf the end-values of Ee such that every extremal 

E with ends in M and belonging to one of these fields furnishes 

a proper strong relative minimum for the functloi* g in the class 

of admissible arcs C in whose ends are in H and satisfy the 

conditions iif (C) » 1//' (E)* 

r r 
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Lewma 6:1 will now be established completely if show 
that the neighborhood M of the ends of £o oan be restricted so 
that every extremal E of the family (7:2) with ends In M Is a 
member of one of the fields Just described* To do this we select 
a constant h so that the set [x, y, a^(x, y, b), b] with elements 
(x, y, b) In D Is the only solution of equations (7:3) satis¬ 
fying the relation 

(7:5) y, b) - h 5 a^ S a^Cx, y, b) + h. 

This oan always be done since the solution aj^(x, y, b) of equa¬ 
tions (7:3) Is Isolated. We now select a constant € such that 
the Inequalities 

la^ - a^^l < h/2, la^^ - aj_(x, y, b)' < h/2 

hold along every extremal E of the family (7:2) with parameter 
values (xx, xg, a, b) In an C -neighborhood of those belonging 
to E#. The relation (7:6) now holds for every set of values 
(x, y, a, b) on E* It follows that a^^ « hence 

E is an extremal of one of the fields Just described. This com¬ 
pletes the proof of Lemma 6:1 since according to Theorem 3:1 the 
neighborhood M of the ends of E# oan be so restricted that every 
extremal E of the family (7:2) with ends in M has parameter values 
( 3 Ci, xa, a, b) In the € -neighborhood just defined. 

In order to prove Lemma 6:2 consider first the equations 

(7:6) W(xi, yi, X,, y») - 0, 7it *■» 7») ■ * 

where W la the function defined In Theorem 3:1. As was seen in 
Section 3, the functional determinant of these equations la dif¬ 
ferent from zero on E«. Furthermore equations (7:6) are satis- 
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fl«d by the set (xi, yi, x«, y», m) ■ (xi., yi», x.o, yea, 0) 
belonging to Eo* Henoe there is a constant h > 0 suoh that equa¬ 
tions (7:6) have a unique solution 

(7:7) Xx - Xi(ai), y^j^ ■ yii(m), x* » x»(m), y^g » 

for all values satisfying the relations |d^| < h. If h Is 
sufficiently small, then according to Theorem 3il every pair of 
points (xi, yi), (xa, y*) can be joined by an extremal of the 
family (3:1)• Furthermore it is clear that, if necessary, the 
constant h can be further restricted so that every set of values 
(xi, yi, x«, y*) defined by equations (7:7) with |m^| < h is in 
a preassigned neighborhood M of the end-values of Eo* If now we 
select a second neighborhood N of the end-values of Eo so that 
every set of values (xi, yi, x», y«) in N satisfies the relation 
I y/^ (xi, yi, xe, ys)l < h, then every admissible arc C with ends 
in N determines a set of values m^ « 'V^(C) satisfying the rela¬ 
tion |m^| < h, and these in turn determine an extremal arc E 
with ends in M satisfying the conditions -^(E) • Y’(C)* This 

proves Lemma 6:2* 

Sufficient conditions for relative minima . The 
necessary condition I is given in Section 2, The symbols Il^'t 
III' will be used to denote the strengthened conditions of Weler- 
strass said Clebsoh as defined by Bliss and Hestenes (XVI, 54-35), 
The symbol IV' will be used to denote the condition IV of Section 
4 strengthened so as to exclude the equality sign. With these 
definitions agreed upon we can state the following theorem: 

THEOREM 8:1, SXJPPICIENT CONDITIONS FOR A STRONG RELA¬ 
TIVE MINBJUM, Let Eo ^ admissible arc without corner a and 
with end-points determined by values Xio, x«o and satisfying the 
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oondltions -y^ « 0. Eo la normal relative to the end*conditions 
a 0, is normal on every sub*lnterval XioXj of XioXso, and 
satisfies the conditions I, III ^, , then there exist neigh¬ 

borhoods of Eo in xy- space and N of the ends of E© ^ (xiyiXays)* 
space such that the Inequality g(C) > g(Eo) holds for every admissi ¬ 
ble arc C y with ends In N satisfying the conditions "y^(C) = 0 
and not Identical with E©. 

The theorem will be established If we can show that the 
hypotheses of the theorem Imply those of Theorem 6:1. It Is easily 
seen from Theorem 5:1 and from the sufficiency conditions given 
by Bliss and Hestenes for the case p = 2n + 1 (XVI, 35) that E© Is 
an extremal arc having the property (A) of Theorem 6:1 provided 
that we can show that the condition IV^ Implies that the ends of 
Eo are not conjugate to each other. If the ends of E© were conju¬ 
gate then the constants dCg In the expressions 8 - YlCg^^s 

could bo selected, not all zero, so that the differentials 8 y^ 
would all vanish at the ends of E©. If we should take these con¬ 
stants dOg together with the values dxi * dxa * 0, then the condl- 
dy^s 0 would be satisfied and the expression (4:1) for d®g would 
vanish, which would contradict the condition IV', Hence E© has 
property (A) of Theorem 6:1. 

To prove that E© has the property (B) of Theorem 6:1, we 
first note that the conditions I, III^ Imply the existence of a 
family of extremals (3:1) containing E© for parameter values 
(xio, Xao, conditions I, IV' It follows that dg = 0, 

d®g > 0 for every set of differentials (dxi, dX8> dOg) / (0,0,0) 
which satisfy the conditions 0. But these are the condi¬ 

tions which Insure that g(xi, xa, Og) > g(xi©, Xao, Og^) for all 
sets (xi, Xa, Og) (xx^ xa, Oqq) satisfying the equations 
'y/(xi, Xa, Og) = 0 and lying in a sufficiently small £ -neigh- 
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borhood of (xio, xgo, ®so^* since the ends of Eo are 

not conjugate the matrix (3*2) has rank 2n - 1 (XVI, 21), and 
according to Theorem 3:1 there is a neighborhood M of the ends of 
Eo such that every extremal with ends in M has parameter values 
(xi, xs, Cg) in tho C -neighborhood described above. It follows 
that g(xi, 7 i, xe, ya) > g(xio, yio, Xao, yco) for every extremal 
E with ends in M satisfying the conditions Y^^(E) ~ 0 and not 
identical with Eo. Hence Eo has the property (B) and the theorem 
is established. 

In a similar manner sufficient conditions for a weak 
relative minim\im for the general problem of Mayer with variable 
end-points can be established. Thb argument is like that of Bliss 
and Hestenes(XVI, 36) with the help of simple modifications of 
Theorem 6:1 and Lemma 6:1 above. The Theorem 10:2 of Bliss and 
Hestenes remains valid here if we replace the phrase "preceding 
theorem" by "Theorem 8:1" and the equations = 0 by = 0. 
Similarly Corollary 10:1 of the paper by Bliss and Hestenes is 
still effective if we replace "Theorem 10:1” by "Theorem 8:1" 
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THE PH03LEI! OP BOLZA AHD ITS 
AGGEoSOHY BOUliDARY Y.ILUE PROBLEI.I 


IKTROBUCTIOH 

The prohlem of Lagrange with variable end points and in 
a generalized form has been formulated by Bclza*^ Ho oonsidered 
the problem of minimizing an expression of the form 

X Xx ^ 

, f^=i, -.n,) 

with respect to certain arcs which satisfy a set of finite end 
differential equations and also certain general end conditions. 
Bliss^ lightened Bolza*s hypotheses and put the problem in a 
form in which the Integral does net appear, in this way his 
problem is most symmetrical and forms a direct generalization 
of the classical problem of Llayer. Morse^ recently considered 
the problem of Bolza and gave for the first time a set of 
sufficient conditions for it. The ccnditlcns make use of the 
characteristic nximbers of a bcundarj; value problem which arises 
from minimizing the second variation for the general problem. 

He attacked this problem by means of the theory of what he 
called a fundamental quadratic form. 

M 

^Anormalen Fall " boim Lagrangeschen 
IJayorsohen Problem mlt gemiscHten "BedTngungen und varlablen 
ijndpunkten . liathematiscbe Analon. Volt (1013). p. 4^0. 

2 

The problem of llayer with variable end points . 
Transaotions of tbe AmeiTcan MatSernatioal o ociety. Vol. 19 
(1918), pp. 305 - 314. 

^ ^^-^fieient conditions in the problorg of Lagrange with 
variable end points. American Journal oi emaTic'sT Vcl. 

TTTOTTr* B1T ~546. 
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In this dissertation, os suggested hy Professor Bliss, 
v/e hove discussed this heundary value prohlem uurely from the 
theory of differential eguotiens.^ By a simple change of nota¬ 
tion v;e are able to avoid the ncn-tangoncy condition imposed 
by Morse and at the same time put the problem in its most 
symraetrical form. By first proving various properties of the 
characteristic numbers and fiaicticns v;e have arrived at an 
important expansicii theorem v/hich enables us to show that a 
necessary tnd sufficient cenditien for the second variation to 
be alv/ays positive (or non-negative) is that the characteristic 
numbers should be all positive (or non-negative). We have also 
attached a minimizing property to each of the characteristic 
numbers and functions which corresponds to the complete problem 
of Morse. For the simplest plane problem a similar proof has 

p 

been given by Hilbert as an application of the theory of 
linear integral equations ;;ith symmetric Irornels. In our case 
the exuansion theorem is also deducible^ from the theory’’ of a 
system of linear integral equations with symmetric kernels but 
the method v;hich we have adopted is more direct and elementary. 

By the ordinary differentiation method, a generalization 
of Hahn’s lemma, and the condition for the second variation to 

^ In this connection the procedures of Bliss in the 
paper "A boundary ynl.H,Q .?.cr a system of ordinary linear 

differontlai equations" ox tbe'lfirst order*’ Transactions of the 
American I'.(athematical 'dooiety. Ycl. 25 (1926). pp. 561 - 5G4 
have been of much assistance. 

^ eiiier al,lgemeinen Theorie der linearen 

Integralglofehiungen. T5TS7 p. 56. Also Loviti^“^ineer integral 
equaticnsT ^ p. 196\ - 

3 ijee Lemma 8*1 (below) and the remark follov/ing its 

proof. 
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INTRODUCTION 


3. 


be always positive, a new sufflclervcy theorem has been given 
for the problem of Bolza Independent of Morse and without the 
'non-tangency condition. Instead of assuming the minimizing 
arc to be normal on every subinterval of x^X 2 relative to 
the Euler-Lagrange equations, we assume that It Is normal only 
on every subinterval Both of these normality conditions 

require the Integrand function f to be not Identically zero. 

In this respect the problem of Bolza may be regarded as comple¬ 
tely solved but for the problem of Bliss a somewhat different 
kind of normality condition must be needed, 

FlneLlly by considering various boundary value systems 
In connection with their corresponding minimizing problems we 
have deduced some rather general oscillation and comparison 
theorems which are Involved with the theory of conjugate and 

focal points. Our results Include those of Morse In the paper 

1 

already cited and In one of his earlier paoers. The proofs 

are also quite Independent and seem to be easier, A funda- 
2 

mental lemma which leads to the construction of a field 
surrounding an extremal which Is only normal on every sub- 
interval or on every subinterval x^x^ also comes out as an 
application of a more general comparison theorem. 


' A generalization of the Sturm separation and compel - 
son theorems In n-space . Mathematlsche Annalen, Vol, 103 (1930;, 
pp. 52-69. 

2 

See Theorem 14*2 (below). A proof has been given 
by Bliss In class lectures, Spring quarter, 1931. Another by 
Morse, ** 3uff Iclent conditions In the problem of Lagrange with 
fixed end points ." Annals of Mathematics, Vol, 32 (193lT^ 
pp. 574. 



CHAPTER I. 


THE PROBLEMS AND SOME OF THEIR NECESSARY CONDITIONS. 


1* The problem of Bolza and ItB multiplier rule . By 
definition let an admissible arc be an arc 

( 1 . 1 ) = 

of class D' lying In an open region of the (x,y,y')-Bpace 
and satisfying a set of differential equations 


( 1 - 2 ) 


where y^' Indicates the derivative of y^ with respect to x. 
The problem of Bolza Is then the following 

Problem 1, To find In the class of arcs y^ = y^ix), 
admissible according to the above definition and satisfying a 
set of end conditions 


do) 






one which minimizes an expression of the form 

rXa rXi 

As usual we concentrate attention on a particular 
admissible arc equations of the form (!•!) and satis¬ 

fying the end conditions (1*3)* We Investigate what properties 
It must have In order to be a minimizing arc. The analysis Is 


^ The notations y^^^ Yl? represent the values of 
at xi and X 2 respectively. In tne sequel similar notations 
will be used for other functions, like , etc. 
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based upon the following hypotheses: 

(a) The functions ^ and f are of class C" for 
values of their arguments In the region IfZ while the functions 

and g need only be of class C" for Yll* ^2» ^12 
projection of ^ ; 

(b) The m by n matrix II || Is of rank m at every 
point of ^22? 

(c) The p by 2n - 2 matrx || (| has 

rank p for end values of 

Here and In the following pages literal subscripts, 
following the Indices of functions and elsewhere, like y^' , 
yil, yj^2 (c)» will be frequently used to Inalcate 

partial derivatives. 

We shall now give some definitions and the multiplier 
rule theorem without proof. Let 

(1-5) 

be a one-parameter family of admissible arcs containing E^^ 
for b = 0 and of class C In b near b = 0, By differentiating 
the equations ^^[x, y(x,b), y’(x,b)] = 0 with respect to b 
and then putting b = 0, we shall have the so-called equations 
of variation alonp E^^ for the functions 9^ 

vi.6) = 

where denotes y^^(x,0) and the arguments In the partial 
derivatives of are those belonging to Eq^ 2* feunlly 

(1*5) also satisfies the end conditions (1*3) for every b near 

1 Throughout this paper a repetition of subscripts will 
Indicate sum as In tensor analysis, e.g, 
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b =s 0, then by differentiating the equations '^[x(b), y(b)j = 0 
vdth respect to b and setting b » 0, we shall have ^ 

where arguments in the 

partial derivatives of % are those belonging to the ends of 
E^^g. These ere called the equations of variation along E^^g 
for the fmiotione • 

A set of admissible variations along B^^g is by defini¬ 
tion a set , ^cM In which «^ne arbitrary 

constants and yjc (x) form a solution of class D* of the 
equations of variation (1*6)• The arc E^^g will be called 
normal if there exist for it p sets of admissible variations 
{3(), ( V - 1, •••, p) Buoh that 

{ 1 - 8 ) I 

This kind of normality is normality relative to the conditions 
a 0. Later on in the sufficiency proof we shall need the 
following kind of stronger normality condition. The arc E^g 
is called absolutely normal on a subinterval of x^Xp if 

there exist for it 2n sets of admissible variations 
( ^ * 1, •••, 2n) such that 

(1*9) j * O , t = 

The adverb "absolutely" is introduced here for the first time. 
Its use seems to be Justified because, if E]_g is absolutely 
normal on-a certain interval, it will be normal on the same 
interval relative to any conditions. 
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1 

Theorem 1*1. For every minimizing arc £^2 ££ Problem 1, 
there exists a set constants c^ and a function 


( 1 - 10 ) + 


such that the equations 


( 1 * 11 ) 



(J X i' c ^ 


are satisfied at every point of constant the 

multipliers (x) ^ not all vanish at any point of x^Xg and 
are continuous except possibly at values of x defIninp corners 
of ^12* Furthermore there exist constants d^^ such that 
and d^ are not all zero and satisfy with the end values of E;il 2 
the so-called transversality conditions 


tUl) ' . 

where FCx^^) represents the value of F aX x = X]^ FCxg)^ 
Fy^.Cx]^), have similar meanings . For a normal minimi- 

zlnp; arc constant >0 cannot ^ zero , ajid multi¬ 
pliers and constants taken In the form = 1, 511^1 ^i* 


^ This theorem Is a consequence of the methods used by^^ 
Bliss In *' The problem of Lap:ranpe In the calculus of variations 
American Journal of Mathematics, Vol, 52 (1930), p. 692 and 
in ** The problem of Mayer ** loc, clt, , p, 309 . An explicit 
proof has been given by Morse and Myers, The problems of 
LaffranKe and Mayer with v ariable end-points . Proceedings of 
the American Academy of Arts and Sciences, Vol. 66 (1931)i 
p. 245. 
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are unique . 

Corollary 1, At every point of not a oorner . the 

Buler-Lagrange equations 

must be satisfied . 

Corollary 2, ^ every oorner of JS^g the oomer oondi - 

tiona 

(1-14) F^il vx-oj mp(*o^] 

must be aatiafied . 

Corollary 3, Hear every point of which la not a 
corner and at which 

(1-15) f? - ! 

I %ji 0 

is different from zero , the arc B]l 2 olasB C" and the 

multipliers (x) are of class C* • 

An admissible arc y^, *» y^( 2 ) with a set of multipliers 
y^o • y<x (3c) is called an extremal , if are of class C” 

and (x) are of olass C’ euid if further they satisfy the 
Kiler-Lagrange equations (1*13), A minimizing arc or an 
extremal is called non-singular if the determinant in (1*15) 
is different from zero at every point of it. If is a non- 
singular minimizing arc for Problem 1 end has no corners, then 
by Corollary 3 it must be an extremal. In order to avoid 
repetition of statements in the following discussions we add 
to the hypotheses fa), fb), (o) already made the assumption: 

(<i) is a normal non-singular extremal arc satis- 


erf ?=/,. • < 


r ri 
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fying tho end ocnditione - 0 and the tranaveraality condt- 

tions (1*12). 

2, The second variation for and its accessory 

pro'blem » Since is a normal extremal arc satisfying the 
conditions V- 0. it follows that, for ev’ery set of admissible 
variations (x) satisfying the conditions 

m 0, there exists^ a one-parameter ftunily of admissible arcs 
of the form (1*5), satisfying tho conditions 4^=* 0, contain¬ 
ing for b » 0, of class C" in b near b * 0, and having 

variations along 2^^, When this 
family is substituted in the expression for I in (1*4), we 
shall have a function 1(b). If we take JXq - 1 theorem 1*1, 
the first variation along E^g for this family is readily veri¬ 
fied to be 

where G( f ) is given by (1*7) with ^ replaced by g, end 
x^, Xg refer to the ends of B^g. The value of I^^f ^ ) is 

easily seen to be zero by means of the equations (1*11) and 
the transversality conditions (1*12). 

With the help of (1*11), (1*12) and some complicated 
but not difficult computations, v/e can also verify that tho 
second variation along E^^g for the above mentioned family has 
the form^ 

( 2 - 2 ) 


1 See Bliss, The problem of Lagrange , loc.cit. pp. 694 
^ Morse, Sufficient conditions in the problem of 


696. 
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where Xg still belong to the ends of The function 

2q( ^ ) is a quadratic form in , '^c, , with 

coefficients uniquely determined by Ue shall not need 

the explicit form of q( f,*] ) and hence will not give it here. 
The function 2uJ(x,v| , v{' ) is given by 

(2*3) 2 uJCXyri,^') 

in which P^j^, denote respectively the partial deri¬ 
vatives P , P ,, P , , with arguments belonging to E^p. 

li7e notice that Pj^j^ and Rj^j^ are symmetric matrices. 

If E^g is a minimizing arc, we must have Igf ^ ) ^0 

for every sat of admissible variations I", , 

satisfying the conditions SjU. ( 1,1 ) « 0. Hence the following 
accessory problem naturally suggests itself, namely, to 
minimize the expression l^( | ) with respect to all parameters 

and functions vj^ (x) of class B’ on X]_xg and satis¬ 
fying the conditions 

This problem is rather unsymmetrioal due to the pres¬ 
ence of f ft t will cause some trouble in its dis¬ 
cussion unless certain restrictive conditions are introduced. 
However, by a simple change of notation, we can put it into 
a more elegant and simpler form and without any loss of 
generality. We shall enlarge the ranges of i, k and ex so 
that i, k * 1, •••, n + 2; 0( a 1, •••, m + 2. Instead of 
we write tj^^, , respectively, and define 


Lagrange with variable end points , loo. cit., p. 521. 
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T?*= fortor-A^-v, 

(2*B) , , 

for S -I or 1. 

With these agreements and obvious ohonges la writing 3(CT> 
end ^Cr,>|) , we eee the^ the above problom is included in the 
following Problem 2, in whloh, however, we still keep on 
writing i, k * 1, •••, n; oc -1, •••, m. This is e matter of 
convenience because ra and n are arbitrary integers ej^oept 
m < n. Moreover by means of the hypotheses (a), (b), (o), fd) 
made in g 1 one roadily verifies that the hypotheses (« ). •••, 
( 6 ) xo be made below are satisfied by the acoesoory problem 
for after change of notation* 

Problem 2* To minimize an expression J( >j ) of the form 

atjf*,1.7-*5+ (?,•*. (' 


With respect to all functions rjc (x) of class D* on a fixed 
interval and satisfying the conditions 




The hypotheses to be made on this problem ere as follows; 

(cx ) The coefficients of and -are all 

constants. The coefficients of 2 .tO and 5o< are functions of at 
of class G’ on x^atg* The matrices are all 

symmetric. 

( |*» ) The m by n matrix || %i || has rank m at every 
point of x^Xg. 

( y ) The p by 2n matrix II lias rank p. 
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( S ) There exist p sots of admissible ares (x), 

( y -1, •••, p), i.e*, solutions of‘class B’ of the equations 

“ 0i such that 

f2.8) I . Cy<'V-(, - ./v). 

(€ ) The determinant 


(2-9) 


P. A fcp ^ 
%«. 0 


■ .M/ 

0 ^,^ ^ i J ' •' J yrh' ^ 


with 9‘J3 * different from zero at every point of 

This problem hes the some form as Problem 1 except the 
condition lU >| ) * 1* Hov/ever we knov/ that it can be put 
exactly in the form of Problem 1 by introducing oncthor new 
variable# By means of the hypothesis (S')# one can readily 
prove that evex'y admissible arc for this problem is iicrrnal. 

The following theorem is then oasily deducible from Theorem 1*1# 
Theorem 2*1# For every minimizing arc £f Problem 

^ 't^here exists a set of constants , d^ and £ function 


(2*10) 




such that the equations 

(2.11) 

are satisfied at every point of and the transversality 

conditions 


( 2 . 12 ) = 

Where ITl^j/Cx^) and /5)j'(3C2) denote the values of £i ^1 ^^*3. 

Xg respectively , ere satisfied by the ends of # Tlie finic - 
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AHA BGUr: 


tlons >4< (x) £ire ccntiniicus cn oztcept ^^ccslbly i t vf.luou 

cf def iiiijig- ccrnors cf • Purtjier.nore tlio oet cf a one tents 

and multipliers , q^, and (x) are -nnlque . 

Corollaries like those to I'leoreu 1*1 can bo ir.v.iodiate- 
ly written dc'.rn. In particular, if Pii is a mini-:izinc rrc 
without comers, the equations 

(2*13) , ^0 =0 , =ri^^-Srj; 

rauat be satisfied at every point of fTi • 

I'he boundary value problem ond its cancnloel form # 
The bo undary value problem associated with Problem 2 is to 
find for what values cf CT" the equations {2‘13) can have a 
ncn-identically vanishing solution >]j(x), Voi * whioh 
together with some constants dj^x, v/ill satisfy the transversallty 
conditions (2*12) and the ond conditions But, both 

t'uecreticclly and x->3:ac tic ally, it is found more convenient to 
transform (2*13) to a canonical form and eliminate V from 
(2*12). Per this purpose v/e introduce the new variables 


(3-1) 




Bince tiio determinant R in (2*9) is everywhere different from 
zero on X 2 ^X 2 f w;e can always solve the equations 

(3.S) 

for the functions >j^ and Vo/ • If v/e let 


if'- 




' 0/,^./, •vWV ' 


(3.3) 
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with K^p eymmetrio and IS^p - » ^.enote th^ reolprooal 

of R, the solution will he 

and hence + ^ik ”** given by 

■^'|i " ^ ^ ^ ^ 

■+ f ^4 ■*■ ^•''■' ^^^xA,) ^ , ( 'C,j. ^, / = I, •• t ••^^). 

Prom these relations it follows that (2*13) is equivalent to 
the system 

* L^a^4.'*' » 

where I^k coefficient of ^ 4 , in the first equation of 

(3»4) and is the coefficient of ^ 4 , 1^ (3*5)• Prom the 
definitions of the symmetric property of 

and the hypothesis that \{%i\\ is everywhere of rank m on x^Xg, 
we can easily verify the following essential property of (3*6). 

P^) Both the matrices |( (| and )| N(| are symmetric 

and the former has rank n - m £t every point of x^Xg. 

Next write the transversallty conditions (2»12) in the 

form 

^;.+8Ay*|-'Cviy<i+^9<^ =0 , ( ) ■ 

Since the p by 2n-dlmensional matrix ||^* , o^J| is by hypothesis 
of rank p, there exist exactly 2n - p linearly Independent sets 
of constants (b^^, dri), (r ■ p-fl, •••, 2n), each of which is 
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orthogonal to every row of 1 || • I>Tultiplying (3«7) 

suooessively by these sets of constants, we shall obtrin 2n - p 
linearly independent conditions free from . Adjoining » 0 

to these conditions, we have the follov/ing system of 2n linearly 
independent conditions on the end values of vj- and : 

+<^c>J;t +O-f,, =o , = ■ ’A\ 

where Sjjl -0 is another way of writing • 0 and 

(3-9) = + . 

Hereafter we shall write the conditions (3«8) aa 0, 

( j3 - 1, •••, 2n). I’rom the definition of , d^j^), the 

expressions (3*9), and the symmetric property of 
have the following essential property of Sjo - 0. 

1*2^ 2l 11 II ®£2 i-'^utually 

conjugate , l.e. 

fs* 10 ) +<!<*■ C^/>. . ( f,X = l, ■ ■ 

The equations (3*6} and the conditions (3*8) constitute 
a canonical form of our boundary value problem with the proper¬ 
ties and Pg)* In the following section we shall show that 

these are the only essential properties of the problem. Before 
leaving this aeotion we shall state the following lemma which 
is easily deduolble from the above transformation and will be 
useful in the sequel. 

Lemma 3*1. 0^) For every solution ( )^ , f ) ££ the 

oondi.tions H - 0, there exist constants d ^ such that 

fs.ix) , =o 
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Is cn identity . where is the polarized form of 

with reapeot to ( >^ ). Gg) For every solution ( >^ , ^ ) 
of the conditions 5’p^^/r)= 0» ^ have 

(3*12) + ■ 

^3^ tv7o solutions ( , ^ ) and ( ^ ) 2 ^ the conditions 

SpC^J. ?) = 0* W£ have 

f3-13) 

Their proofs are irmaediate. For G]_) simply says that, 
whenever ( Kj , ) satisfies the conditions 5j> =0, there must 

he constants d^ v/hich together with. ( >j ,^ ) satisfy the 
conditions (3*7). (3*12) is obtained from (3*11) hy letting 

( vj ) = f >1 ) and noting that (^ ) “0. (3*13) is obtained 

by subtracting (3*11) and its analogue. 

'fhe equivalence of the bounaary value problem and 
£ ^niniinizing problem . In the preceding section we have shown 
that Problem 2 leads to a boundary value problem consisting of 
(3*6), (3»8) and having properties P^), this section 

we v/ish to show that, conversely , any such boundary value problem 
is the problem arising from e minimizing problem of the same 
form es Problem 2. 

L^’irst let 

be any 2n linearl;, ..indei^endont conditions having the conjugate 
property Pg)* Let the rtuik of j b^^. , dp^ )| be 2n - p, (0 ^ p ^ 2n). 
By replacing the conditions Sp « 0 by their linear oombinatiens, 
v/G may suopese tliat they have been reduced to a form in v/hich 
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iir/i 


= 0, ( ^ = 1, •••, p; i = 1, •••, aiiJ IBe liiatriccc 

II Q-joc » Qfcll II , d|,^,)| , aTtcr eortain aame perijutatlon of 
c c luinns , v;i 11 b ec c r.io 


(4.1) 


I and. ° I 

I *^AV I^AV ^AS I 


S = /i + b 


7" 

• ■. Irv 


) 


respectively, where l3 the Krcneckcr S . It oaji be soon 
without difficulty thtt the nctricee iu (4*1) will still hove 
tliG ocnju^“jte property tiien define ( y] ) = 0 ns tlie 

first p cciiditioiis 5^ ( ^ ^ ) =0, and prove th. t there oxistfj 

a quadratic fcrrn 2q( >j ) in v/itli cciistcint cceffielonts 

■^ih* ^^ik* ^ik that the last 2n - p coiiditions 5^ ( f ) 

= 0 are the result of eliminating d^ from the conditions 

"^1 = ■ 

All we have to show is that the general solution , ~ cf 
t/.G equations 

(4.3) = + ' (A-/VH, ■• 


is cf the form (4*2) with and =» Gj^^. To do tixis, 

let y^ and z |> denote respectively the sets ( yj^, , v|.a ) and 
( f~K^2 ) permuted exactly in the same way and so that, when 

we do the acme perj.iutation v/ith the columns of 1| /| 

Hbp- t d^^ 1} , they will beccioe respoctivoly the matrices in (4*1). 
V/ith these no tat ions the uqucticns (4*3) then become 


• -4) 

lenii.g 


Y/vs and remembering that 


. 

. 2M. 

(f^s is 


)• 
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Krcneckor 5" i SQQ that the general solution of (4*4) in 
and is 

-.yi- 

V7it':i arbitral’;^' constants c^ • xhis is evident Decause (4*5) 
v/ith Gy « 0 ie c particular solution of ^(4*4) actual eubsti- 
t-itiCii and each rov; of /( o^w, /I is crtho^cnal to every rev? cf 
II p/iy , ^A 5 II by the conjugate property cf the *uitricc3 in (4*1). 
The latter property also shc\?s that - fjA. • The eguctions 
(4*2) then fcllov? froi.i (4*5) by return to cur original notation 
since the synimetry of tho matrix formed by the ccefiiciontc 
oC yy , yg in (4»5) implies that cf tho cerreopending matrix 
in (4.2), 

Next Goiisidor tho differential equatioiis (3*6) • TZe are 
going to sliov; that, given any functions and having 

the property I*^)f there exist a quadratic form 2u) C x, yj, )i^ J 
in 'Vj;; , v/ith coefficients ^ik ® 

differential equations * 0 such that 

the transformations in g 3 v/ill lead to equations (3*G) \7ith 
tho given fmetiens coefficients. To this 

effect v.'e proceed as follows; Since is everywhere of 

rank n - m on x^Xg, there exist^ ra sets of functions , 

{ oi =1, •••, m), having any required continuity properties, 
suoh that II ^^ik (I is everywhere of rank n on Let '3^^ - 

II II 12^/3 

and , ( <^ f /3 » 1, •••, ra) be any arbitrary func¬ 

tions. I say tho symmetric detotminant 

^ See Bliss, The problem of Idayer . loc.cit. p. 31E. The 
theorem given there is a little diTTerent from the above state- 
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HcA I ^ ^ ^ 

is everywhere different from zero on and tho cofactor of 

any element is everywhere zero. Indeed lot x iiavc aii^ 

fixed value and, for tho sake of convenience, let the deter¬ 
minant of order n - m in the uppor left hand corner of ) ( 

he different from zero at x. Divide the olemerito of R~^ into 
blocks as indicated hy the following diagram 

'yru 

By subtracting suitable linerr combinations of tlie first n - m 
rows and oclui.ms of R"^ from its remaining rows and columns 
respectively, it con bo brought about thft tho elements in tho 
blocks II to YI all reduce to zero. Let tho blocks 7II and VIII 
become VII* and VIII’. By our choice of the functions , 

neither of tho determinants |VII’l and |VIII*| can bo zero. it 
then follows that is different from zero at x. If v/e 

do the analogous process with tho cofactor of any olcrxut , 

T/e shall arrive at blocks VII” and VIII” of dimensions m - 1 
by m and rn by m - 1 respectively, and tlie ccfcctcr is seen tu 
be zero at x. Consequently the rociprocel R of R"^ exists 
everywhere on and is of the fc-r.o given in (h*9). llcv/ let 

^ik elements of this reciprocol R as tney stand in 

(2*9) and dofino 

Oo(i I Q4.C Q.JiL/A • 

mont but essentially the seme. 


YL-'nu 'tn- 7*^ 


I 

I 

71 

IT 


VBI 

-V 
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V/e see that and are both symmetric matrices. By taking 
these functions Pj^j^t coefficients 

in 2 0 (x,»j,h|') and respectively and substituting 

thorn in the formulas of g 3, it will come out that the coeffi¬ 
cients have exactly the given values. 

5* ^ analogue of the Jacobi condition in terms of 

characteristic numbers . Vlrite the equations (3*6) and the 
boundary conditions (3*8) together in the system 


(5*1) 


‘J- =L,-«>]4+M;ft(4 , 


s^/>/.C)=o 



> >P 


)• 


Any value of 6” , for which (5*1) has a continuous and non-iden- 
tioally vanishing solution in yj: , called a character ¬ 

istic number , and the solution a oheraoteristlc solution . With 
those definitions we have the following 

Lemma 5«1. The normality condition ( 5" ) 3^ Problem 2 ^ 
a necessary and sufficient condition for the system (5*1) to 
have no characteristic solution with )^: (x) all identically 
zero on 

It is necessary . For if the determinant in (2*8) is 
zero for every p sets of admissible arcs of Problem 2, then 
there exist constants d^ not all zero such that d^ 3juc ( ^ ) = 0 
for every admissible arc of Problem 2. On. the other hand 
we can always select n - m functions , (r « m+1, •••, 

n) of the same form as ^ continuous multipliers 

V^(x), a 1, n) such that^ 

^ Bliss, fhe problpn of Mayer , loc.clt. p. 312, fhe 
problem of Lagrange , loc.cii., p. 
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0-1 

^-1 


j%J^o ano/ 

are satisfied at every point of for arbitrarily chosen 

constants c^. Letting >Jw be any admissible arc of problem 2 
and , we then have 

By this and the fact that « 0 we have 

-v^f 

which holds for every admissible arc of Problem 2, On 

choosing c. « <i|.a-u* > “the usual well-known argument then shows 
that the coefficients of )]:a are all zero end the multipliers 
all vanish identically on x^x^. This being so let be 
the remaining multipliers thus doterminod, o , and 

be defined by (2«10) with these arguments. It then 
follows easily that form a continuous solution 

of (5*1) with ^ not all zero. 

It is sufficient . llupi^ose that (5»1) has £i chaiuctor- 
istic solution with vjy , and consequently , 

all identically zero on x^Xg. Since (5*1) is a homegoneous 
system, the end values cannot be ell zero. By means 

of this fact and the formula (3*11) it fcllcv/s the t there exist 
constants d^ not all zero such that 

(5-2) 

is an identity in Vj^i , . How let bo an admissible arc 

for problem 2. By the transfermatiens in g 3, is f contin¬ 

uous solution of 


(5-3) 
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with some fimoticns . By multiplying (5»3) by (f; , the 
second set of the differential equations in {5»1) hy , 
ad(3ing the results, and integrating from to Xg, it follows 
that l]" » 0. This and (5*2) show that d^J^(fj’) « 0 for 

every admissible arc of Problem E* Since ^ are not all 
zero, this can hold only if the determinant in (2»8) is zero 
for every p sets of admissible arcs of Problem 2, contradictory 
to hypothesis. 

aince the normality condition ( (5 ) in Problem 2 is 
assumed throughout this paper, the above lemma shov/s that we 
can always norm the functions (x) of a characteristic solu¬ 
tion of (5*1) so that they satisfy the norming condition 
1I( yj ) » 1 in (2*7). Such a solution will be called a normed 
solution. Many other properties of the system (5»1) follow 
from its properties P 3 _)# Pg) and the preceding lemma* In the 
following chapter we s}iall make a comprehensive study of this 
system and in Chapter III we shall see that a complete solution 
of it leads to a ccmplete solution of Problem 2. In the remain¬ 
der of this section we shall derive another lemma which will 
be useful later and from which an analogue of the Jacobi 
condition follows immediately. 

Por convenience let us say that a function f(x) is of 
class P on if it has at most a finite member of ordinary 

dioecntinuities; i.e. it is continuous on x^Xg or the interval 
can be divided into several subintervals such thot it is 

1 

This definition v/ill be used throughout the sequel. 

It is new bcctiuse in Bclza*s Yorlesungen uber yarictions - 
rochnunf; , p. 63, only functions of class ^D’TPt fp >1) Kave been 
dofinodT 
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continuous on each of them. Having this definition let be 
any admissible arc of Problem 2, r|'v) be defined by 

(2*10) with any multipliers of class D, and 

see that the functions are also of class D and the trans¬ 
formations In g 3 will lead to 

15 *^) > ( 5 « 5 ) • 

Conversely any solution y^l , of (5*4) with continuous 
and of class D determines an admissible arc for Problem 2, 
Consequently we may regard the totality of such solutions as 
the totality of admissible area for Problem 2. If the given 
admissible arc Yfi la of class D" and the multipliers are taken 
to be of class C* or D' at pleasure, then the functions 
are of class D* except possibly having a finite number of 
ordinary discontinuities. Hence Vj: f will be a solution 

( 5 ‘ 6 ) ' 

with some functions of class D, With these facta we have 
the following 

Lemma- 5«2, C^) For any admissible arc Yj;, 91 

Problem 2, the value of the expression J( ) In (2* 6) Is 

( 5 - 7 ) 7 (^) = i;^)d7C , 

G 2 ) II the functions are a continuous solut ion of (5*6) 

corresponding to functions gj^ of_ clas.s D 1 then 

( 5 - 8 ) 

C^) jCf the preceding solution YJc , also satisfies the boon- 
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dary oondltlona ^ (6*1), then 

(5.9) 

^ 4 ^ !£, funotlons are a normed characterietle solu ¬ 

tion of (6*1), then 

(6.10) T(7)=<?J^_ <5'. 

Their proofs are immediate. Because we have 

7 (>|) == 2j(ri')ff^ 20 

The relation {5»7) then follows from this hy writing for 

, substituting the values of >]; and jQ^. from (5*4), (5*5), 
and noting that « 0* If yj^ , form a continuous 

solution of (5*6), then (6*8) follows from (5»7) by multiplying 
the first line of (5*6) by , the second by , adding the 
results, and integrating from to Sg. (6*9) follows from 
(5.8) and (3.12). Finally (5*10) follows from (6.9). 

The following corollary gives an analogue of the Jacobi 
condition. 

corollary . If a normal non-singular minimizing 

arc of Problem 1 and is without oomers , then its accessory 
boundary value problem can have no negative characteristic 
numbers. 





CHAPTER II 


A ;STUIIY OE THE BOUllDARY VALUE SYSim. 

^ith tlie properties P^) and Pg) of the system (5*1), we 
oan show that it is self-adjoint hut, in general, not definitely 
self-adjoint according to the definition of Bliss,^ unless the 
determinant | | is everywhere different from zero on and 

hence m * 0. However moat of the theorems as given by Bliss 
for definitely self-adjoint systems, with some modifloeticns, 
can be proved for this system by essentially the same process, 
in the following section we shall first give a few lemmas which 
are easily deduoible from the calculus of variations property 
of the system, and thus make our whole argument independent of 
any previous knowledge of the theory of self-adjoint systems. 

It is also to be noted that, as a consequence of the hypotheses 
in problem 2, the coefficients in (5*1) are ell 

of class G*. But throughout the following discussions only the 
property of continuity is involved. 

Preliminary lemmas . Let 

('Cal, •••» 2n) be 2n linearly independent solutions^ of the 
differential equations in (5*1) and I)( (5') denote the determinant 

(6.1) D«^) =|Sp(f,?h| 

First it is obvious that any solution of (5»1) must be a linear 
combination functions 

^ See Bliss, A boundary value problem , loc.cit., 
pp. 568 - 569. 

^ All solutions are assumed to bo continuous unless 
otherwise mentioned. 
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with constant coefficients c^ satisfying the conditions 


and the number of linearly independent solutions of (5*1) is 
exactly the number of linearly independent solutions in c^ of 
these conditions. If D( (S') / 0, the constants c^ must evidently 
bo ell zero. If D( O' ) is of rank 2n - r, there exist r and 
only r linearly independent solutions in o^ • Next, on using 
the notations 

(6.3) = = 


the constants c^ together with some constants dy^ are also 
determined by the system of equations 


(6.4) 

■+ =0 . 

■+ =0 , 

y 0-lf ■ 







This is true because this system requires the functions » 

C^Lfi to satisfy the end conditions ■ 0 and the trons- 

versality conditions (3*7) which are equivalent to the boxindary 
conditions ■ 0. Furthermore since the matrix || ay^c, (^^|( 

is assumed to have rank p, the system (6*4) can have no non¬ 
vanishing solution with 0 ^ all zero. Hence, if D( (5* ) is of 
rank 2n - r, the determinant 


( 6 . 6 ) 




i^(f) 

0 

C--h- 








'' f=/,- 



for the same value of <S , must be of rank p 2n - r, and 



(391) 


PRELII'.II1IARY LJS-n.IAS 


27 


oonveraely. This proves 

Lemma 6•1• Oorrespondlng to a number ^ , If D( (^ ) la 
different from zero , the system (6*1) has no oherccteristio 
solution, ^ P( (5* ) is of rank 2n - r, the system has r end 
only r linearly Independent solutione . Moreover , if the deter ¬ 
minant Hid ) is ££ rank 2n - r, the determinant Ai6) ll 
rank p 2n - r, and conversely . Their zeros therefore give 
the oharaoteriatio numbers of the system as defined in g 6. 

Both the determinants D( <^ ) and may be called 

oharaoteristio determinants of (5*1). Since the right members 
of the differential equations in (5*1) are analytic in O' in 
the whole complex -plane, It follows that the solutions 

(S') , as well as the above determinants are also 

analytic in (S' in the same region. Henoo all of them can be 
expanded as permanently oonvorgent power series in cS" • Next 
we have the following 

Lenmia 6*2. Let gj_ and g^ ^ any sots of functions of 
class B, and y\c . and reBpeotlvoly, continuous 

solutions of t^ differential eQuaticns in the following 
systems 

( 6 - 6 ) ( 6 . 7 ) 

Sf)( . 5|j( ff. p =0 . 

We have first the formula 

( 6 . 8 ) ■ 

If t)l6 above solutions also satisfy the bouiidi ry ocudltions 
5j, - 0, then 
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(6-9) C\^.^i-^^p)dyc=0 . 

Its proof follov's from the fact that and are 
symmetric matrices, i’cr multiplying the differential equations 
in (6*6) by » “* T*' ’ those in (6*7) by - , v|- , adding the 

results, intcgrrting from to Xg, and remembering the above 
fact, we have the formula (6*8) as desired. If the boundary 
conditions 5^ =* 0 are also satisfied, then (6*9) follov/s from 
(6*8) and (3*13). 

Having the above two lemmas we can prove the following 

Lemma 6*3. For any continuous functions g^, the system 
(6«6) can have continuous solutions if and only if the condition 

rXz 

( 6 * 10 ) 

Is satisfied for the fimotions Vj; £f every continuous solution 
of (6*7) with s 0. 

The necessity of the (33 ndition follows from (6«9) with 
gj^eO. To prove its sufficiency, let rj® , be a particular 
solution of the differential equations in (6*6) and yj^ , , 

( = 1, •••, 2n) be 2n linearly independent solutions of the 

same equations TTith gj^ = 0. The general solution of the differ¬ 
ential equations in (6*6) is then of the form rj c = ^ ° » 

with arbitrary constants c^ . By the notations 
in (6*3), (6*4) and the same argument as used there, this 
solution will be a solution of the system (6*6) itself, if and 
only if the constants c^ together with some constants d^ 
satisfy the conditions 

+ 4^-0 , 


( 6 * 11 ) 
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All we neod to show is that (6*11) actually has a 
solution in if the ccxiditicns (6*10) are satisfied. To 

do this, let the matrix formed by the coefficients of c^ , d^^, 
in (6*11) have rank p 2n - r. By Lemma 6*1, tho system (6»7) 
with “gj|_ = 0 has exactly r linearly independent solutions , 

, ( p' a 1, • • •, r). By (3*11), for each of these solutions, 
there exists a set of constants such that 

f6*lE) +feV I, = ° 


is an identity in u^^, ^i2* ^ constants (cT^ , , 

^ci )» ( V*!, •••, r) are linearly independent. For otlior- 
wise, there would exist constants Xy t ^^ct all zero, suoh tliat 
^ =* =» 0. The identities (6*12) would then 

__ ^ — V 

require =* i.y =** 0, which is evidently impossible 

because constitute a non-vanishing solution 

of the homogeneous system (6*7) with * 0. Having proved this 
we give a fixed value to V , multiply equations (6*11) with 
respectively, and add tho results. The 
coefficients of the in the resulting equation are clearly 

all zero. The coefficients of c^ and the right member .vith 
sign changed are respectively the quantities 






tnJ 






But we have ?hlh|( = li l^y (6*8) with = 0, and 

(^*8) with gj^ = 0 and tho condition (6*10) 
Consequently the above quantities become respectively 
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which are all zero by the identity (6*12), This shows that 
each of the r linearly independent sets of constants (du,, , 

), which is orthogonal to the coefficients of c^ and in 
(6*11), is also orthogonal to its right member. Since the matrix 
formed by the coefficients of , 6^ in (6*11) is assumed to 
have rank p + 2n - r, it follows that (6*11) actually has a 
solution in o^ , as was to be proved, 

7. Prope^^ties of c haracteristic numbers and functions . 
In this section we shall study the properties of the character¬ 
istic numbers and functions of the system (5*1) in order to 
reach the Important expansion theorem of the next section. First 
of all we remark that all our preceding lemmas remain true if 
the coefficient Nj^jj- in (5*1) is replaced by ^ ^ being 

any constant and SiA being the Kronecker <5* , because the only 
property of • which we have made use of is For 

brevity we shall use the notation 

(7>1) . 

Theorem 7*1. All roots of t;^ oharact -. ristic determinant 
^ ) of Mis. a-Yfltem (5*1) are real and the linearly independent 
charaoteristio solutions corresponding to each root may be 
chosen real . 

Let 6' be a root of D( (5^ ) and be a character¬ 

istic solution of (5*1) corresponding to it. Since the coeffi¬ 
cients occurring in (5*1) are all real, if were not real, 
its conjugate imaginary o' would be a root of D( (^ ) and the 
conjugate Imaglnarles i fc of k]: , would be a character¬ 
istic solution corresponding to 5 .By (6*9) with SI • ^ » 

6l = 5 I we would have 
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Henoe the yjc would be all Identioelly zero on contradic¬ 

tory to Lemma 6«1. Therefore & must be roal, Sinoe <5 la 
real, the real end imaginary parts of yjc $ are both solutions 
of (6*1)• The oharaoteristio solutions corresponding to each 
root 6^ may then bo chosen real as described in the theorem. 
Theorem 7*2, The indea of each oharaoteristio number 
do t i•Q•, the number of linearly independent solutions corres ¬ 
ponding to it , is equal to the multiplicity of ( 5 '^ e^ a root 
of D((5' ). 

Suppose that I)( d ) « | j j y^as rank 

2n - r at a particular value 5 '^ . By replacing the solutions 

I ^y suitably selected linear combinations of 

them with constant coefficients, it may be brought about that 
at 6 ^ m do the expressions , ( "ti « 1, •••, r) ell 

vanish, while the matrix of elements 2 n 

has rank 2n - r. All derivatives of I)( CT ) of order less than r 
will then clearly vanish at d » » and the r-th will have 

the value 

where the subscript & indicates derivatives* If this expression 
vanished, there would be a linear combination 

for which all the numbers would vanish at < 5 " •do * The 

constants c^ could not be all zero because the rank of the 

O// 

last 2n - t columns of <5"© ) is 2n - r* The functions 
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> 1 . “ 

identicDlly. 


For 6 


r.^’ would therefore not all vanish 
» they v/ould satisfy the system 


fV*S) 






where is given hy ( 7 . 1 ), and the differential equations 

►)/«-= Lc4t|4«+MoA^45- , 

r I r -n 

5:tf'=Nc4'|A«'-U44<r *]“ • 

The set of funotlona =» d<;, ^ would satisfy 

the differential equations in (7*2), and, with the help of (7*3), 
it follows readily that the functions yj; , themselves would 

for (S' * 6*0 he solutions of the ncn-homogeneous system 


(7.4) 


>]• =L;&>)4.-fM;4r4 j. S /M ^)=0. 


By applying (6.9) to the systems (7*2) and (7*4), we would have 

Hence would ho all identically zero on x^^xg in contradiction 
with Lemma 5.1* Therefore the derivative 6'c ) is different 

from zero and (f'c has its multiplicity equo.! to its index* 

The fcllowiiig corollary is immediate. 

Corollary . The characteristic determinant D(& ) ^ not 
identically zero in cf' • 

Theorem 7.3. If a set of functions hj^ he continuous on 
the interval x^Xg and satisfy the condition 


(7..5) 


L 


;-^iClX =0 
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with the functions Vjj of every characteristic solution cf the 
system (5*1), then it satisf ieg the same condition v/ith the 
functions vj- of every continuous solution cf the system (6«6) 
corresponding to functions gj^ £f oleas D* 

For let h^ he any functions satisfying the hypothesis 
of the theorem. According to Lemma 6*3 the non-homogenoous 
system 

where is given hy (7*1), has solutions for every value of 

. When 

T>(6') = ) Sp[>|V-6>, 1 * 0 , 


there is a unique solution end one verifies readily that it 
consists of the fimctione 






0 

rjc >]: 


c 


! r>f6) 



where are a particular sclu.tion cf the diffoi'ential 

equations in (7*6). 

Hear a root 6o of multiplicity r of !)(6 ) the functions 
6'! , still well defined end analytic in <S . 

For in the first place one can add cciistrnt multiples cf the 
last GClu/ins of the shove determinants to their first col¬ 
umns in such a way that the resulting functions 
satisfy the conditions « 0 at (f ^ do • This is 

possible hecause a solution of (7*6) elvmys exists. In the 
second place, since hy the preceding theorem J)i d ) » 
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has rank 2n - r at O' ^ &c , one can therefore replace r of 
the rows of the above determinants by r linear oombinations of 
their last 2n rows which vanish at ^ • do • It is then clear 
that these determinants have the same factor { d - 51, as 
D(6'), and hence that the functions are 

analytic near d^ as well as near values of d for which 

D() / 0. 

The functions are therefore repre- 

sentable by permanently convergent power aerips in d of the 
form 


By substituting these series in (7«6) and comparing the coeffi¬ 
cients of 6' , it is found that the coefficients , 

satisfy the systems 


(7*8) 


rjj. = V ' ,, 1, ■ ■ ■ ■)■ 


in which it is agreed that « hj^. With the help of these 

systems and the relation (6*9), it follows that 

Tho well-known Schwarz inequality 

togetlior with the Inst equations shows that the constants 

W-i ^ =j[ V” ’ (ji=o,lAr--) 


have Dig properties 
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(V-9) C/'<v=o,.,r,-). 

The eerioa 

(7♦10) W| + *" j VV^ Wi + <5" 4 ‘ ^ 

the first of which is found by inteeroting the expression y\io^i 
found from (7*7), both converge for every value of • Henoo 
Wq must be zero. For otherwise it would follow from the in¬ 
equalities (.7*9) that Wg^ / 0 for -very ^ and '^ 2 ^^ ^ 

The second series in (7*10) wbuld not converge for o' « 

(Wo/Wg)^^^, which is a contradiction. From the equality - 0, 

It follows, however, that the funct^ions yjco all vanish identi¬ 
cally on x^Xg. How let r|c , be any continuous solution of 
(G»6) corresponding to functions g^ of class D. By applying 
(6*9) to the system (6*6) and the system (7»8) with subscript 
^ a 0, v/e have 

as was to bo proved. 

Corollary . When a number not a oharacteriatio 

number of (6»1), the unique solution of (7*6) with ^ 6 o 
and corresponding to functions hj^ satisfying the hypothesis of 
the theorem is a set of functions rjc • iii ftre all 

zero on ^^.^Cg. 

Its proof is Immediate. For, when (fo is not a charaoter- 
istio number of (6»1), the solution >jc , of (7*6) with 
s' • 6^0 evidently \mique and, for functions hj^ as described 

in the corollary, it is given by (7*7) with 6 * » . But 

in the above proof we have shown that Wq ■ 0 and hence, by the 
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inequalities (7*9), Wg^ - 0 for every ^ . Consequently the 

fimctions rjjo , , ••• . are all identically zero on 

Theorem 7*4« The linearly independent characteristic 
solutions of the system (5*1) ere denumorahly infinite in number # 
These solutions with thelT corresponding characteristic numbers 
may be represented by the symbols Vjiv> * ^jv » ■ 1, 2, 

3, •••)• The functions may further be chosen orthonormal 

in the sense that 

( 7 . 11 ) 'f/*>')• 

For let have any fixed value which is not a charac¬ 
teristic number of (5*1) and consider the system (7*6) with d' 
equal to this fixed value. It is evident that, for each^set 
of functions , ( 0 » 1, •••, t) of class G», there exist 
continuous functions which together with satisfy 

the differential equations in (7*6). Let the functions 

X 

be chosen so that the t sets of functions are linearly 

independent. This is possible because not all the coefficients 
ore identically zero on For any constants c^ , the 

linear combination * ^'t ^ solution of 

the same differential equations with h^^ - c^ h^^. If (6«1) 
had only a finite number of linearly independent characteristic 
solutions, then, for a sufficiently large value of t, constants 
0 ^ not all zero could be chosen so that hj_ would satisfy the 
hypothesis in Theorem 7»3 and the functions yj- , would 
satisfy the boundary conditions * 0. By the corollary 

to that theorem, the frictions and hence 

would be all identically zero on x^Xg in contradiction with our 
choice of the functions • Therefore the linearly Independent 
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charecteristic solutions of (5*1) must be infinite in number 
and the infinity is denumerable, because the roots of the 
permanently convergent power series !>{ (S') ^ which is not iden¬ 
tically zero by the corollary to Theorem 7«2, must be denumer¬ 
able and the index of each root is finite by Lenyna 6*1. 

Finally Lemma 5*1 shows that the Integrals in (7*11) 
for yi * V are all different from zero, and the relation (6*9) 
shows that those integrals for corresponding to 

characteristic numbers are all zero because that 

relation gives 


(<5; 


'r 


The functions may therefore be chosen orthonormal as 

described in the theorem by a process which is well knoTm in 
the theory of integral equations* 

The Green’s matrix and an expansion theorem . In 
this section we shall assume that ^ * 0 is not a characteristic 
number of (5*1), i.e., the system 


( 8 . 1 ) 






is incompatible. If D m ^ denotes the characteristic 

determinant of (8*1)', we have 1) / 0. Let t be any value of the 
interval and u^ ^(t, x), V^^(t, X). it - 1, •••, n) be n 

sets of discontinuous solutions of the differential equations 
in (8«1) depending upon t in the following way: On the inter¬ 
val Bill the functions Uj^^, v^^ are taken identically 

equal to zero; on the interval (tXg) they are taken to be 
continuous solutions of the above differential equations with 
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Initial values t+0) « 0, t-^0) - , where 

is the Kroneoker • Eor each value of t and solve the 

equations 

- Sj, (u.\ A yf, = o 


for the constants This is possible because I) / 0. 

these constants define 

It is then evident that, for each value of t and Xt “tbe function 
and have the properties 




Further these functions are readily seen to be bounded in ft, x), 
because the functions G^^ are everywhere continuous and the 
functions can have ordinary discontinuities only when t - x 

and ^ - i^ These functions form a port of the so-called 
Greenes matrix for the system (8*1) and would be sets of 
characteristic solutions of the system if it were not for the 
discontinuities of With those functions, we have the 

follov/ing 

Leminh 8«1. If Kj^ , ^ continuous solution of 

the system (6*6) corresponding to functions gj^ £f class D, the 
functions y|* are given by 


(8.4) 
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per from the aystema (6*6), (8»3) and the same multi¬ 
plying and adding process as used in the proof of Lemma 6*2, 
we see that 

By integrating first from to t - 0, next from t + 0 to Xg, 
adding the results, and noting that {3*13) gives 

as a oonsequenoe of S|o(T^O * (Cr, P) * 0, we shall have 

l,w|7.‘>1,inOf 

The formula (8*4) then follows from this by a change of notation. 

Remark . The above lemma shows the oonneotion between 
our boundary value system and the theory of integral equations. 
Indeed by defining n further sets of functions 3?), 

Hj^i(t, x) satisfying the conditions 

i . (t, n = L,« Hii 

Sp[K:(t,iC)- M(t-.X)]=o, 

and having no discontinuities other then those expressly exhi¬ 
bited, we oan prove that, corresponding to functions fj_(x), 

^i(^) si. olsBS D, every continuous solution vj^ , £f the 
system 


(3.7) 
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l3 given by 

and the eonverao is also true » The coeffioionts of f^ft), gj^(t) 
in (8*8) give the complete Grreen*s matrix for the system {8*7) 
and have the properties 



which ere easily proved hy integrating relations analogous to 
(8*5)• The direct part of the above theorem is then proved in 
the same way as we proved Lemma 8*1. The converse part is 
proved by differentiation under sign of integration and using 
the discontinuity properties and the relations (8*9)* Since 
we have no need of this theorem, the details of the proof vdll 
be omitted. We simply note that the propertios (8*9) of the 
Green's matrix are similar to those of the matrix formed by 
the coefficients in (8*7). 

Theorem 8*1. gor every continuous solution y] - ^ 
of the system (6*6) corresponding to functions £f olase D, 
the series 

oQ 

(8.10) ' wliere > 

converge absolutely-uniformly on and represent the functions 

Vjj (x) ^ that interval . The functions (x) are the ortho - 
normalized characteristic functions of (5»1) ^ described in 
Theorem 7*4 and are the corresponding characteristic numbers . 

By applying (6*9) to the systems f6«6) and (5«1) we see 
that the series (8*10) pan be written as 
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[8.U) 


By applying (8.4) to the functions yjcyCt) . the series (8.10) 
can also be written as 


( 8 . 12 ) 


l/C; CX) 


= where 


with this form of the series we can proceed to show their 
absolutely-unlform convergence. First for any positive Integer 
r the Inequality 

Implies the Bessel Inequality 
s Cy’- 6 

^ i. 

which shows the convergence of . Next let 

wnere h^(x,t) are some functions bounded In (x,t) and Integrable 
In t for each value of x between Xj and x^. Given any fixed va 
lue of X and two positive Integers r and s, consider the sum 

|Cv0/<)) ^5:c„ep«5--2:Cc0t«). 

y=A/ ’ 

wnere the index f ranges over those numbers for which c^e^(x) 
is positive and -C over those for which c^e^(x) Is negative. 

By the well-known Schwarz inequality we readily have 

x: Cp0f.(^> = iy/x.^y[^c^^if,(o]dt 

since h^(x.t) is bounded In (x,t) and Is convergent, 

this Inequality shows that for a sufficiently large value of r 
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the sum 2ICp9p(x) can he made less than any assigned quantity 


for all values of s and x. A similar conclusion holds for the 
Other sum The series ^ c^e^(x) Is therefore 

absolutely-uniformly convergent on X 1 X 2 . As the functions 
Gi;^(x,t), for each value of 1, have the properties of h;i;(x,t), 
it follows that each of the series (8*12) converges absolutely- 
unlformly on X 3 _X 2 , 

To show that u^(x) equals i^c,(x) we turn to the form 
(8*11) of the series. By the uniform convergence of these series 
we see that the differences V|c- all continuous functions 

of X, and by termwise Integration we see that they satisfy the 
condition 





for every value of y, and hence the same condition with 
replaced by Uj^. By Theorem 7*3 they also satisfy the same cond¬ 
ition with v|jv replaced by , Consequently we have 

r Xz. 

This shows that >^i,(x) - UjL(x) are all identically zero on X 1 X 2 
as was to be shown. 



CHAPTER III. 


SUPPIGISUT COilDITIONS FOR A MINIMUM. 

9. Two amiIIary lemmas . In the next aeotion we wish 
to make an applioatlon of the expansion theorem obtained in 
g 6 to the aolntion of Problem £* That theorem requires the 
funotiona Y^c , to be a oontinuoua solution of the system 
( 6 * 6 ) oorreaponding to funotions of olaaa P. Conaequently 
the funotiona must be of olaaa D» and the boundary oondltiona 
» 0 must be satisfied. But an admissible aro Yjc for 
Problem 2 is only a solution of the equations 

(9*1) 'll * 

corresponding to funotiona which may have disoontin Ities 
and are not necessarily differentiable. The boundary conditions 
Sp (»].?) * 0 also are not neoesaarily satisfied, if we only 
know that satisfy the end conditions « 0. In order 

to meet these diffioulties, we have to appeal* to the following 
Lemma 9*2 of which Lemma 9*1 is a preliminary. 

Lemma 9*1. Let * 3 X 4 €uiy aubinterval of 3 t^Xg. Let 
^co any funotions of x oontinuoua on ar 3 * 4 » and the 

oorreaponding solution of (9*1) with initial values 
Moreover let - (x - » 2 )(* - * 4 ) (X • 1. *’*. »). 

where denote any funotions of olaes O' on * 2 * 4 , and yj.^ 
be the corresponding solutions of (9*1) with initial values 

— Qfta always determine the functions ^ that 
the matrices || (| and j| II the same 

rank for all ohoioes of * 

(407) - 43 - 
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For first seleotlng any n fundamental solutions of tho 
aquations (9*1) With all identically zero and then solving 
(9*1) in its general form by the method of variation of para¬ 
meters, we see that y^co(^^) are given by equations of the form 

(9.3) ']co( '' 

where are some functions independent of • Likewise, 
if • (r - r 2 )(x - x^)aj^(r), where denote any fu*iotions 
of class C* on and be the corresponding solution of 

(9*1) with initial values ijc (* 3 ) » 0, we must have 

f9*3) ^ 

Lat ^pio( 3 f 4 )f where oC ranges over certain of the numbers 1 to 
n, be a maximum subset of Vj:o(x^) such that satisfy 

no linear relation with constant coefficients independent of 
^ numbers ^cji(x 4 ), like ^«^o( 3 f 4 ), also cannot 

satisfy a linear relation with constant coefficients independent 
of z^. For if there were such a relation (* 4 ) « 0 with 

Op< not all zero, we would have by (9*3) 

(9.4) f 

for ell functions Zj^(x) of class C» on If the coefficients 

in (9*1) are of class O’, the functions o^f^l^(x) are also of 
class C*» By taking Zj^(x} equal to these functions, the 
relation (9»4) would require all these functions to be identicalls 
zero on If the coefficients in (9*1) are only continuous 

so that the functions o^f^^fx) are continuous but not necessarily 
of class O’", we can take 6 ) to be any functions 

of class O’, depending upon a small number € , and approaching 
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c^f^^(x) uniformly on X 5 X 4 ae € approaohee zero. The same 
relation (9*4) would still require all the functions o^f^^(x) 
to be Identically zero on x^x^^. By (9*2) the relation o^>|^o(x 4 ) 

= 0 would then be true Independent of , which la a contra¬ 
diction, The truth of our lemma then follows Immediately, 

Lemma 9*2. L§i rcc, , jZn ^ Riven const ante . Let 
’lu(x), Zl (x) be any solution of (9»1) with (x) continuous 
on x^Xg and (x) of class D, CorrespondlnR to Riven and 
sufficiently small positive number € , let each value for 

which some functions (x) are discontinuous , be covered ^ 

M Interval 9l lenRth 2€ and with x^ m Its middle point . 

Then there exist a positive constant K Independent of C and a 
solution (x, e ), (x, € ) of (9*1) dependlnR upon e 

such that 

1) (x, € ) are of class G’ on x^Xg and (x, € ) 
are of clasa B’; 

2 ) >fi (x^, e ) = f:, (x^, e ) *= ^1(^2), 

^Xj^> € ) — 7t*:i ) (Xg, 6 ) — 7^1.1 * 

3) I ^i(x, e ) - (x) I < K € on X^X^; 

1 ft(x, £ ) - (x) I < K on X 3 ^X 2 and < K€ ^ x^Xg 

with the small Intervals deleted . 

First consider any sublnterval x^x^ of x^X 2 for which 
all the functions (x) are continuous. Let JCcs , TV^ij. be 

any given constants. By the theory of the approximation of 
functions, we can determine a positive constant (r Independent 
of € , and functions ^uo(x, € ) depending upon € , satisfying 

the inequalities 


19-5) 


on C^j cJnd < £ on 
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and making the resulting functions {x) -f (x, € ) of 
class C* on and having jT.j , TTc^ as end values. Let 

^t6(x,e ) denote the solution of (^-l) corresponding to fco(x,e ) 
and with Initial values ^ie{x^,€ ) « 0, Let 
he the n sets of solutions of (9*1) as determined In the 
preceding lemma. By that lemma we can, for each value of e 
solve the equations 

(9.6) 

for the constants d^(6 ). Moreover hy prescribing, If necessary, 
fixed values for some of the constants d^( 6 ), it can be brought 
about that for each value of € there Is only one solution. 

It then follows that for each value of 6 the functions 

are all of class C* on form a solution of (9«1) on 

the same Interval and satisfy the end conditions 

Next by the same reasoning as In deriving (9»2) we have 
llc»(x,e) = f ipf s x<^) 

' ''’‘3 

Where are some functions Independent of and are bounded 
In (x,t). This and (9*5) show that the functions ^cc(x,e ) all 
approach zero with 6 uniformly on x^x^. Hence (9«6) shows that 
the constants d^( ^ ) have finite bounds as € tends to zero. By 
(9*5), (9*7) and these results It follows readily that there 
exists a positive constant K Independent of e such that 
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I ^ cJnol < K^ on (^Xj+6, X4-6 ). 

The lemma then fellows immediately hy applying the above 
method to each subinterval for which all the functions (x) 
are continuous and choosing the arbitrary values like jTci » • 

••• so that (x, ) are continuous on 

10. A complete solution of Problem 2. By means of the 
expansion theorem and Lemma 9*2 we can now prove the following 
Theorem 10*1. there is no smallest one among the 
oharaoteristlo numbers of the system (5*1), the expression 
T ^ ^oblem 2 has no minimum . (J'o i®. smallest one 

of these numbers, then the minimum of J( >^ ) is equal to 
and a set of linearly independent minimizing arcs is given by 
the orthonormelized charaoterlstio funotlone (x) of (5*1) 
corresponding ^ d q ^ desoribed in Theorem 7*4. 

It is sufficient to show that the minimum of J()j ) is 
equal to <5© , if it exists. The rest of the theorem is 

justified by the formula (5*10)* Por convenience we shall let 
do equal (5'| of the numbers dy and consider first the case 
/ 0 for every y • Let >|c be an admissible arc for Problem 
2 and satisfy the end and normlng conditions 

We know that together with some functions ^f class D 
on form a solution of (9*1). By referring to (3*8), (3*9) 

and noting that « 0 is another way of vomiting ^(^) 

« 0, it follows that we can find solutions 

equations S^(»^/5’) « 0. Let , 7^2 be one of the solutions, 
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£ be any given small positive number, and )t ) 

be constructed as in Lemma 9«2 with Itci , as the end values 
of (x, 6 ), By differentiating (^c, t ) with respect to 
X, we see that ^t,(x, e ), (x, G ) form a continuous solution 

of the system (6*6) corresponding to some functions gj^fx, € ) 
of class L. We can therefore apply the formulas (8«10), (8*11) 
of the expansion theorem and obtain 


flO*2) 


II; =» (c,(e:)/ify)l^iv , where 



Since these series all converge absolutely-‘Uniformly on 
we have by multiplication and termwise integration 

A, 


_, . ^ Cu(ey<^y(^'>C^i u < , ^ CuCe) 

(10.3) 


Since (x, e ) approaches (x) uniformly on x^Xg as € 
approaches zero and since Y]c (x) satisfy the norming condition 
in {10*1^), the relation (10*3) on passing to limit gives 


(10.4) 




Prom the inequalities given in Lemma 9*2 and the expressions 
(5*7) to (5*9), it is also evident that 


Tf»|> V-hl V • 


'A. 

By substituting y|i, from (10*2) and termwise integration, we 
have 

( 10 . 5 ) ^ * 


This relation and (10*4) give 
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(10*6) 

as was to be proved* 

If dy « 0 for some P , let c be any small constant 
and consider the problem of minimizing 

7(>j) » 22^*|)+j^’[(R•*+cS;4>^^^^ + 25.•4»j;744 

With respect to the same functions as before. By referring to 
the transformations in g 2, we see that the boundary value 
problem for this new problem consists of the system (5»1) with 
replaced by + o • I^ie new characteristic numbers 

are evidently the niunbers ♦ o* By suitably choosing o it 

can be brought about that no one of them is zero. The relation 
(10*6) then becomes J(k] ) 4- o - ( 6"i •»- c) 0 which completes 

the proof. 

The following corollary is immediate. 

Corollary . A necessary and sufficient condition for the 
second variation Igf ) for ^ always positive ( or 

non-negative ) with respect to all admissible variations , 
(x), not all identically zero and satisfying the 
conditions C ?, ^) * 0, ^ that the charaoteristio numbers 

of its accessory boundary value problem be all positive f or 
non-negative ). 

We shall now derive a criterion for the system (5*1) 
to have a least characteristic number. Problem 2 ttIII be said 
to satisfy the Clebach necessary condition , if at every point 
of we have TCc, ^ 0 for all constants ( jt) / (0) 

and such that TCj « o. Under this condition we shall have 


(10.7) 


io 
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at every point of and for all functions • For, since 

the determinant R in fS*9) is different from zero on we 

can solve the equations 

for the functions 7r^ and >p • From the definition of In 
(3*3), it is then easily verified that 
from which (10*7) follows immediately* 

Theorem 10*2. The Glehsoh necessary condition for 
Problem 2 both necessary and sufficient for the system (5*1) 
to have a least characteristic number * 

The necessity of the condition follows at once from 
Theorem 10*1 and the fact that it is necessary for Problem 2 
to have a minimum* To prove its sufficiency, we proceed as 
follows: In the theory of quadratic forms, it is well Joiown 
that any quadratic form will be ^ cx^x^, if c is a 

sufficiently large and negative number. For the signs of the 
chain of principal minors of the determinant - c , 

beginning from the upper left hand corner, depend upon those of 
- 0 , 0 ^, - c^, •••, if the absolute value of c is sufficiently 
large. Hence, for o sufficiently large and negative, these 
signs are all positive and the form - c Sck ^^i^k 

positive definite* From this theorem it follows that there 
exists a constant o such that 2q( vj ) is always > o( Vj^, - 4 - 
and hence J(»^ ) is always greater than or equal to 

■?(>]) = 2o3C^,i^,ri')dx . 

Let h(x) bo any suitable function which takes the value - 1 at 
x^ and 4- 1 at Xg* The expression 7( ) can also be written as 
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whore a^re some funotions having the properties of 

^ik* t^rens format ions hy whioh we arrived at (6*7) we 

see that, for an admissible aro V|: , of Problem 2, the 
value of 7( vj ) is given by 

C ““ 

■7(H) =j^ 

where are some funotions having the same properties as 
Letting jf be any constant and VJj be normed, we shall have 

This expression together with the above theorem on quadrotio 
forms and the inequality (10*7) shows that 7( ) will be always 

> X provided the latter is taken sufficiently large end negative* 
Hence, a fortiori, J( >| ) will have a lower bound and our theorem 
follows immediately from the formula (6*10)* 

Prom the above two theorems we can easily deduce the 
following theorem whioh gives a meaning to each of the character- 
istlo numbers of (5*1) and is important for the development in 
Chapter IIT. 

Theorem 10*3* Let the Clebsch necessary condition be 
satisfied * Let the totality of characteristic numbers of (6*1) 

be arranged in the order 6, ^ dx ^ ^ .* ( each number 

being counted with a multiplicity equal to its index ), and , 
corresponding orthonormalizod characteriatio solutions 
of (5*1) described in Theorem 7*4. Let (H^) denote the 
totality of arcs , admissible for Problem 2 and satisfying 
the conditions (10»1). Let (H^) for > 1 denote the subclass 
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of (H^) whloh satlafloa the additional conditions 

•Xx 


( 10 * 8 ) 


rv 


( s=ij - ■,£->). 


The minlmnin of the expression J( ) In Prohlem 2 with respect 
to all arcs of the olaas (H^), (jf « 1, 2, 3, •••) then equal 
to (5^ , and a set of linearly independent minimizing arcs Is 
given hy the oharacterlstic fiinctions which are in the 

class (H^) and with ohayacterlstio numbers equal ^ (5^ . 

Its proof Is immediate. For let he an arc of the 
class (H^). By (10»8) and (10*2) we have L Cg(e ) « 0 for 
s * 1, ]jf-l« The relations (10*4) and (10*5) then give 


the desired result 


^ C c^) 


11. Sufficient oonditlons for Problem 1. In this 
section we shall deduce a set of sufficient conditions for 
Problem 1 as formulated in g 1. In that section we have let 
denote the particular admissible arc whose minimizing 
property is to be studied. For the purpose of distinguishing 
and convenience, we shall now let 1 denote this particular arc 
and (x^, y^, X 2 , y^) » (x^. y^^^, y^g) represent its end 
points. The notation 3 will denote any extremal arc with end 
polnLo (x^, y^, Xg, y^) in some neighborhood (x^, y^, Xg, yg)^ 
and 1(3) the value of I given in (1»4) evaluated for 3. Simili 
1(G) will denote the value of I evaluated for any admissible 
arc G. The (ro will be said to satisfy the VTeierstrass 
sufficient condition if the function 
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where P is defined hy (1*10) with Xo * 1, is positive for every 
set of elements (x, y, y’, > ) for which the set (x. y, ) 

is in e neighborhood of similar sets belonging to 1! end fx, y, Y’) 
(x, y, yM is admissible. The sufficiency theorem is then 
as follows: 

Theorem 11*1. For a non-*aingular extremal arc of 
Problem 1 ^ afford a proper strong relative minimum , it is 
sufficient that 1) its end points satisfy the conditions » 0 

but ^ other pair of points on it does so , 2) end points 
satisfy the transversality conditions (1»12), 3) i^s absolutely 
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Having had these facts we then base our proof of the 
theorem upon the following three lemmas which hold under the 
hypotheses of the theorem. 

Lemma 11*1. There eaiat two positive numbers f and 
^ €■) suoh that if the subsoript ^ 3^ (11*1) i£ taken equal 

to this £ , then through every pair of points y^, Xg, y^) 

in the neighborhood y 2 ^, there passes a unique 

extremal aro E £f the family (11*1), The parameters aj_(X]L> ^1* 
^2» ^i^*l» ^ 1 * ^2» ^2^* determining this extremal , aro 

flingtions of glass C" ^ their arguments and approach and 
^i yQspQQtivQly as tends to zero . 

Its proof follows immediately from the usual implicit 
function theorem if we notice that the equations 


have the initial solution (x^, y^, zg, yg, a, and the deter¬ 
minant 






is different from zero. The justification of A :/ 0 is also 
evident under the conditions 3) end 5) of the theorem. For 
from the fact that (11*1) gives a 2n-parameter family of 
extremals satisfying the conditions (11*2) and containing "E 
for (a, b) « (a, H), it follows that the 2n sets of functions 

form 2n linearly independent solutions of the accessory equa¬ 
tions set up for 1 and hence any linear combination of them 
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witli constant coefficlonta not all zero is a non-identioally 
vanishing solution of the same equations. If A were zero, 
there would be such a linear oombination, say (x), Cc (x), 
with ell vanishing at and hut not all identioally 

zero on By taking - 0 with the functions (x) 

to form a set of admiasihle variations and hy arguments similar 
to the proof of Lemma 5*2, we would have Ig( ) • 0, which 

is in contradiction with the corollary to Theorem 10*1. 

Lemma 11*2. I£ € is. given by Lemma 11*1 and S Is 
taken sufficiently small , then 1(E) > I('S) for every extremal 
arc E £f family (11*1), distinct from 1, with end points 
in (Xj^, Xg, 72^S‘ » satisfying the oonditions 4^ « 0. 

For convenience we shall use the notation Ug, (b « 1, 

• ••, 2n+2) for the set (x^^, Vn* ^ Lemma 11*1 the 

function l(E) for extremal arcs as described in the lemma may 
be regarded as a function I(u ) of the variables Ug defined in 
a neighborhood of Ug and subject to the oonditlona • 0. Lot 
• 1, be the set of constants occurring in the tranaver- 
sallty conditions (1»12), S denote the aura Ifu) + (u), 

end Ss » dsti represent the partlol derlvattvea ,Su, , , 

(s, t ■ 1, •••, 2n+2) evaluated at u^ « Ug. With the 
help of (1*11) and (1*12) it is easy to verify that m 0 
for every value of s. Next let Vg be 2n 2 new variables. If 
we oan show that c9st '^s^t ^ ^ ^ 

satisfying the conditions then, by the theory of 

ordinary maxima and minima. It will follow that I(u) > I(u) 
for all sets (u) sufficiently near but distinct from (u) and 
satisfying the conditions 4^{u) » 0. 

In order to show that ^a'^t ^ ^ sets (v) 
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as mentioned above, we proceed as follows; Let Vg be any such 
set. Slnoe the matrix II 4^$ II Is assumed to he^of rank p 1 2n + 2 
we may, for oonvonlonoe, let the determinant I '^v I . - 1. 

•••. p) be different from zero. If p * 2n -f 2, problem 1 is a 
problem witli fired end points, in which case we do not need 
the present lemma. If p < 2n + 2, we let u^(e) • ev^ + 

(r « p+1, •••, 2n+E) and consider the equations 

(11.3) 

Since they have the initial solution ^pt ®) * 

Up, 0) and the determinant I I is different from zero, 
there exists a solution Ugfe), (s •!, •••, 2n-»-2) of class G" 
in a neighborhood of e • 0 and reducing to Ug for e - 0. By 
differentiating (11*3) with respect to e, putting e « 0, and 
noting that Vg is a given solution of follows 

that UggfO) - Vg* By Lemma 11*1 it also follows that for each 
sufficiently small value of e there is a unique extremal arc B 

(ii»4) f X, 

of the family (11«1) with iig(e) as end values. As e varies, 
these arcs B form a one-paramotor family of extremals, satis¬ 
fying the oonditi^ons « 0 and containing 1! for e » 0. The 
function l[u(e)] - l(B) is therefore identical with the function 

From this end the fact that t5s ■ 0, Ugg(O) « Vg, we have 
(11.5) 

On the other hand, by referring to (2*2), we see that the 
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expression (ll*u) is also equal to Igf ? , ), where , fa , 

Y^i (x) are the variations of the family (11*4). Sinoe (v) / (0), 
the set , ”^c(x) cannot he all identically zero. There¬ 
fore VgV^ > 0 by the condition 5) of the theorem and the 

corollary to Theorem 10*1* 

Lemma 11*3. If € !£ given by Lemma 11»1 and S is 

taken sufficiently small , there . will exist a neighborhood P of 
that every extremal aro E £f the family (11*1) with end 
values in (x^, y^, Xg, lies in P and has the property 

that 1(G) > 1(E) for every admissible aro C 5^ P joining the 
ends of E but distinct from E# 

With the conditions 3) and 5) in the theorem we can 
showl that there exists a conjugate system of solutions '>^c4,(3c)» 
^iA(x) of the aooessory equations set up for *2 such that the 
determinant is everywhere different from zero on x^Xg. 

Let b^, be any 3n parameters and 

be the results of replacing by ♦ O]^ and b^ by 

^1 ■** °k equations (ll»l)r As a consequence of (11*2), 

the functions Y^, Z^wlll satisfy the conditions 

By means of those conditions and the fact that (11*6) with fixed 
(a, b) • (a, 15) and variable (c) defines an n-parameter family 
of extremals containing 2 for fo) ■ (0), we see that the deri¬ 
vatives y (x, a, 0), Z (x, a, 0) are exactly tho 


1 


See Theorem 14*-2 below. 
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jfunotionB Tlie equations "b, o) 

therefor© have the Initial solution (a, b, o) ■ (a, ^5, 0), 

(x, y) on 1, and the determinant j I is everywhere different 
from zero for this initial solution* By the extended implicit 
function theorem there exist two positive numbers Z end tT 
such that for every (a, b) in (a, and (x, y) in (E)^ these 
equations have a unique solution Oj^fx, y, a, b), whose functions 
are of class G”, less than 6^ in absolute value, and approach 
zero with ^ • Because of the uniqueness of this solution it 
is also evident that, when (x, y) varies on an extremal B 
situated in (H)^ and determined by (11*1) with (a, b) in (a, ’B’) 
the functions Oj^fx, y, a, b) have to bo identically zero. On 
account of the condition 4) in the theorem wo can take Z 
sufficiently small so that, when and are defined by the 
equations 


the Woierstrass function ^ (x, y, p, y®, will be positive 
for ell (a, b) in (a, , (x, y) in (1)^ and ell admissible 

sets (x, y, y») / fx. y, p). 

Noyir suppose that a partiouxar C effective in the above 
argument hefs been taken. By lemma 11*1 wo can take <r suffi¬ 
ciently small so that every extremal arc B of the family (11*1) 
with end values in (x-j^, y^^, Xg, Yg)^ has its parameter values 
in (a, and IS itself lies in (1)^ • To fix the ideas, let 

an effective 5" be taken and E be any such extremal with a. , 

o lo' 

as its parameter values. It is then evident that the n- 
parameter family of extremals 
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obtained from (11*6) by taking (at ■ .(^o* subjeot 

to the oondltions | o^ | < 6^ t simply cover the region (S') , 

i 'C 

to which Sq is interior, and include for (o) - (0). moreover 
the derivatives'a^, b^, 0), *^o* ^o* 

form a oon;)ugete system of solutions of the accessory equations 
set up for Bq, because by (11*7) they take on the values 
^.^(xi) at X ■ X]^. The family (11»9) therefore forms a MSyer 
field surrounding with slope functions and multipliers given 
by (11*8) with (a, b) - (a^, bo). Since the corresponding 
ViTeierstrass function is everywhere positive in this field, the 
usual fundamental sufficiency theorem^ then gives the lemma 
with (1)^ as the neighborhood P* 

With the above three lemmas we can easily complete the 
proof of the theorem as follows: Suppose that a number S’ 
and a neighborhood P of 1! effective in those lemmas have been 
chosen. We first show that there exists a neighborhood It 
of "S such that every pair of points lying in 7X and satisfying 
tho oondltions ^ - 0 will be in the neighborhood (x-j_, y^^, Xg, 
yg)^. Because if this were not true, then for every positive 
intoger q thero would exist a pair of points, situated in 
(l)l/q, satisfying the conditions ^ • 0, but not in y^, 

Xg, These pairs of points would have a pair of accumulation 

points, lying on satisfying the conditions t-- 0 but 
distinct from the pair (x^^, y^^, Xg, yg), in contradiction with 
tho condition 1) of the theorem. The existence of TC is there¬ 
fore proved. Next let TXy be taken interior to F €Uid G bo any 
admissible arc for Problem 1, lying in >X and satisfying the 

^ Bliss, The problem of Lagrange , loc.olt., pp. 731 - 


732. 
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oondltlone - 0* Beoause the ends of C are in (x^, y^, Xg, 
yg)^, the above lemmas then show that through the ends of C 
there passes an extremal E of the family (11*1) lying in F and 
suoh that 1(C) ^ 1(B) ^ 1(1). The equality 1(0) - 1(1) oan 
held only when 0 ooinoides with 1. Therefore 1(C) > 1(E) when¬ 
ever G is distinct from 1 as was to be proved. 



CIIAPTJ® IV. 

OSCILLATIOH AlID OOLIPABISOlf THSOREIIS. 

In this chapter we shall go haok to the differential 
equations in (6»1). By considering certain special solutions 
of these equations in connection with their corresponding 
Liinimizing prohlems, we shall be able to deduce some rather 
general oscillation and comparison theorems wnloh especially 
throw light on the theory of conjugate and focal points. The 
proofs are chiefly based upon Theorem 10*3 end consequently the 
Clebsch necessary condition stated on page 50 is assiuned to be 
satisfied throughout this chapter. 

12. Conjugate solutions and focal points . For any two 
solutions end differential equations 

in (5*1) ccrrospcnding to a fixed value of , the same multi¬ 
plying and adding process as used in the proof of Lemma 6*2 will 
show that 

(c^/d>‘)(rl,^;-fjc^c) = o ar^Jhence. cortsfanr. 

If this constant is zero, the two solutions are said to bo 
mutually conjugate according to von Bscherich. A conjugate 
system of solutions is a system in which any two solutions are 
nmtutlly conjugate. The maximum, number of linearly independent 
solutions in such e system is evidently n. Accordingly, we 
shall call a conjugate system consisting of n linearly indepen¬ 
dent ecluticns a conjugate base and the sot of all their linear 
combinations with constant coefficients a ocnjugete family , /jiy 

conjugate base may obviously be replaced by a now base ccnaistii.g 

(425) - 61 - 
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of n linearly independent linear ccwbinations of the old base 
without changing the conjugate property or the family determined 
by the base. Now consider a conjugate base 


( 12 * 1 ) 






£ £ 

with constant initial values 

a^i* The rows of j| || and (( b^j^ |j must therefore be mutually 
conjugate. Me shall denote the rank of II II ^ “ P» (0 ^ 
p < n)* If p > 0, we esatune that the base (12*1) has been 
changed so that b^^ - 0, ( jl » 1, •••, p; i •!, •••, n). If 
for a pair of values and Xg, (Xj^ < Xq ^ x^) the determinant 


(12*2) 


/\(x,6') = j >jf(ix,(S') j 


is zero, some members of the family detoririined by (12*1) must 
be solutions of the system 

>}• =L;i7<t+Hc<r«. . 

for CT a (5"o . The focal points of the family are usually 
defined in connection with these solutions. But before giving 
a formal definition of such points, it is desirable to first 
point out the connection of the system {12»3) with a minimising 
problem. In fact by the conjugate property of l( II . II II 
and the above arroemont on their values, the argument in g 4 
shows that there exists a quadratic form A^^j-Y|:, 74 ,, such that 
(12*3) is the system arising from the problem of minimizing 

( 12 « 4 ) 7i-i(yj'> = 2^(y}')+j^2UJ(%,>j,ri')dx , where 2 ^^ 7 )» 

Wit}: respect to all functions Vjj, (x) of dess D’ on and 
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satisfying the oonditlona 
(12*5) -r , 

in which the conditions ) - 0 are another way of writing 

Sju.(»],f) ■ 0 and the numl^er of them Isp, (0<p^n). If for 
a fixed value of the system (12*3) has no oheracteristio 
solution with VJc (x) all identically zero on x^^xg, it is said 
on that interval. In the follov/ing discussion we 
shall assume that it is normal on every subinterval x^x^. if 
p * 0, this normality condition is always satisfied as is seen 
by a consideration of the conditions 5jf*j,^)m 0* Wbon p > 0, 
Lemma 6*1 shows that this is still true provided a hypothesis 
corresponding to the hypothesis (S’ ) in Problem 2 is always 
satisfied. 

poij^t of x^^ relative to the conjugate family 
determined by (12*1) or to the system (12«3) or to the corres¬ 
ponding minimizing problem and corresponding to a number 
may then be defined as a point x^, if it exists, for which 
(12*3) with (5^ * has at least one characteristic solution. 

The number of linearly independent characteristic solutions is 
defined as the index of the corresponding focal point’. When 
the conditions * 0 become » o, the focal points are 

called conjugate points . The usual definition of focal points 
are those corresponding to (J'^ « 0. 

Since a solution of (12*3) must be a linear combination 
of the functions in (12*1) with constant coefficients c^ satis- 

^ We use this phrase for convenience. Strictly speak¬ 
ing the focal point thus defined is a focal point of the end- 
manifold at X 2 _ for the minimizing problem. 
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I 

tying the oonditlone Ojf rj^ (x^, cT ) « 0 and the number of linearly 
Independent solutione Of (12*3) Is exactly the number of linearly 
independent solutions in of these conditions, it follows 
that, for a pair of vsCLues and ( 5 *^ for which A 0 ^ ) 

has rank n - r, (0 < r < n), the number cf'^ is a oharaoteristio 
number of (IE*3) of index r and the point x^ is a focal point 
of x^ corresponding to and is of the same index r. For 
the general system (5*1) the index of a oharaoteristio number 
is k 1 and 6 2n« In the present case it cannot exceed n# 

An examination of the proof of Theorem 7*E will show that the 
index of is equal to its multiplicity as a root of 
A ( 2 „, ) ■ 0 as is the case with the determinant J>( involved 

there. When the form definite, we can easily show 

that this index is also equal to the multiplicity of X 3 as a 
root of A (Xg, 6^0 ) • 0, But when ||%]cl| is singular, this is 
not necessarily true kb can be shown by example. 

Now think of (j* as a function of x_ defined by the 

o 

equation A (x^, & ) • 0. With the Olebsch necessary condition 
and the normality condition on the system (1E*3) as mentioned 
above, it follows from our preceding theorems that for each 
value of X 3 the roots of A fx^, O' ) m 0 are all real, denumer- 
ably infinite in number, and have a least one, For convenience 
in the following discussions wo shall oount a root of index 
r as r roots and arrange the totality of these roots end their 
corresponding orthonormalized characteristic solutions in the 
sequence 

(12*6) I wiHt CfiCX}) 4 ‘ . 

It is easy to se 6 that a knowledge of the variations of the 
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numUers dy (x^) will lead to a knowledge of the distribution 
and number of fooal points of 3 c^ ccrresponding to different 
values of 6 " • 

13. Two fundajaental oscillGtion theorems . We first 
prove the following 

Lemma 13*1. The numbers ^ (1S*6) all beoome 

positively infinite as 3^ tends to 

First let the quadratic form 2q( ) in (1E»4) be iden¬ 
tically zero. Let c be any given number and ^i^’ (3^ * 

•••, n) be n sets of solutions of the equations 

Ui =L:Aa4i + Mi.v'(t , 

’ y-i = - U; c 

With initial values Uj^^(x^) • . ^i/f^l^ » 0 so that they 

are mutually conjugate in pairs, since |uj|^^(x)| 0 at x - 

there is an interval 4- h for which it is everywhere 

different from zero. Let Xg bo chosen so that < h. I 

say (j'l (Xg) will be > o. Indeed let , yjc t 

given in ( 12 * 6 ) end solve the 

equations functions a^ on By (13*1) 

and the notations 


(13*2) , K«‘ 5 e = Vi. , 

one can readily verify that V|c , satisfy the equations 

(13*3) ' - ' , _ 

-=Ni*.*lA-Uo^A.*Vc-e:ri^ . 

Multiplying these equations respectively by , those 

in (12*3) respectively by -Vj # . adding the results, and 
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integrating from to we shall have 

(13.4) <r-C = Xl >fi IJ +■ 

By the conjugate property of we have ■ ^i^^ik 

identically on Hence by the definition of and (13*2) 


The differential equations in (12*3) and (13*3) also give 
%k( ^4*“ relation (13*4) therefore becomes 

which is ^ 0 , because - 0 by a relation analogous* to 

(3»12) and the assumption 2q{)^ ) « 0, and the integrand is - 0 
by (10*7)* 

If 2q(vi ) - ^ 0 , the reasoning in the proof 

of Theorem 10»2 shows that 2q( ) will be > h for a 

sufficiently large and negative niimber h* The expression ) 

in (12*4) will then be greater than or equal to 

(13.5) )= (3 +J[^ to(x,>i,pdx 

for all funotions >]c (x) satisfying the conditions » 0 . 

Since the last integrand in (13*B) is another function 
of the same form as and with the same coefficients 

*^ik* above proof shows that the numbers (x^) of the 
system arising from minimlaing >7 ) all become infinite as 
Xg tends to x^^. The general truth of our lemma then follows 
immediately• 

Theorem 13»1. JBaoh of the numbers (fy (xg) ^ (12»6) 
varies 0 ontlnuously with xg and properly increases from (xg) 
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I 2 . as from Xg ^ x^. 

In order to prove the continuity of the numbers (^y (x^) 
we notice thet A (x, ) is continuous in (x, (f* ) and cnalytio 

in (5* • At a particular fixed value x^, let r end only r of 
the numbers ( 5 "^, (Xg) be equal to * In the complex & -plane 
there exists a circle with as center and within which 
A ) is everywhere different from zero except at 6" « • 

Letting e be any positive number less then the radius of this 
circle and dg be the circle with as center and € as 
radius, we show that there exists a positive number S' such 
that, whenever x lies within both the intervals (x^^, Xg) and 
(X 3 -J t )• ■tlie equation A (x, 6 ^ ) * 0 has exactly r roots 

lying within dg and consequently within the Interval { (5^-6 , 
cr^-f€ )• In fact since A (x, o' ) is continuous in (x, ) 

for X near X 3 and (S on Cg and is everywhere different from 
zero for x « X 3 and o' on 0 ^ , there exists a S' > 0 such 
that, whenever x lios within both the intervals (x^, Xg) and 
(xg-S'. * 3 + 5 ^ )» the function A (x, 0 ^ ) is everywhere different 
from zero along . As is well known in the theory of func¬ 
tions of a complex variable, for x in the region ;)uat mentioned, 
the mirnber of roots of the equation A (x, cr' ) « 0 lying within 
0 ^ is equal to the value of the contour integral 

where the subscript < 5 ^ indicates partial derivative, por such 
values of x the integral ^ (x) is obviously oontinuoxis in x 
and has to be a positive integer or zero. Therefore cS (s) ■ 

(;5 (Xg) - r as was to be proved. 

For the remaining part of the theorem we show that 
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(S'v, ( 2 ^) < Cv (Xg) for any two numbers and such that 2 ^ < 

*3 < ^4 - ^ 2 * First let >J: , ifc be a set of functions identi¬ 
cal with the functions given in ( 12 « 6 ) 

on the interval and all zero on XgX^. For these funotione 

yji we have T ) • since have 

discontinuities at x^, the functions vj* cannot minimize 
and hence Cf, (x^) < ( 5 ^, (^g)* Mext suppose that < 5 "^ (x^) < 6 *^ 
holds for Jif. Let >|f , , id .il, •••, jf+l) be sets 

of functions identical with the functions 

given in (IE* 6 ) on the interval and ell zero on x^x^* Let 

* %C ^ linear combination of them 

with constant coefficients c^^ • These constants con always be 
chosen so that satisfy the norming conditions ) « 

a 

T ^ ^ orthogonal to the functions yj^ (X/X^), 

( p « 1, •••, X) given by (12*6) with x^ • x^. Since the func¬ 
tions Sixe identically zero on XgX^ and are on x^x^ a 

continuous solution of the system (12»3) with 6 "*^: replaced by 

^;=X C<,(5'o,('X3)^.f?c|X3) , 

a relation analogous to (5'9) and the condition Oj^o^ ■ 1 will 
give 

/•X3 

Theorem 10*3 then shows that (* 4 ) - *^+1 f^s)* 5^* 

equality sign can hold only when rje, , form a oheracterlstlc 
solution of the system (12»3) with replaced by yj'^q, « But 

since Vj^ , all vanish at x^, they cannot be such a solution. 

Consequently we must have (x^) 6^41 (xg). This 

induction end Lemma 13*1 complete the proof of the theorem* 
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The follOTdng two oorollaries are immediate hy plotting 
the curves (5^ - <5y (x^), (x^ < 4 X;^) and cutting them by 

horizontal lines & * constant* 

Corollary 1. Corresponding a number number 

of fooal points of x^ which are < Xg equal to the number 
of the numbers 6'y (Xg) which are given ^ {1Z*6) with xg ■ Xg 
and are < (5'o • corollary is still true with the inequality 

sign < throughout replaced ^ • (li iS. understood 

that each focal point is counted with a multiplicity equal to 
its index )* 

Corollary 2^ If (S'> 6" ■, then the -th fooal point 
of Xj^ corresponding to » i£ exists > must preoedod 
the y -th fooal point of x^ corresponding to 6' , o,y,4er of 

focal points being counted from left to right )* 

When the conditions S^CYj.O - 0 in become 

* 0* the above theorem and its corollaries remain true vTith 
focal points replaced by conjugate points provided the oorres- 
pcndihg system is still normal on every subinterval If 

we make the stronger assumption that the system 


(13.6) 




is normal on every subinterval x^x^, then we have the following 
stronger theorem whose proof is practicidly the some as those 
of Lornma 13*1 and Theorem 13*!• 

Theorem 13*2* If (5^ (xg, x^) with <5", fx^i x^) £ 
x^) 4 ... represent the totality of oharaoteristio 

numbers o^ the system (13*6), then each of the numbers CyCx^.x^) 
varies ocntinuoualy with x^, x^ and properly Increases as the 
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Interval shrinks ♦ Moreover all of them heoome positively 

Infinite as the Interval shrinks to a point . 

Corollary , Corresponding to a numher 6 '^ the number of 
conjugate points Xg between and x^ ^ the same as the 
number of oonjugate points of x^ between the same limits and is 
eguel to the niunber of the numbers d'y x^) vdiioh are < or 

It 6^0 ftoooyding as the word "between" 3^ used in its strict 
or broader sense # Moreover , when remains fixed and x^ 
varies , each oonjugate point of Xg, £0 long as it remains between 
^1 *2 iH strlot sense , varies continuously with Xg 

and advances or regresses with it # 

The first sentence of the corollary is obvious. As to 
the second a little justification is required. To do this let 
us understand temporarily the oonjugate points of a given 
point as its oonjugate points oorrespcndlng to <5^ . This being 
so, let Xg have an initial position t such that its V-th right 
oonjugate point T exists and is to the left of Xg# As in the 



figure draw a part of the curve 6 ' « (t, x) and let it 

meet the line m at a point A# The projection of A on 
the x-axis is of course T. let B be any point on the line cf « 
andr be near and to the right of A# Draw the vertical line 
BT* tp meet the curve at a point G* Let € be the length of 
BG. By the continuity and monotonicity of the numbers 
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6 'y {Xg, X^), it follows that there exists a point t^ such that 
whenever a point t" is > t and < t’ we must have 

0 < i )< € . 

This shows that the curve 6 « (5*y ft*’, X ) must meet the 

segment BC and therefore the segment AB at some interior points; 
i.e* the V -th right conjugate point T" of t" exists and is 
> T and < T** As B may he chosen arbitrarily near A, this 
completes the proof for the above situation. The proof for 
other oases is the same, 

^4* First comparison theorems . We begin by studying 
the effect of an increase or decrease of the quadratic form 
Eq( yj ) on the numbers 6 'y(x 3 ) and consequently on the focal 
points of X;l* At the same time we allow a change of the end 
conditions ^ « 0, To make the statement clear we let 

_ ^ rX3 ^ 

(14.1) where . 

and compare the problem of minimizing (12*4) under 

the conditions (12*5) with the problem of minimizing ) 

under the conditions 

(14*2) 

The boundary value system for the latter problem 

differs from (12*3) only in the conditions « 0, We shall 
assume that this system is also normal on every subinterval 
x^Xg and analogously to ( 12 * 6 ) let 
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(14-4) ... 

be the totality of Its characteristic numbers and the corres¬ 
ponding orthonormallzed characteristic solutions. 

Theorem 14*1, Let t ^ the number of the conditions 
5^ = 0 which are linearly Independent of 9^ - 0 , and r he the 
number ox conditions which have to be adjoined to b^^ = 

Ct I 0 is order to form n linearly Independent conditions , 
Cl) IX ^ ^ 5 ( T ) with respect to all seta of constants 
not all zero and satisfying the conditions 9^ = 5^ = 0 , then 
(^ 3 ) all values of and . C 2 ) If the 

strengthened condition q( >^ ) > q( *| ) holds under the above 
restrictions , then not only 6'^ but also 

surely (x^) > 5*^ (x^) f^ ail values oX. x^ aM . 

We shall prove Cg) only because the proof of Ci) Is 
similar and easier. First we select r sets of constants , 
Cy = l,***,r) such that d^^ ^ solu¬ 

tion except = 0. For any fixed value of x^ and V , let 

be a linear combination of the functions In (12-6). Constants 
Cg^ can always be chosen so that satisfy the conditions 

^^ 1*0 while satisfy the conditions Ni3(V) = = 1 . 

= 0 and are, If V > 1 , orthogonal to the functions 

, ( p = !,*••, - 1 ) In (14*4). Since the functions 

y^c iXi ^‘orm a solution of the system ( 12 * 3 ) with ’[i 
replaced by 


yfcr /u ^ 
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wo have by a formula like (5*9) and the relation * 1 

This and the hypothesis in Cg) give ^ 

which the equality sign holds only when y^i,, are all zero, 

Henoe, acoording to Theorem 10*3, (fy (x^) < (* 3 ) 

unless the end values Vj^, are all zero and are a 

characteristic solution of (14*3). But V|' , cannot be 
such a solution as is seen by a consideration of the conditions 
*0 and I « 0. The inequality Is 

thus established. 

In terms of focal points we have the following 
Corollary . Under the hypothesis in and oorrespondlnj 
to a number (5'^ , the ( V + t)-th focal point of relative 
to (12«3), ^ ^ exists , is not on the left of the >>-th 
focal point of x^ relative to fl4*3). Under the hypothesis 
in Cg) and corresponding to ( 5 *^ , the ( v + t 4 r)-th focal 

point of xj^ relative to (12*3), exists , raust follow the 

V -th focal point of x^^ relative to (14*3) • 

As an application of this corollary we easily deduco 
the follovv'ing theorem 'which ’.;ao used in the proof of Lemma 11*3, 
Theorem 14»2i Let fD) represent the difforontlal equa ¬ 
tions in (14*3) with d « 0, Assume that (D) i^ noi'mal on 
every subintorvel x^x^ and there is no conjugate point of x^^ 
relative to (D) on x-j^ < x ^ Xg. Then there exists a conjugate 
system of solutions , (;!' • 1 , n) £f fU) such 

* g 

that the determinant is everywhere different from 

zero ^ ^ X £ Xg. 

Let , (][ m •••, n) be any n sets of 
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-I 

independont solutions of (D) with initial values (x^^) - 0 

so that they form a oonjiigate system of solutions. By means of 
the hypothesis in the theorem it follo7/s that | i, (x)| / 0 
on Xt < X < Xo. We may therefore suppose that these solutions 
have heGn normed so that (Xg) - Scji $ (^Cg) - - 

where 5*^^ is the Ercneoker S Si^ some constant. By 

the conjugate property of the system we must have - ®^i* 

NOW let y^i , he n seta of solutions of (B) with end 

values ^^ 2 ) * ** ®i5^* Evidently 

these solutions also form a conjugate system. I say the deter¬ 
minant I YJ^(x)| is everywhere different from zero on < x< 
Xg. Indeed let 




and consider the prohlems of minimizing J^E *^32 respect 

to all functions >]c(x) of class D» on x^Xg, (x^ ^ ^3 < *e) 

satisfying the conditions $o< (x, ^ ^32^^ ^ 

« 0. No condition is put at xg. Their hoimdary value 

prohlems are therefore normal on every suhintorval x^Xg. We 

0 —i- — 

oan easily verify that VJ^ , and satisfy the 

respective boundary conditions at Xg. By the relation ((x)j 
/ 0 on X]_ < X < Xg, we see that the first focal point of Xg 
relative to the problem of minimizing 7 and corresponding to 
6 ^ - 0 is at x^. By the corollary to Theorem 14*1 with Xg, Xg 
in place of x^^, x^ sad t ■» r ■» 0 , we see that the first fooal 
point of Xg relative to the problem of minimizing J^g and 
corresponding to or « 0 oannot be on the interval x^ 4 x < Xg. 
Since (xg) I « 1, the non-vanishing of | fx)j on x^^ ^ x 
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^ 'Xg is therefore proved* 

Next we shell moke a ohange in the integrand function 
) fis well as in the quadratic form Sq( ) and the 
end conditions ^ - 0 hut hold the differential conditions 

^ unchanged. To he more epeoifio let ue com¬ 
pare the prohlem of minimizing (1^*4) under the 

oondilicne ( 12 * 6 ) with the prohlem of minimizing another similar 
e::^presslcn ) under the conditions 

(14.D) = 

We aupivose that all the fundamental hypotheses corresponding 
to those satisfied hy the first prohlem are satisfied hy the 
second. The boundary value system for the second prohlem may 
differ from ( 12 * 3 ) both in the coefficients 
in the conditions Sjf - 0. By analogy with (18*6) let Sp (X 3 ) 
with fxg) ^ (* 3 ) - ••• the oharaoterlstlo numbers 

for the new system. We ^eve the follcwini theorem whose proof 
is similar to that of Theorem 14*1 and may he omitted. 

Theorem 14*3. ^ t ^ number of conditions 

5 ^ " ^ ^hioh are linearly independent of 3^ « 0 . j;f, on 
every suhinterval we have ^ ) for £ii 

functions i^i(x) satisfying the conditions C12*5) and (14*6)^ 

then ^ ^>' ^* 3 * ^ -Sli *3 i&Si ^ 

Oorollary . Under the hypothesis in the theorem and 
oorresponding to ^ number . the ( V ♦ t)-th f 00 el point 

*1 rglattve 12 iil® 2l tnii^iP^lztng if it exietfl t 

must follow the v-th fooal point of relative to the problem 


of minimizing 
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Qornparlaon theorems . In this section we 
shall deduce some ocmpErison theorems which are different in 
charecter from those of the preceding section. We "begin hy 
ocniparing the general system (5*1) with the special system 


(15*1) 




ITote that this is the system arising from minimizing J®( >j ) - 
2a;(x, )d 2 with respect to all functions satisfying 

the conditions ) « 0, N( >1 ) ^ 1, « 0, 

If we assume that this system is normal on then we have 

the following 

Theorem 15*1. The number of oharaoteristic numbers 

of the system (6• 1) leas than £ number (5^^ lies between ^ and 
+ 2n - p inclusive , where X i£ number of characteristic 
numbers < of the system (16*1) and p the number of the 
end conditions ^^ ^ £*roblem 2 £r, what is the fiquiva «* 

lent thing , 2n - p ^ the rank of the matrix form ed by the 
coofficients of iS "^he boundary conditions S p « 0 

of (5*1) • Cg) The precedi ng statement is still ’ true with < 
replaced by < 6'c, • 

In order to prove C^) let Cf, ^ (5*1 £ * * • * < 6^^ be all 
the characteristic numbers of (5*1) which ere < fend 

(15.£) ^ 


be the corresponding orthonormal characteristic solutions of 
(5*1)* Similarly let (5"( 5i S * * "^ * * “^ <5^ be all the ohareo- 
terlstio numbers of (15»1 which are < <So and 


(16.3) 
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be the corresponding orthcnormel oheractoristlo solutions of 
(15»1)» The notations ^11 denote the first 

oharocteristic numbers of (5*1) and (16*1) respectively which 
are ^ . 

First we prove that h ^ -*• 2n - p* For, any linear 

oomtlnatlon - OcV|1 . ^c, - with oonetant ooefflolenta 

of the functions in (15*2) is a solution of the system (0*1) 
with tfrji replaced by 

(15-4) 


and since the boundary conditions « 0 in (6»1) imply the 
end conditions 5^4 f ^) ) ■ 0, it amounts to 2n - p conditions on 
Vj • « o<j K]? to require the conditions « 0* Conse¬ 

quently, if h > )■ + 2n - p, constants could bo deoerinined 
so that would satisfy the conditions yj ) ■ c^o^ - 1, 

V]ui ■ 0 and would be orthogonal to the functions Vj- in 

(15*3). For these functions Vjc , Theorem 10»3 would require 
the e^jpression J®( y] ) to be > • But (5*8), fl5*4) and 

the condition c^Cq, « 1 would give 

This contradiction shows that h ^ + 2n - p. 

Next we prove that h ^ For any linear cumoination 
Jj'- a d|^ ^ (5 with constant coefficients d^ 

of the functions in (15*3) is a solution of the system (16*1) 
with replaced by 

(15.5) • 

If h < 3^, constants d^ could be chosen so that would satisfy 
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the oondition 1T( )| ) « ^ v/ould bo ortiiogonel to the 

funotlone (15»E)* For these functions y|c > Theorem 

10*3 ’.vculd require the expression J( ) in Problem 2 to be 
^ 6"^^, . But (5*8), {15»5) ond tho oondition « 1 would give 



This oontrauiotion shevTS that h 4 

The proof of 03 ) is exactly the same by supposing that 

i.<6-^ < < <$;?., 5=, < i. 

The following corollary is immediate by suitably applying 
or of tho thocrom to two numbers d' and 6" • 

lorollaiy !• The number of characteristic numbers of 
££i cniy finite interval ( (S* * 6'* ) * opQ^ or closed or senli ^ 
closed at pleasure , differs from tho corresponding number of 
(16*1) £t most 2n - p. 

In terms of conjugate points the above theorem and 
Corollary 1 to Theorem 13*1 gives the following corollary, 
provided fl5«l) is also normol on every subintervel x^x^* 
Corollary 2. The number of oharaoteristic numbers 
of (6»1) lies between and jif + 2n - p inclusive , v/here X is 
the number of conjugato points of Xj^ v/hich are < Xg and corres ¬ 
ponding to and p has the same meaning as in the theorem . 

The corollary is still true with the inequality sign < through ¬ 
out replaced by < . 

next we have the following 

Theorem 15»2. 7/hon tho bcujndar:/ conditions in the 

system (5»1) ohango from « 0 5p -0, the numb or of 
oharactoristio numb or a < _e nvimber do oou change by 

at most tho greater of the two numbers 2n - p and 2n - p, where 
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P same meaning as In Theorem 15*1 and p the niunher 

corresponding to p for the conditions Sp « 0, the 

rank of the matrix of the coefficients of 5^ = 0, = 0 la 

4n - r, then the above change of number must also < 2n - r. 

The statement G^) is a corollary of the preceding theorem* 
The proof of Gg) is made by arguments similar to tlicse used in 
the preceding proof and henco v/ill be ouittod. 

When we apply the above theorem to two oycterns of the 
form (12*3) which differ only in the conditions =» 0 and 
interpret the results in terms of focal points we liavo the 
following corollary which is a generalization of the well-known 
Sturm^s separation theorem. 

Oorollary . Corresponding to a fixed niuabcr , llic 
number of focal points of x^ ^ a given interval < x ^ x^) 
or (x2_ < X < Xg) relative to two conjugate fai.illios oaii differ 
by at most n. If the two families have r line^ rly indepondont 
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INTRODUCTION 


The necessary condition of Jacobi, which limits the range 
within which an extremal surface may give a double Integral a 
minimum was treated by Kobb (5)^ in 1892 for the parametric inte¬ 
gral 


I “ y* 2, x^, 7u. Zu» *V' ^v' 


At best Kobb*3 method is complicated and, in the present state of 
the theory of partial differential equations, does not lend Itself 
to a proof of Jacobi*3 condition for the more general problems 
considered in this paper, Soramerfeld (6), extending a method due 
to Schwarz for simple integrals^ in 1899 proved Jacobi’s condition 
for the non-parametric Integral 

(1) I = y, z, p, q)dx dy. 


More recently several papers have appeared (7 to 15) which treat 
the condition for the latter integral and for the integral 


( 2 ) 


I = fft(x, y, z, p, q, V, 


a, t)dx dy 


with and without the respective isoperimetrio conditions 
(1') K = ffsix, y, z, p, q)4x d-y = X 


and 

(S') K = //g(x, y, z, p, q, r, a, t)dx dy = X* 

For the Integral (1) an Interesting advance has been made 


1 Numbers in parentheses refer to bibliography on page 24. 
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by Haar (15), who, in pursuing the consequences of his well-known 
fundamental I'^mma, has succeeded in replacing the second order 
partial differential equations of Lagrange and of Jacobi by two 
systems of fleet order equations, thus dispensing with the custo¬ 
mary hypothesis that the extremal surface be of class C”. Note¬ 
worthy results have also been attained by Lichtenstein (11, 12) 
and Plcone (13) who state Jacobi’s condition In terms of character¬ 
istic numbers of a boundary value problem, reminiscent of Hilbert’s 
treatment of Jacobi’s condition for simple integrals, A somewhat 
analogous statement of Jacobi’s condition is given by Simmons (14) 
for the integral (1) with variable bo\indary. 

But Jacobi’s condition for the more general problems in¬ 
volving multiple integrals appears to have received hitherto little 
or no attention. In this paper we prove the analogues of Jacobi’s 
condition for both the non-parametric integral 
^n 

and the parametric integral 

(4) I=J^F(y^, •• •, ayj^/au^)duq* •-du^, 

the boundaries being fixed. Incidentally several lemmas are 
proved which aid in analyzing the multiple integral problem. 

The method here employed is one that originated with 
Bliss^ and w'hich, because of its elegance, has been applied by 
him and his pupils to variotis problems involving simple integrals 
and by Kubota (9) to the dovible integral (2) with and without 
the side condition (2*), One of the chief points of interest of 

^ Bliss, Jacobi’s Conditions for Problems of the Calculus 
of Variations in Parametric Form, Transactions Of the American 
Mathematical Society , vol, 17, (1915), p, 196', 
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this paper Is the simplicity attending the application of this 
method to the general parametrlo problem (4), Attempts to treat 
this problem by the methods of authors cited in preceding para¬ 
graphs lead to great complications If not. Indeed, to Insurmount¬ 
able difficulties. 

The statement of Jacobi*s condition given in parts I and 
II is couched in terms of a solution of the Jacobi equations 
whose first partial derivatives are not all identically zero 
along the manifold on which the solution vanishes* For simple 
special cases it is well known that a solution of an elliptic 
partial differential equation (such as the Jacobi equation for 
our problem) which vanishes together with its first partial deri¬ 
vatives on the boundary of a region, vanishes identically on the 
Interior of the region. In part III is given an outline of the 
method of proof for the last named result and a survey of the 
literature relating thereto for the general case of a single 
linear homogeneous elliptic equation of the second order in n 
independent variables. Reference Is also made to extensions of 
portions of this theory to certain special cases of systems of 
equations. 



PART I 


THE ANALOGUE OP JACOBI»S CONDITION FOR THE 
NON-PARAMETRIC PROBLEM 

1. Notations and definitions . The symbols t, x, y will 
stand for points in the spaces T, X, Y, of n - 1, n, and m Aim- 
enslons respectively. Repeated subscripts will indicate summa¬ 
tions, the ranges being 

”V = 1, 2, •••, n - 1; oC , (9 = 1, 2, •••, n; 

1, k = 1, 2, m. 

The matrix | ||, where =dy^y^x^wlll be represented by p, 

and a set of equations such as ***» ^n-1^* 

•••, n will be represented by the single equation x = g(t). 
Further, the symbols S, M, L, W, have the meanings: 

S = a bounded connected open point set in n-dlmensional 

space; 

M 5 the boundary of S; M is assumed to have zero n-diraen- 
slonal Jordan content; 

L a a bounded (n - 1)-dimensional manifold in XY-space 
whose projection on X-space is M, the correspondence between the 
points of L and M being one-to-one; 

W = a region of the XYP-opace. 

Definitio n I, A simple regular n-dimenslonal manifold 
y = y(x) with boundary L is one such that the functions y = y(x) 
are of class C* in S + M and such that for each point x of M the 
point (x, y(x)) is in L. 
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Definition II , A regular n-manlfold y = y(x) Is one such 


that 


a. It consists of a finite ntlmber of fragments each of 
which is a simple regular manifold, 

h. The functions y = y(x) are continuous and single¬ 
valued in- S* 

Definition III , An admissible manifold is one which is 
regular and has its elements interior to the region W, 

2, The Lagrange equations and the edge conditions . For 
multiple integrals in the calculus of variations we have the 

Problem^ To find in a given class of admissible manifolds 


y = y(x). 


(x in S), 


which pass through the boundary manifold L, one which minimises 
the m-tuple integral 


( 2 : 1 ) 


I = S 7, p)dx 


where f is of class C”* in the region W, 

If for this problem Mis a minimizing manifold y = y(x), 
there follows the^ 

THEOREM I, On every part of where the functions 
y^(x) have continuous second derivative s, we have 


df^ /dx^ - fy^ = 0, 


S. f ot. 
1 Pi 


Definition IV , A solution y = y(x) of the above problem 
will be said to be of class D** if the functions y = y{x) define 
a regular n-dlmenslonal manifold in the interior of each cell of 
which they possess continuous second partial derivatives, while 

^ Powell, Edge Conditions for Multiple Integrals, Chicago 
Dissertation, 1931, 
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at some points on the common boundary of two cells some of the 
first partial derivatives are discontinuous. 

Lot E* be an (n- 1)-dimensional manifold which is a com¬ 
mon boundary of two of the cells of332l*. Consider a part R of E* 
whose projection E on X-space is cut by a parallel to an axis 
in at most a finite munber of points and segments and which can 
be represented by the equations 


X = g(t), (t in T), 

where the functions g are of class C* and ^ 0 for t in T, 


( 2 : 2 ) 


A^S (-1) 


(SC -1 * * *»Sn^ 

3 


For what we have called a solution of class D”, the following 
necessary conditions must be satisfied.^ 

THEOREM II. ^ y » y(x) jdefine a minimizing manifold of 
class D’* , then at points of R the expressions must be 

continuous ^ that is j 




(i = 1,•••,»), 


the vertical bars indicating that- the limiting values of the 
functions are obtained by approaching a point of R first 

from one side of R and then from the other side , 

second variation and the Jacobi equations . If 
y = y(x) minimize 

I = J* f(x, y, P)(ix 
S 

we find, as usual, by considering a one-parameter family of ad- 


1 


Ibid. pp. 46 ff. 
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misslble manifolds 

y = y(x) 77 s 0 on M, 

that the relations I*(0) = 0 and l’*(0) ~ 0 must hold. Here l”(0), 
the second variation, equals 

f zIL{x, , q)dx 
S 

where ail Is a quadratic form in the arguments 07 = (Tj;, , 

and q'^ = • The coefficients of this form are the second 

derivatives of f with respect to its arguments y, p. 

Definition V, An (n - 1)-dimensional manifold 5^ will he 
said to be a Green’s manifold if it is closed and bounds a portion 
S’ of n-dimensional X-space such that the formula holds 

where the P^ are of class C» in S’ + M and the cos (n, are 

the direction cosines of the inner normal of !R[. 

We find this definition convenient because the degree of 
generality of the boundary manifold W in the various extensions 
of Green’s Theorem depends upon the value of n. Thus for n = 2 
one may not merely dispense with the customary restriction that 
H be met by a line parallel to an axis in only a finite number 
of points and segments, but may assume H to be any simply closed 
rectifiable curve,^ A somewhat analogous theorem holds for 
n = 3,^ An (n - 1)-dimensional manifold will surely be a Green’s 

1 Grosz, Monatshefte fur Mathematik und Physik, vol, 27 
(1916), p, 70, 

2 Lichtenstein, Archlv der Mathematik \md Physik, 1918, 

p, 31, For Green’s Theorem in n-dimenslons, see Brouwer, Proceed¬ 
ings of Amsterdam Academy, 1919; Franklin, Annals of Mathematics, 
1923, p, 213; Giraud, Annales Ecole Norm,, 1926, p. 1, 
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manifold if the region that it boimds can be broken up into a 
finite number of sub-regions, each of which is bounded by a mani¬ 
fold of spherical type that is met by a line parallel to an axis 
in only a finite number of points and segments. 

If the minimizing manifold y = y(x) and the admissible 
variations 'Tjr (x) are of class C" and the boundary M is a Green’s 
manifold, we may transform the second variation as follows. By 
Euler’s Theorem on homogeneous functions 




Also 


f)' 

d % ~ 


a®- 

i ~ 9 X. 


so that Green’s Theorem enables us to write 



since the vanish on M« 

The m equations 

11 ^^ —=0 {1 = 


are the analogues of the Jacobi equations for problems Involving 
only simple integrals. It is evident that they are of the second 
order and linear and homogeneous in the ’s and their first and 
second derivatives. The symmetry possessed by the system is 
more apparent when it is written in the form 




(3:1) 
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Here is the operator 

^ki “ Pk ' 

and they *s are linear fxmctions of the 97 *8 and their first 
partial derivatives. We proceed to examine this system more close¬ 
ly, assuming, as always, that the functions y = y{x) minimize 
( 2 : 1 ). 

Definition VI . By Legendre*s condition in the stronger 
form is meant that along the extremlzlng manifold the quadratic 
form 


(3:2) 


hfh 


‘ik ? 

is different from zero for all matrices h ^ of rank one, that is, 
for all non-zero sets of oollinear m-dimenslonal vectors 


h^, h»o (0C= 1, n), 

being positive for a minimum and negative for a maximum.^ 

LEMMA I, Legendre * s condition in the stronger form Is 
equivalent to the condition that along the extremlzlng manifold 
the quadratic form 

(3:3) wW* 


be definite for every non-zero set Cj^, •••, c^^. 

Let be any non-zero vector and Cq^ any non-zero set of 
constants. Substituting h ^ = ®oc^l (3:3), we obtain 






= ®ik^^k* 


“Ik 


^0.1? 

^Ik 




a definite form. 


1 


For the necessity of Legendre*s condition see (1,2,3,4) 
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Note that is precisely what we obtain if in the 

differential operator Z!\^^we replace O^/fex^x^) by 
Therefore, the discriminant of (3:3) is the characteristic form 
of the system (3:1), Moreover, since (3:3) is a definite form, 
its discriminant, and therefore the characteristic form of (3:1), 
are different from zero for all non-zero sets That is, the 

determinant 

so that, by analogy with the theory of the single second order 
partial differential equation 

(3:4) * b^(x)(9u^x^) + o(x)u + d(x) = 0 

we might characterize the system (3:1) as elliptic in the region 
S. When m = 1, this system reduces to an elliptic equation of 
the form (3:4) with d(x) = 0, 

4, The analogue of Jacobi’s condition . In this section 
we shall prove the 

THEOREM III, 

Hypotheses ; 

Sil®. functions y = y(x) define a minimizing manifold 
cl^sg' C” on which Legendre’s condition in the stronger form 
is satisfied , 

2, ^ is any (n - D- dlmenslonal Preen’3 manifold 

bounding a domain ^ such that S' ^ the domain of integration 
S of X- space and the point set S - (^ + M) consists of a finite 
number of sets of type S, 

Conclusion ; 

There cannot exist a solution u of the system of Jacobi 
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equations which Is of class C” on ^ + M, vanishes on fiT and Is 
such that the first partial derivatives are not all zero at a 
point P of In S. 

To prove the theorem, suppose a solution u such as described 
existed with, say, 3 ^ 0, at the point P. Then we know 

that the portion E of 51 in the neighborhood of P can be represented 
by the equation - ^^^1> ***» ^n-l^ where is a single¬ 
valued function of its arguments of class C**. It will be assumed 
that near P, E la met by a line parallel to an axis in only a 
finite number of points and segments. If this condition is not 
satisfied, it is easy to show that in every neighborhood of P a 
point can be found in whose neighborhood E is met by a line 
parallel to an axis in only a finite number of points and segments. 
For the sake of complete symmetry, the equations defining E will 
he taken in parametric form 

X = g(t), (t In T), 0, 

the functions g being of class C’ and A^being given by (2:2), 

Since the functions y = y(x) minimize (2:1) we must have 

(4:1) I”(0) = S2Ci{x, 77 , q)dx ? 0. 

S 

This fact suggests a nev;' problem of the calculus of variations, 
namely that of minimizing the integral (4:1) in the class of 
admissible manifolds 77 = (x). But it is clear from (3:1) that 

the functions 


(4:2) 


>7 = u on S’ + M 
= 0 elsewhere 


give to l”(0) its minimum value zero. Moreover, these functions 
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constitute a solution of class D* for the problem of minimizing 
l"(0) and hence must satisfy near P the edge conditions 

u-i. 

It is evident from (4!8) that the right members of these equations 
vanish, leaving 

(4:3) (*, u, w)A„|^ = 0 on E, (H = 1, m), 

k ^ 

where = (^ addition to (4:3) we have at P the 

equations 

(4:4) duj = dx^= w~ g^dt^= 0. 

Since the differentials dty>are arbitrary, (4:4) yields the equa¬ 
tions 

w? g^ = 0 (V”®, 1, •••, n - !)• 

From this we conclude that w^ = A. A^; and (4:3) gives at P 

jL O Ok 

But this contradicts the first hypothesis because the n vectors 
constitute a non-zero set of colllnear vectors, 

1 ' ' m 

Thus we conclude that the admissible set of functions (4:2) does 
not give l”(0) its minimum value, and that, therefore I**(0) can 
be made negative, which, of course, precludes a minimum for I, 



PART II 


THE ANALOGUE OF JACOBI*S CONDITION FOR THE 
PARAMETRIC PROBLEM 

Homogeneity conditions and edge conditions . The 
notations and definitions of Section 1 will be used in this part 
of our paper, with the exception that the Independent variables 
will be replaced here by the independent parametric variables 
It is assumed that the number m of variables y^i is greater 
than the number n of parameters u^ 

We consider the Integral 

(5:1) ^ ~ f 

S 

where F is of class C'*’ In W, A necessary and sufficient condi¬ 
tion for the Invariance of this integral under change of parameters 
Is that P be expressible as a function J (y, J) of the y*s and 
of the Jacoblans J of the y*s with respect to the u*s, ^ being 
positively homogeneous of degree one in the J*8,^ Consequences 
of this condition are the Identities 

= P f or o< = p , 

= 0 ” cXfl ^ . 

Prom these follow the further identities 

pV = ° ^'0’^ oi = V , 6 = V , 

(5:2) ^ ^ 

= 0 ” 


1 Grosz, Monatshefte fur Matheraatlk und Physlk, vol, 27 
(1916), p. 70. 
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(5:8) 


= for o< = V , ^ / y , 

= -Pj" 



In the following paragraphs we are to consider the problem 
of finding among all admissible manifolds y = y(u), u in S, which 
pass through L, one which minimizes the n-tuple integral (5:1), 

The edge conditions for this problem are as stated in Theorem II, 
u replacing x. 

Proceeding exactly as in Section 3, we obtain, if the 
functions y = y(u) are to minimize (5:1), 


I»(0) = 0 


I"(0) = ^ , q)du = ^ 

2ll being a quadratic form in the arguments ^ 


Here the Jacobi equations are the m equations 

( 5 : 3 ) Cl. 






(i = !,•••,m). 


This system is of the second order and linear and homogeneous in 
the oj ’s and their first and second derivatives. However, by 
virtue of the identities (5:2), the equations are not independent. 

6, The Legendre quadratic form . Before proceeding to 
the proof of Jacobi* s condition, tv/o lemmas are proved for the 
purpose of throwing more light upon the first hypothesis of 
Theorem IV of the following section, which may be regarded as an 
analogue of Legendre*a condition in the stronger form. 

Denote by V(p) the linear vector space determined by the 
n m-dimensional vectors 


r. 


o< = 1, 


Each point of the manifold y = y(u) has associated with it sucb 
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a space, namely the tangent manifold at that point, 
LEMMA II. The quadratic form 


( 6 : 1 ) 


ik o< ^ 


vanishes for every set of n collinear vectors (h ^.•••,h 

-K--^ ^ r 

{o(= 1, •••, n) ^ v(p). 

The form, of course, vanishes for a set of zero vectors. 

Let t)e any vector a in V(p), Then represents the 

1-th component of the ^ -th vector of an arbitrary set of vectors 

collinear with a, the sets c and "c being non-null. Let, further, 

i^, 9 fixed values of i,'0( , in the respective 

ranges of the latter. We show that the expression 


(6:2) 


ilk Qi’j ilk cx, 


vanishes for ^ = %<^i* that therefore (6:1) also vanishes. 
Under the substitution ^ ^ = ^ becomes 

Since h = h = K, we see by reference to the identities 

oc/ V, <x, ^ 

(5:2) that the expression (6:3) vanishes for cX^ = and becomes 


K(c^ if' - 0 pf' + c pf' 

<?, ii o', ii Of, li 

for cx, yi 

LEMMA III. ^ the quadratic form 


- ) = ° 




(6:4) 


h ^ 
Ik cx ^ 


vanishes for a set of n collinear vectors not in V(p), then it 
vanishes for a non-zero aet of collinear vectors orthogonal to 
V(p), 
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Let represent the i-th component of the ^ -th vector 

of a set of collinear vectors not In V(p) for which (6:4) vanishes* 
There exists a vector a in V(p) and a vector a orthogonal to V(p) 
such that 


a = h + a. 


Then the form vanishes for the set 


a ® c^ (h *♦* 


a). 


Place h^ = ca. = ob^ + ^a^. Then (6:4) becomes 

oi Ot 1 1 OK 1 


(6:5) (o^b^ + 

The first and fourth sums vanish by hypothesis and Lemma II. 
Replacing in the second s’jm by and setting 1, oC , ^ = 

li> we form expressions analogous to (6:2) and (6:3) and 

thus show that this also vanishes. But the second and third 
sums are clearly equal. Therefore the expression (6:5) vanishes. 
7. The analogue of Jacobi’s condition . 

Definition VIII . A solution v of the Jacobi equations 
(5:3) is called a normal solution if it satisfies Identically 
the relations 


(7:1) = 0 

on the manifold m. 

We shall have occasion to use the derivatives of (7:1), 
(7:2) 77^ p^ + linear terms in Vj^ = 0 

S 

where TT^. = 3 • 
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THEOREM IV. Jacobi* a Condition . 

Hypotheses t 

!• Is a minimizing manifold of class C” on which 
the Legendre quadratic form 

BfPh Ih I 

Ik oc ^ 

Is different from zero for all non-zero seta of colllnear vectors 
orthogonal to V(p). 

2. H is any (n - 1)- dimensional Green* s manifold 
bounding a domain S' such that S' Is ^ the domain of integration 
S of U- apace and the point set S - (S + I) consists of a finite 
n\mber of sets of type S. 

There ezlats a normal solution v of (5i3) which 
vanishes on S, Is of class C" on S + and Is such that the 
partial derivatives TT are all zero £t a point P of M S. 

Conclusion: 


The manifold '^^ ^does not yield a jninlmum for the 


Integral I. 


As In Section 4 It can be shown easily that the portion 
E of In the neighborhood of P can be represented by equations 


of the form 


u = g(t), (t in T), ^ 0 1 


where the g are of class C* and A^ls given by (2:2). Moreover, 
without restricting ourselves we may assume that In a neighborhood 
of P, E Is met by a line parallel to an axis In at most a finite 
number of points and segments. We argue, as before, that If 
y = y(u) furnish a minimum, we must have l”(0) » 0, and that, 
since the admissible functions 
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(7:5) 


= V on S’ + 

= 0 elsewher<^ 


give to 1^(0) its minimum value zero, they must constitute a solu¬ 
tion of class D” for the problem of minimizing the Integral 

(7:4) J = I’'{0) = / aHCu, 77 , q)du. 

s 

Hence, the edge conditions 

(7:5) = 0 on E, (k = !,•••,m) 

must be satisfied. Also along E wtb have 

dv, = Tt'* du = g'’^dt = 0, 

1 4 cx i y ' 

which imply the equations 


(7:6) TT. = 0. 

Prom the latter it follows that 
(7:7) 

Since V = 0 on E, (7:5) yields at P the equation 


(V-= 1, n - 1), 


77f = A-A , 

C 4 ^ 


V, tDTT^ = 0 = TT^TT^^ . 

Concerning the n m-dlmensional vectors 7T^, we observe that at P 
they are not all zero by hypothesis 3; they are collinear by 
equations (7:7); and they are orthogonal to V(p) by (7:2)* We 
conclude, therefore, that the functions (7:3), which cause the 
second variation to vanish do not minimize it, and that consequent¬ 
ly there exists an admissible set of variations for which l’*(0) 


< 0 



III 


A FURTHER RESULT 

For the simple integral 

/ Xa 

r{x, j, z, y», 2 » )clx 

Xi 

Jacobi*8 condition may be stated as follows: If Eia is a minimiz¬ 
ing arc having no corners and such that along it ^‘viv«^z«z* 

is different from zero, and if is a point between X]^ 
and Xg, then there can exist no solution of Jacobi's equations 
which vanishes at x^^ and at Xg and which is not identically zero 
between x^^ and Xg* For the double integral 

I = / / f(x, y, z, p, q)dx dy, 

the following analogous statement is found in the literature: 

If Legendre's condition in the stronger form holds along a mini¬ 
mizing siu'face of class C”, then there can exist no solution u 
of Jacobi's equation of class O'* which vanishes along a Green's 
curve H in S, and which is not identically zero in the domain S’ 
bounded by These statements are somewhat more illuminating 
than our Theorem III because they do not postulate the non-vanl- 
shing of a derivative at the conjugate point x^ or at a point of 
the curve U. In the case of the simple integral this elegance of 
form of statement is readily accounted for by the fact that if a 
solution together with its derivatives dic^ vanish at x^# it would 
vanish identically on the Interval (x^^, x^) by virtue of the 
Cauchy existence theorem for a system of non-analytic ordinary 
differential equations. But the method used to obtain the 
(467) -19- 
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corresponding result for the double integral involves an altogether 
different set of ideas and has not yet been sufficiently developed 
to yield an analogous result for the problems considered in this 
paper. 

We recall briefly the latter method for a well-known case\ 
To the equation 

(1) L(u) = + aOu/&x) t b0u/9y) + cu = q 


adjoin the equation 


M(v) = 3 ^v/^x 2 + 3%/3y2 -3(av)^x - B(bv)/^y + cv = 0* 


Then it follows readily that 

J J [ - viM(v}ldx dy = - I 1 v(d\x/dn) - u0v/^n) + 

(a cos{nx). + b co3(ny))uv^ds. 

If a, b, c are of class c” in S’ + W, then corresponding to a 
point ( ? , ^ ) of S’ the adjoint equation admits an elementary 
solution of the form 

V = u(x, y; f )106 r + V(x, li § ,7^ ), 

r Al\x-f )2 + (y 


U and V being of class C’* and U(^ ^ consequence 

of the existence of this elementary solution is the important 
formula for the value of a solution u of equation (1) at a point 
of S*, 


1 Picard, Equations aux derlvees partielles j p, 192 ff. 
Webster-Szego, Partielle Differentlalglelchungen . p, 292, 
Goursat, Cours d'Analyse III, pp, 230 ff. 
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7.rrii(^,->j)= ^ +{^ cos(Tn.x)-hbcos(-nyjLcirjc^s 

where 3 \V®» and 'd v/&Yi are taken along the interior normal of Sf 
and 003 (nx) and cos (ny) are the direction cosines of the latter. 

It Is seen that the method consists of three steps: 

(1) an appropriate definition of the adjoint in order to sec\ire 
a generalization of Green*s formula; (2) the proof of the existence 
of an elementary solution; (3) the derivation by means of the 
elementary solution of a formula which yields the value of a 
solution at a point of S’ in terms of its values and those of its 
partial derivatives (first partial derivatives for an equation 
of the second order) on the boundary F. An important fourth 
step is the determination of Green*s function; that is, an ele¬ 
mentary solution that vanishes on the boundary, or satisfies some 
other boundary condition suggested by the problem in hand. This 


does not concern us here. 

Consider the general second order equation 

(5) F(u)= ^ . +^4.1^ 


and its adjoint 






Prom the identities 




k4<) _ aCy-M-fe . ) 

F(u.)-u.Giv) = 


dxjix 




the i*urther identity 


(k4<) ^ 

^o< 


a_L 
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follows, where 

=-ir 

Setting 



3 




■u-vh^ 


TT* COS( 


dT 


■ o( ^ 


we find, by Green's theorem, 

The equation (3) is elliptic in 15* + I If at each point of the 

region the form <7^ is positive definite. For convenience 

take la I s 1* The existence of an elementary solution of this 
' c(q ' 

equation was proved by Hadamard (18) for tho analytic case, and 
by Levi (19) under the assumption that the a^^ are of class C”* 
and the b_, c, f of class C*. Levi reduces the problem to the 
solution of an integral equation of Fredholm type. But his dis¬ 
cussion' at this point is quite brief. Some of the desired details 
are to be found in Sternberg (22) and Gevrey (32). For n > 2 an 


elementary solution is given under the form 


7r(p, TT)-- 


t _ __ 




■E ^^ 0 ^( 7 ^ is the form adjoint to Es 




where / is the form adjoint to/ a^^OJ’cr^and W(P,'Tr ) 

is such that in the neighborhood of the point TT , 


|W(P,Tr )| < const/lP'*T| 


n-3 


ldW(P,Tr < oonst/lPTTl 


n-2. 


while for n = 2 a logaritlunlc expression forms the principal 
part. The existence of such solutions for the adjoint equation 
makes possible the derivation (32, p* 9) of the fundamental for¬ 
mula for the value of a solution u of equation (3), 



(471) 


A FURTHER RESULT 


23 


3(n - 2)u(Tr) 


(4) 




v(3u/^T) - uC9v/^T) + Luv 


f vf dS*, 

"'s- 


dUT - 


s being the surface of the unit hypersphere. 

For the problem of minimizing the inheg.ral 


(5) 


= J ^n' y» Pi' •••> 


... dx^, 


where =3y/9x^, we have the single Jacobi equation 

'^y ~ ^ ~ ' 

This equation is linear and homogeneous in u and its first and 
second partial derivatives and is of the form F(u) = 0, Moreover 
it is self-adjoint and in view of Legendre*s condition in the 
stronger form it is elliptic In S’ + JT, Hence, under such condi¬ 
tions as validate formula (4) we may for the problem (5) announce 
Jacobi*s condition in the form suggested at the beginning of this 
section. 


The -extension of the method outlined above to elliptic 
systems of equations offers difficulties with respect to each of 
the three steps, particularly the second step. Levi used his 
method to prove the existence of an elementary solution of a non- 
analytic elliptic system in two Independent variables, while 
Cloranesco (33) gives methods of adjunction for the system 


= dlv 

Ov 


(grad u^) 


.(a^grad + 


b u 
o<9 


,) = 




[o<= 


and, assuming the existence of elementary solutions, derives 
formulas analogous to (4), The extension of this important method 
to the general elliptic system with an arbitrary number of inde¬ 
pendent variables is still an open problem. 
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A HISTORY OF THB CLASSICAL 
ISOFERIMBTRIC PROBLEM 

Introduction . The famous old Isoperimetrie Problem 
of the ancients was that of finding a simply closed curve 
of given length which incloses the largest area. Another 
problem closely related to this problem is that of finding 
among all curves which inclose a given area that one which 
has the shortest perimeter. It is easy to prove that the 
solution to either of the two problems leads logically to 
the solution of the other. The first problem may be stated 
analytically as that of finding an arc with equations in 
parametric form 

X s= x(t) , y = y(t) , t, » t « ta, 
which satisfies the conditions 

x(t,) = x(ti) , y(t,) = y(t 3 ) , 

but does not otherwise intersect itself, which gives the 
length integral 
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a fixed value 1, and maximizes the area integral 

A A-. 

The solution is a circle. The general problem of the calcu¬ 
lus of variations for which one integral is to be given a 
fixed value while another is to be made a maximum or minimum 
is called after this one an isoperlmetric problem. Any prob¬ 
lem where a fixed length is involved while an integral of any 
kind is to be made a maximum or minimum is called an isoperl¬ 
metric problem. In this paper only the first two problems 
which are formulated above will be discussed. 

The earliest attempted solution of the problem which 
has been preserved for us wbls that of Zenodprus. His solu¬ 
tion was the one generally given for the problem until the 
time of Steiner. Reiner gave a very^ elegant and simple proof 
of a condition necessary for a solution but did not give a 
sufficiency proof. The first complete proof that the solu¬ 
tion of the problem is a circle was given by Weierstrass. The 
earliest writers who attempted to solve the problem used a 
geometric method. Later complete theories have been given by 
the method of the calculus of variations, by the geometric 
method, and more recently by means of Courier Series. 

The discussion of the history of the Isoperimetric 
Problem is divided below into four sections. In Section I 
the origin of the problem and the proofs to the beginning of 
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the nineteenth oentury are diaoussed. In Section 2 the de-^ 
Telopment of the geometric proofs is traced from the begin- 
ning of the nineteenth century to the present* The greater 
part of Section 2 is concerned with the dsTelopment of the 
theory of Steiner, and of the theory of parallel curve b which 
was first applied to the solution of the Isoperlmetrlo Prob¬ 
lem by Minkowski. Section 3 consists of an outline of the 
proofs of the Isoperlmetrio Property of a circle which haTe 
been given by means of Fourier Series. In Section 4 solu¬ 
tions which have been given by means of the cdlculus of var¬ 
iations are discussed. The greater part of Section 4 is a 
discussion of the application of the theory of Weierstrass 
to the Isoperlmetric Problem. 

The Bibliography which follows Section 4 is also di¬ 
vided into four groups to correspond to the four sections 
described in the preceding paragraph. References which merely 
mention the Isoperlmetrlo Problem are not included. 

The numbers in the text inclosed in parentheses and 
following an author's name, refer to the dates of birth and 
death of the author. The numbers inclosed in square brackets 
refer to the Bibliography. 
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1. Origin of the problem and early theories . The 
origin of the problem has been attributed to the Greeks but 
it is not known who among them was the first to state the 
problem or attempt a solution. The mathematical historians 
Montucla [ 4 } and Cantor [5I quote a statement of Diogenes 
Laertius (third century) regarding Pythagoras (580?-500? B. C.) 
which has been interpreted to mean that Pythagoras knew the 
maximum property of the circle. The statement of Pythagoras 
is, however, not at all convincing as it merely asserts that 
of all plcuae figures the circle is the most beautiful. 

The following remark KJ appears in the De Caelo of 
Aristotle (384-322 •♦Now of lines which return upon 

themselves the line which bounds the circle is the shortest." 
Aristotle does not give any further explemation of the sen¬ 
tence and his subject is a philosophical rather than a math¬ 
ematical one. 

Archimedes (287-212 B.G.) may have been the first to 
attempt a mathematical solution of the problem. Simplicius 
who lived about the sixth century A.D. mentions a proof [l^ 
of Archimedes and .ienodorus. However, Proclus (410-485) 
says [jL^ that later mathematicians arrived at a solution 
partly from the works of F'^clid (450-374 B.G.) and partly 
from those of Archimedes. The mathematical historiaun Librl 
[s] gives a list of books found in the Cosmography of 
Maurolytua (1494-1575) and one called the isoperimetrie 
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Figures appears under the name of Archimedes* Isaac Barrow 
(1630-1677) in hia preface [j2(3 to the Book of Lemmas makes 
the following comment in a note on the margin of his book» 
"These men attribute to him (Archimedes) a book which is the 
Isoperimetry of i^enodorus, fraigments of statics, and other 
works. •* 

It is not clear whether the references of the last 
paragraph are to a work of Archimedes which has been lost or 
to the later collection of articles called the Book of Lemmas 
to which the name of Archimedes has by some critics thought 
to have been erroneously appended. Zenodorus In one of his 
proofs [l6 Hultsch ed., vol. 3, p. 119^ used a theorem which 
he says was a theorem of Archimedes. This is evidence for a 
conclusion that Zenodorus was acquainted with the work of 
Archimedes, and that he would have mentioned the fact if 
Archimedes had arrived at a solution of the Isoperlmetrlc 
Problem. 

A statement of the historian Polybius (801-120 

B.G.) suggests that he may have known the maximum property of 
the circle. He says that most people judge the size of cities 
simply from their circumference and that when one tells them 
that a city or camp with a circumference of forty stades may 
be twice as large as one with a circumference of one hundred 
stades the statement seems astounding to them. He adds that 
the trouble is that we have forgotten our lessons In geometry. 
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The Oreeke in general did not hare a clear understand¬ 
ing regarding the relation of perimeter to area. Polybius 
adds to the above remark that not only ordinary men but also 
statesmen and military men Judged the size of a oamp by mea¬ 
suring the oiroumference, Proolus mentions certain mem¬ 

bers of communistic societies who cheated their fellow members 
by giving them plots of land of larger perimeter but smaller 
area than the plots which they took for themselves. He says 
also that the theorem that all triangles formed on the scune 
or equal bases, and always between the same two parallel 
lines are equal in area was regarded by the Greeks as para¬ 
doxical because the perimeter could be made as large m one 
pleased. 

Zenodorus who lived probably during the period from 200 
B.C. to 90 A.B. wrote a treatise on figured of equal perimeter. 
This work has been lost but has been partly preserved in the 
works of Theon of Alexandria and Pappus who were con¬ 

temporaries and probably lived during the fourth century A.D. 
Christopher ClaTlus (1537-1612) ref ere [l’^ to the works of 
Theon and Pappus as the sources from which he took the proofs 
which he gives regarding isoperimetrio figures. Recently dis¬ 
cussions of the theorems of Zenodorus have been given by 
Heath [ 7 ] and Chislni [¥] but both works follow that of Pappus. 
The theorems of Zenodorus that are of interest for our problem 


aret 



(485) 


FROOY OF ZaDJODORUS 


7 


Theorem I . Among all polygone of equal number of 
aides and equal oerlmetere. the regular polygon le greeteet 
In erea> 

Theorem 11, The olrole Is greater in area than any 
regular polygon whloh has an edual nerimeter. 

The proof of Theorem I depends on two lemmas. 

Lermna I. Among all triangles having the same base 
and the same sum of sides, the Isosoeles triangle is greatest 
in area. 

Lemma II. When two isosoeles triangles are not slmi-> 
lar to each other, if we oonstruot on the same hases two 
triangles that are similar to eaoh other, and suoh that the 
sum of the perimeters of the similar triangles is equal to 
that of the two original triangles, then the sum of the areas 
of the similar triangles is greater than the sum of the areas 
of the non-similar triangles* 

The proof of Theorem I according to Zenodorus is as 
followsI Suppose AB and BC are 
unequal. Construct AF equal to 
CF and such that the sum of AF 

A c 

and CF is equal to the sum of 
AB and BC. Then hy Lemma I, the 
triangle AFC is greater than the 

triauagle ABC. Therefore the erea ^ ^ 

of the new figure is greater than the area of the original 
one, which is contrary to the hypothesis that the given figure 












8 


ORiaiSr AND EARLY THEORIES 


(486) 


be a maximum* Therefore the maximum polygon must be equi¬ 
lateral. 



Now suppose the angle 
B is greater than the angle D, 
while the polygon is equilat¬ 
eral. Construct isosceles tri¬ 
angles AEC and EGrC similar to 
each other and such that the 
sum of their perimeters is equal 
to the sum of the perimeters of 

ABC and EDC. Then by the use of Lemma II we know that the 
sum of the areas of the trlsingles AlC suid EGrC is greater thsui 
the siun of the areas of the trisuigles ABC sund EBC. Therefore 
we have a new polygon of equsil perimeter but greater area 
than the original one which is contrary to the hypothesis 
that the original polygon is a majcimum polygon. By repeating 
the argument for other pairs of suigles we finally conclude 
that the msiximum polygon must be equisuigular. Therefore the 
maximxim polygon must be regular. 

Zenodorus used the following demonstration as a proof 
of Theorem II. Let C be a circle 
of perimeter p, and P be a regular 
polygon of equal perimeter. Let 
P* be a polygon circumscribing C 
and similar to P. Let a and a* 
be the apothems of P and P*, and 
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notice that a» Is the radius of 
the circle. Since the polygons 
are similar we know that a/a» 
is eqaaO. to p/p*. But p’ is 
greater than the perimeter p 
of the circle, therefore a* 
is greater than a. The area 
of C is, hy the use of a theorem proved by Archimedes, equal 
to one-half the area of a rectangle the length of which is 
the perimeter and the width the radius of C, or a»p/2, and 
the area of P is ap/2. Therefore the area of C la greater 
than the area of P. 

The two theorems when completely proved justify the 
conclusion that a circle of any given perimeter incloses a 
larger area than any polygon which has an equal perimeter. 

But in Theorem I it is aasiamed that among all polygons of a 
given perimeter there is one that is a maximum and this 
statement requires a proof. In addition we need for a com¬ 
plete proof of the Isoperimetric Theorem a discussion of the 
case when the figure which we are comparing with the circle 
is not a polygon. 

Kepler (1571-1630) states the theorem jl^ and refers 
the reader to the proof of Pappus. Galileo (1564-1642) gives 
an argument |l^ which is essentially the proof of Zenodorua. 

James Bernoulli (1654-^705) mentions the problem (2^ 
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and aays that tba solution is a olrole but adds tbs statement 
needs to be proTed. On tbe^same page he proposed to matbema-* 
ticlans a more general problem. Els problem Is as followst 



ordinate PE or of the arc HF. the area BZRB shall be a maxi* 


nuni> 

If we choose PZ equal to PS* then the solution Is two 
equal arcs of a circle. The solution will be a complete cir* 
ele If we further choose the sum of tbs lengths of the two 
ourwes to beT^^^loies the length of BE. 

The numerous attempts to solve the problem of Bernoulli 
and others similar to It led to the development of a new method 
for solving such problems. This new method Buler called the 
calculus of variations. All the early writers on the calculus 
of variations wore concerned only with proving the conditions 
necessary for a solution. As a result the early proofs of 
the ma ximu m property of the circle by the new method as well 
as the older geometric method were not complete. 

Euler (1707-1785) developed a theory which is caaied 
the rule of Buler and applied It [ 22 ] to proving that if a 
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ourT<i of gl’ren lenstli inoloaos m maximm area 11 !■ neoassary 
that the earre be a olrole» Rleeati (1707-1776) hae written 
a dlSBertatlon In whioh he diBoaasea the may»iM nn proper¬ 

ty of the olrcle In a manner almilar to that of Zenodorua 
whioh has been given In a preceding paraigraph of thle aeotion. 
T. Simpaon (1710-^1761) gave a dlacussion Ql^ of the problem 
almilar to that of Buler. He aaso gave a geometric demon- 
8 trail on [2^ of the problem which is eaaentlally the one 
given by Zenodorua. Other geometric proofs [23«3^ much the 
same as that of Simpson have been given by Legendre (1762- 
1833) and P. Klvtua (1710-1749). 3. L^Huiler (1750-1840) 

proved [ 27 ] that if a curve which has a given length tncloaee 
a maximnm area It is neoesaary that the radius of curvature 
be oonetant. 

8. C^ometrlo proofs of the iaoperlmetrlc property of 
the oirole. The early attempts to prove the laoperimetrie 
Theorem by meana of geometry lacked geuarality ainoe only 
polygons were used as oomparlaon curves. During the beginning 
of the nineteenth century an attempt wae made to give a more 
genersO. type of proof. The geometrio proofs attempted from 
the beginning of the nineteenth century to the present can be 
roughly divided into two groups. The first group la largely 
83rnthetlo stnd Is closely associated with the work of Steiner 
(1796-1863), The second group Is smalytlc and Is concerned 
with proving an auxiliary theorem from which the Isopertmetrio 
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Theorem follows at once. This auxiliary theorem says that 
for any closed curve the sq^uare of the perimeter minus Air 
times the inclosed area is greater than or equal to zero and 
the equality sign is valid only when the curve is a circle. 

An attempt to prove that the area of a circle is larg¬ 
er than that of any closed curve of equal perimeter appeared 
in 1813 in on article [ 32 ]] by an unknown author. The vrriter 
assumes that among all plane figures inclosing equal areas 
there is one that has the smallest perimeter. He then proves 
that this figure of smallest perimeter must be a circle. He 
argues that if one denies that it is a circle then some other 
figure must have this property. In that case he shows that a 
new figure can be constructed having equal area but smaller 
perimeter than the original one. But such a construction 
contradicts the hypothesis that the original figure possesses 
the smallest perimeter possible. Therefore, among all curves 
of equal area the circle has the shortest perimeter, How 
suppose that there is a: figure S having sin equal perimeter 
and a larger area than a given circle C*. Make a circle C 
equal in area to S. The perimeter of C will be less than 
the perimeter of S by the preceding theorem. The area of C» 
will be larger than the area of C and therefore larger than 
the area of S which is contrary to hypothesis. 

Steiner gave five different proofs of the maxi¬ 

mum property of the circle. His theorems include the analo- 
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gous proposition that among all figures having equal areas a 
circle has the shortest perimeter. He states tliat each of 
these propositions implies the other as indicated for one of 
them in the last paragraph above, and therefore proves only 
one of them in any particular discussion. The proofs are 
general enough to include all closed curves liavlng a given 
perimeter, but are in each case based on one of the following 
postulates which are not provedt 

(1) Among all closed curves having a given perimeter 
there is at least one whose area is equal to or greater than 
the area of any of the others. 

(2) Among all closed curves of given area there is at 
least one whose perimeter is leas than or equal to the peri¬ 
meter of any of the others. 

Steiner comments on the first postulate as followst 
“It is clear that there is an infinity of figures which have 
equal perimeters but which have different form and area. One 
observes that the area can be made as small as one pleases 
but not as large as one pleases, since all the figures may 
be inclosed in a circle whose radius is equal to one half the 
perimeter of the given figures and whose center is one point 
of the circumference of one of the figures. It must be that 
among these there is a maximum figure or several maximum 
figures, that is several figures which have equal perimeter 
but a larger area then any other figure not in the group.* 
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Theorem * Among all curree of equal perimeter the 
circle Inclogee the maximum area * 

I.et SFOH he a maactmum 
figure* One oan find a line 
AB that diTidea the perimeter 
Into tvo equal parte* There* 
fore 9 the area ta divided into 
two equal parts heeause if not 
one c 8 Ln replace the fmaller 
half by one equal to the larger 
and thus increase the area of the originsa figure without 
changing the perimeter which ie contrary to hypothesis. If 
the figure la not symmetric with respect to AB, replace one 
half of the figure by a figure symmetric to the other half» 
and since the area and perimeter are unchanged the figure is 
still one of ^he maximum figures* How choose any point D on 
a semipe rime ter* From it draw a perpendicular to AB and ex* 
tend this perpendicular to meet the perimeter again st C, 
and draw the quadrilateral ACBD^ The angles of the quadri* 
lateral at C and B are right angles 9 because if not one can 
transfoxm the figure so as to make them right angles while 
keeping the parts between the quadrilateral ACBD and the peri¬ 
meter fixed 9 thus increasing the area without changing the 
perimeter which is contrary to hypothesis* Since I> is an 
arbitrary point the figure must be a olrole* 



( 493 ) 


BXTSNSIOITS 07 STBIJaiBH*S HBTHOD 


15 


Since the other proofs are quite similar to the above> 
only a brief summary of the two proofs most disoussed by writ¬ 
ers following Steiner will be given* These are his second and 
fifth proofs. The second method introduces a quadrilateral 
drawn through any four points of the perimeter and the use of 
the fact that the maximum polygon of given perimeter is one 
that is inscribed in a circle in order to prove that for any 
figuxre other than a circle the area can be increased when the 
perimeter is kept fixed. The fifth method shows that a maxi¬ 
mum figure must be symnetrio to an arbitrary axis and there¬ 
fore must be a circle. 

Bdler attempted to make a proof [3^ by describing 
a geometric construction for making a regular polygon of at 
most 2®“^ sides from an irregular polygon of n sides. The 
oonetruoted polygon has a smaller perimeter than the given 
polygon and a surface area at least equal to the surface area 
of the given polygon. He also proves that a circle has a 
larger surface area than euay regular polygon which has an 
equal perimeter. These two theorems are combined into a 
proof of the mtim property of the circle as compared to 
polygons. To talce care of the case when the figure is not 
a polygon the method of Steiner is used to increase the area 
while the perimeter remains constant. A polygon whose peri¬ 
meter is equal to the perimeter of the original figure and 
which has also an equal area is inscribed In the increased 
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figure* Th .0 theory regarding polygons is then applied to 
complete the proof* 

Sturm (1841-1919) gave a discussion [50 of the maxi¬ 
mum property of the circle. His proof of the condition 
necessary for a maximum is the same as that of Steiner. He 
has also simplified the construction of Edler described above. 

Witting (1861-) proved [50 that any figure, such 
that if a line divides Its perimeter into two equal parts, 
its area is also divided into two equal paeta, is a figure 
with a center point. He completes the proof of the Isoperi- 
metrio Theorem by showing that a maximum figure must have such 
properties and therefore a center point and finally that all 
diameters are equal. His nroof is open to the same objection 
as that of Steiner* 

Padoa (1873-) has given an excellent review j40 of 
the first two proofs of Steiner* 

Caratheodory (1873-) and Study (1862-1930) have writ¬ 
ten a joint paper [40 in which each gives a separate proof. 
They modify the method of Steiner so as to make a direct in¬ 
stead of an indirect proof. The change of method is made in 
order to avoid the necessity of making the assumption that a 
maximum exists* 

An outline of the proof of Caratheodory is as follows* 
The plcuie is divided into halves by a line g, and from a point 
A on this line an arbitrary curve of length n is constructed 
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SO that its end point is also on g. A modification of the 
method of Steiner is used to construct an infinite series of 
auxiliary curres all of length Tr and having a common begin¬ 
ning point A, but whose end points are a series of points 
on g. Since these end points are at most a distance TTfrom 
A, it is possible to select a subset which has one and only 
one limit point CaI . The areas inclosed between the curves 
and the line g are denoted by 

^ 1 * ^ 3 » — 1 -)^, - 

and the method of construction shows that no one is smaller In 
area than the one preceding* Since the areas of these curves 
have an upper bound and are increasing they must converge to a, 
limit, and Caratheodory proves that these curves have as a 
limiting curve the semicircle drawn through A and oJ . Since 
the lengths of the curves remain equal toTT, the circle must 
have a radius equal to one. Finally if Iq denotes the area 
Inclosed between the first arbitrarily selected curve and the 
line g, then 

lo = I„ = Wz , 

and the equality sign can hold only when Iq Is a semicircle, 
which proves that a semicircle of length 7T incloses a larger 
area with g than any other curve of equal length. 

Study makes use of the symmetric method of Steiner. 

He starts with a polygon which has a perimeter 2Tftn length 
and shows how to construct a new convex polygon that has n 
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axes of synnaetry. For the new polygon the perimeter remains 
oonetant and tne area Is not leaa tban tbe original one. As 
n Increase* there is produced a series of polygons that ap¬ 
proach as a limit a elrcle whose radius r is to he determined* 
Since the perimeters of the polygons rmoain equal to RTTand 
are either equal to or greater than the perimeter of the 
limiting circle, it follows that r « 1. Furthermore the 
areas of the polygons must approach the area irr*", and hence 
the area of the originally given polygon must be =TT. If 
the equality sign holds, all the polygons of the series must 
he equal In area. But in that case It is pointed out that 
the method of construction leads to a oontradiotlon. It fol¬ 
lows that a elrcle of perimeter 2Tr has a larger area than any 
polygon of equal perimeter. 

B. Be heber has given three proofs based again 

on the postulate that there Is a maximum figure amemg all 
those figures having a given perlaieter. 

Bleherhaoh (1086-) has given a proof of the theorem 
that among all domains that are plane, finite, and have a givei 
diameter the circle has the largest area, where he means by 
diameter the maximum distance between any two points of the 
border. 

Minkowski (1864-1909) developed a theory regard¬ 

ing pairs of parallel ovskls that reduces to the Isoperimetrlo 
Theorem for a special case. This work ie the beginning of 
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the second gproup of proofs mentioned In the first parmgrmph 
of this section. He defines an eTal by means of a funotloa 
E(a»Y) which appears In the Ineqiinlity, 
ux ♦ wy • H(u,w)* 

The totality of such inequalltiee for all possible Talues of 
a and w defines a dosiala of points x,y whleh is called an 
STSl. The area of an oral Is 

l/Z n{.Ti ♦ 

where H Is defined as followst Draw a unit clrolo about the 
center of grawlty of the ownl and consider this center of 
grawity as the origin of the system of coordinates. For some 
point cK , ^ on the perimeter of the unit cirele write «(<■ Cos d » 
^ » Sin e • Choose the point on the boundary of the oral where 
the outer normal has the direction o( , ^ and write 
K(o(,^) * H(oos^ t slh0 ) a 9 . 

Suppose that we have two such ovals defined by B| and 
Hi and construct a third such that H ■ (l-t)H, •¥ tHa. If we 
denote the area of this third oval by F then 
F » (l-t)*"F, ♦ 2(l-t)tlf ♦ 

where F. and F^ are the areas of the first two ovals and H Is 
given by the equatloDy 

H - 1/®/" H, (Hi,+ X/zJ H3.(H, 4 

This quantity M Is an invariant with respeot to all parallel 
translations. IClnhowskl c€U.1b M the mixed area of the two 
curves. It is proved that 
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(1) - F, Fa. 2 0 

and that the equality sign is valid only when the two ovals 
are similar (homothetic ). If the second oval is chosen as 
a unit circle, hecomes the integer one and the expression 
for M shows that 2S£ Is the perimeter of the first oval. If 
the perimeter and area of the first oval are denoted by L and 
y then (l) gives 

L - 4TTI* = 0 

and the equality sign is valid only when the first oval is a 
circle. It is easily verified that this last sentence is a 
statement of the isoperimetrie property of the circle. 

The theory of parallel curves has been discussed by 
several writers. Crone (1877-) has an article on this 

subject that appeared about one year after the work of 
Minkowski. Blaschke (1885-0 gave a discussion ( 4 ^ of the 
theory of Minkowski in an article that appeared in 1914. He 
discussed first the case when two quadrilaterals take the 
place of the ovals of Minkowski. The theory is then extend¬ 
ed to polygons and finally to any closed curves. A paper 
written by Frobenius (1849-1917) was published in 1915 and 
another (4^ by Liebmann (1874-) in 1919. The last two papers 
use the theory of quadratic forms to prove the isoperime trie 
property. If the area F(t) of any curve of a family is ex¬ 
pressed in terms of the area F and the perimeter L of an 
arbitrary curve, for example by a formula 
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F(t) = E ♦ tL 4 

then E(t) can be made negative for real values of t only when 
the discriminant of the quadratic form is greater than zero. 
The motive is then to show that for any closed curve that is 
not a circle a value of t exists for which P{t) is negative 
and therefore the discriminant is greater than zero. The 
greater part of Lielvnann’s paper is concerned with proving 
this last statement. Bonnesen (1873-) has given an account 
of the theory of the mixed area of two ovals in his book 
published in 1929. Blaschke gave a proof of the lao- 

perimetric Theorem in his Differential Greometry. His proof 
is similar to that of Crone and Frobenius, and is notable for 
its simplicity. It depends on a theorem as follows* 

Theorem . There exists between the area F and the 
perimeter L of a cir'cle the relation 

- 477F « 0 

and for every other plane curve the relation is 
!.*■ - 4T7F > 0. 

Let C be an oval with the clockwise direction pre¬ 
scribed on it, and let Gp be the outer parallel curve at a 
distancewith the tangents to Cparallel in the same sense 
to the tangents of C. Cp> is evidently an oval. Let C* be a 
unit circle. Let a triangle of tangents to C be denoted by 
D whose area contains C, Let Dp and D* be the corresponding 
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triangles of parallel tangents 
for Cj» and Xet t be the 

length of a line measured in 
a positive sense along a tait-> 
gent from a point of ooataet 
on C to the interaeoticm of 
this tangent with a aide of 
Dm Let tp and t* be the cor¬ 
responding lengths for para¬ 
llel tangents to Cp and C*. Let 
^ be the angle between the tan- 
gont and a fixed direction* Let 
d» dp, and d* be the areas of I), 
and Let P, Fp, and F* 

be the areas of C, Op, and C** 

Let r be the radius of the inscribed circle to the triangld 
D. Then we have the following relations, 

■ t(<^) ♦ > »p = dp - i/a tp d^> 

(1) Fp - (p •* r)“d* - 1/2 * » t*) * d ((i . 

The area of the parallel ourve may be expressed by the equation 
(2) »j, « I ♦ S®. ♦ p*I* 

where L denotes the perimeter of C. This can be seen as fol- 
lowst Consider the small trapezoid inclosed by tha arc length 
da of C, the two lengths measured along the normals to C 
through the ends of ds, and the are of the outer curve Inter— 
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cepted by these lengths. The area of eaoh of these small 
flgarea la 

p(dB ♦ 1/2 p d (J)) 

and therefore by talcing the sum of them one sees that 
Pp - F « y"p(ds 4 l/2 p d^) « pL e p^H' 

For p * 0»Fp Is posittTe by equation (2) and for P e p » 0 la 
less than or equal to zero by equation (l). Therefore the 
roots of Fp as 0 are real and It follows that 
I?" - ^rTF ^ 0 

If the equality sign holds Fp must not change In sign. 
It la posltlre for p » o, therefore If one sets p In (l) 
the Integral must vanish and the ratio t/t* equal to r Is oom<» 
stant. Therefore one can vary one side of the triangle of 
tangents and r will remain unchanged. It follows that all 
clrcumaorlbed triangles to the oval C have an Inscribed olrole 
suoh that the diameters of all the oiroles are equal. A figure 
suoh that all Its diameters are equal must be a olrole. The 
final remark of the author Is that the proof is valid only when 
the perimeter of the figure contains no comers or straight 
lines. 

Lebesgue (1S75-) wrote a paper j4^ In 1914 In which 
he shows that the Isoperimetrie Problem may be stated In a new 
way. His statement of the problem Is as followst Find a 
domain for whloh the ratio the square of the perimeter 

to the area» shall be tJoB smallest possible. 
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Blasciike has given a proof of the Isoperimetric Theo¬ 
rem by means of a method which ta different from that describ¬ 
ed above. He has written two articles in which the same 
method is used. His paper f45j of 1915 is a brief account 
of a proof which is given more in detail in his book [4 
which was published in 1916. It is proved that if one has a 
closed, continuous, rectifiable, plane curve of length I. and 
area F one can construct a polygon such that if X is its 
perimeter and ^ its area then it is true that 

(L - A U f, ) r- ^ e 

where £ is an arbitrary quantity, and it also follows that 

A*" -• Hn(f> y 0 

How suppose that 

i^TTF^^o 

then one can construct a polygon such that 

_ Ljn(l) ^ 0 

which 'is contrary to the results of a previous proof and there¬ 
fore one must have 

'L’' _ i{TTf’ Z 0 

The method of Steiner may now be used to show that the equality 
sign holds only for a circle. 

Bonnesen has written a number of articles [Ho,51,53 
on the Isoperimetric Problem but he has given the essentials 
of all this material in a book . He begins the discussion 

with the remark that it is sufficient to prove the Isoperimetric 
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Theorem for oonyex ouryea heoauae it la easy to aoe that a 
ourye which la not convex can not furnish a maximum. He calls 
the expression I»^/4 7T - p the **lBoperimetrio Deficit'* of a 
curve. He state a thiit the formulas 

L, a L ♦ 27Tt , y, « P 4 Lt + T7t^ 
can he easily derived for the oaae of two parallel polygons» 
and for the general case It is sufficient to pass to the limit. 
He proves that 

lVaTT - F i ( TT/4)(H-rr 

for a convex curve, where R and r are the radii of the olroum- 
scrlhed and inscrlhed circles of the curve. Bernstein (1878-) 
In 1905 worked out a number of Inequalities for curves on a 
sphere. One of the x^elations which he obtained for the case 
of a plane Is the Inequality of Bonne sen which has been writ* 
ten above except that the constant factor TT/^ is replaced by 
l/8(l 4 2TT)^. Bonnesen refers to this Inequality of 
Bernstein and says that It was the first inequality of this 
type to be derived. 

A brief outline of the proof of Bonnesen Is as followst 
Consider the quadratic form 

F + Lt ♦ TTt^. 

Its discriminant is precisely the deficit of the curve when one 
divides out the factor 4Tr. The deficit Is greater than or 
equal to zero when the roots of the quadratic form are real. 

The form Is positive for t » 0. If there exist values of t 
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for which the form ie leas than or equal to zero then the 
roots are real. If there exists a value of t for which 
I*t - F - ■ 0, 

then the negative of this value of t will make 
F 4 Lt ♦ rrt^ s 0. 

The proof Is oomplete when It Is proved that 
I.t - F • TTt*' « 0 

for t equal to r or R, the radii of the inscribed and olroum- 
scribed oiroles to the convex figure* 

Bonnesen proves the last statement in the preceding 
paragraph when the figure la a convex polygon as followst 
Inscribe a olrcle in the polygon touching two sides, and if 
the sides are parallel this is the largest circle that can be 
inscribed, but if not one can always draw the circle to touch 
three sides* Draw tangents to the olrcle at the three points 
where it tduches the polygon* These tangents will form a tri¬ 
angle. Move each side of the polygon parallel to a fixed 
direction, say parallel to the bisectors of the angles of 
the triangle or parallel to any two parallel sides of the 
polygon until each side of 
the polygon is tangent to 
the circle. If Ot is the 
length of a side of the 
polygon, H its distance 
from the center of the circle. 
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and r the radius of the elrole then one has 

- (H- )*)<g = C£ ra - 

Bat 

F- ZV<^Ho-) 1,^10. 

and therefore 

(1) riU - P - TTr*' 

and the equality sign is valid only when the figure ia a oir- 
cle. But (l) can he written in the form 

(2) CArr -pi rr(i/2n - r)*~ 

When a elmilar process Is carried out for a circumecrlbed 
cl role another inequality ia produced, namely, 

(3) lV**" -pi rr(R - L/a/7 )*' 

The inequalities (2) and (3) may he combined into the Inequal¬ 
ity 

(4) l^/^rr - P « ^/^{R -r)^ 

The laoperimetric Theorem can he easily deduced from this re¬ 
sult» 

Bonneaen says that the method can he applied to any 
convex curve by moving all tangents and all straight lines of 
the perimeter parallel to a fixed direction as in the case of 
the polygon. He has given a second proof by means of a 

symmetric method. He has also modified the symmetric method 
of Steiner. In each case he arrives at the result (4) given 
In the preceding paragraph. 
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3. Proofa by means of Fourier Series ^ The proof of 
the leoperimetric Theorem by means of Fourier Series depends 
on a theorem which Hurwitz (1859«1919) called the fundamental 
theorem. This theorem Is as followst If 
F(u) ^a»/2 4 ^ ^ ^ 

and 

H(u) ^ bo/2 4 ^ (b^Cos k u 4 b* ^ sin k u) 

then 

/ ^./T oo 

F(u)H(u)d u =» aobo/2 4 X (a^b^ 4 a*,^bV) 

/ 

where the sign ~ is to be read equivalent to, and means that 
the right hand aide of the first two equivalences represent 
the usual trigonometric development of the functions except 
that nothing is implied sia to the convergence of the series 
or its equality with the function on the left. The equivalent 
sign may be replaced by the equality sign when the function 
defining the series has suitable continuity properties. 

Letx = x(s),y=y(s) , 0=8 = 1- be the equations 

of a simply closed, continuous, rectifiable curve where s is 
the length of arc and L is the le..gth of the perimeter. It is 
known that a function which is continuous, periodic, and has a 
derivative which is continuous except at a finite number of 
finite discontinuities, may be expressed by a Fourier Series 
which converges uniformly and absolutely. Let us suppose 
that the functions for x and y which define the curve possess 
these properties. Then if we substitute for s the parameter u 
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given "by the equation u = 2rr5/L. x and y may be expreaaed as 
followss 

oo 

X » ao/S + ^ (aKCos k u ♦ a* sin k u), 

y = b^/2 ♦ ^(^mCos k u b* ^ sin k u). 

The derivatives with respect to u aret 

oo 

dx/du ^ Z k(a» ^ Cos k u - a ^ sin k u ), 

dy/du ^ k(b* ^ Cos k u - b ^ sin k u). 

When the variable a in the equation (dx/da)^ 4- (dy/ds)*' * I 
is replaced by u the equation becomes 

(dVdu)* ■* (dy/du)*' = (1/2 TT)^. 

The integration of this equation gives 

(dy/du)3<iu ” 2 IT (1/2 IT)®' » lVeTT. 

The application of the fundamental theorem described above to 
this last equation gives 

(1) n X It ia-% + 4 b^ ) = -L/ZTT 

The area inclosed uy the ourve may be represented by the equa¬ 
tion 

P = / (xdy/du)du* 

But again on account of the fundamental theorem this reduces to 

Q-O 

(2) F = TTT ^(a„b;^ - a'^by^). 

It follows from (l) and ( 2 ) that 

w* 1L i ^ '"'^1 

I.^/2n -2F = |]ka,^-bV ) ♦(kaV+ ^k) ^ (k'^-l) {b’'K4b*,^ jJ • 

and since the right hand side of this equation Is mever nega¬ 
tive it must be true that 

!.*■ - ‘^nv = 0 
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One obserree that the equality elgn le Talid only when 

a’, 4 t), ■» 0, a, - b', = 0, an» aV,» 0 (k = 8,3,4 -). 

But then the aeriea for x and y reduce to 
X » ao/2 4 a I Coe u a*, eln u> 
y « bD/2 - a , Coe u ♦ a| ein u 

which are the parametric equatlone of a oircle. Therefore for 
all simply closed» rectifiable» plauie ourres whose equations 
x«x(s) , y=y(B) have the properties described at the begin¬ 
ning of this paragraph it is true that 

. i-im « 0 

and the equality sign is valid only when the curve Is a circle* 
The Isoperimetric Theorem follows easily from this inequality* 
The first proof [56] of the Isoperimetric Theorem whioh 
made use of the Fourier Series was given by Hurwits. Lebesgue 
has also given a proof ^*3 similar to that given by Hurwits* 
Bach of these proofs is preceded by a detailed discussion of 
the theory of the Fourier Series. The application of the 
theory to the proof of the Isoperimetric Theorem is in each 
case the same except for a few details. The type of curves 
to which the proofs apply is determined by the development of 
the theory of the Fourier Series. Hirsohler has written a 
thesis in which the area of a regular closed curve is 

compared with that of a circle by means of the Fourier Series. 

He defines a regular curve as followst A regular curve is 
continuous, consists of a finite number of arcs which do not 
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Intersect themeelTes, and each arc poaaeseea a continuously 


turning tangent at ei-ery interior point and end point. He 
applies the fundamental theorem which is stated In the first 
paragraph of this section to the symmetrlo formula for the 
area 

f%n 

A ■ 1/®/ (*y‘ - yx') d 3, 

and uses the Integral of the relation 

(djt/ds)*’ + (dy/ds)^ » 1 

to coxEpute the area of a circle which has a perimeter equal to 
the perimeter of the regular eurre In terms of the Fourier Con¬ 
stants of x(8) and yCs). He proves that the difference between 
the area of a circle of given perimeter and the area of a regu¬ 
lar curve which has an equal perimeter Is a positive quantity 
unless the regular curve Is Itself a circle. The proof is 
again preceded by a development of the Fourier Series. A good 
outline ( 55 ] of the proof of Kurwlta is given by Blaschke In 
his Vorlesungen uber Differential aeometrie. 

4. Proofs by means of the oaloulus of variations . A 
statement was isade In Section X that the early proofs of the 
Isoperimetrio Theorem which applied the oaloulus of variations 
were concerned only with the necessary condition for a m ax im u m . 
This statement continues to be true for all such proofs which 
were published before the work of Welerstraas (1815-1897) was 
known. Hany of the writers discussed a modification of our 
problem which we will call Problem X, and of which our problem 
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is a special case. 

Prolalein I » To find among all curve a which have a given 
length and .loin two fixed -points on a straight line that one 
which incloses with the line a maximum area> 

A first necessary condition that a simply closed, 
regular curve of given length gnclose a maximum area, if such 
a curve exists, may he derived from the theory of Problem I by 
assuming that the two points on the line coincide. A first 
necessary condition on a solution of Problem I is that the 
maximizing curve shall satisfy the first necessary conditions 
that the integral 

(1) ^^’■(jl/2(xy' - ys') ♦ A /i-’’ + y'’-J d t 

have a maximum value where A Is a suitably selected constant. 
If we write H for the integrand of the integral, these condi¬ 
tions are that the derivatives , H , be continuous on 
the maximizing arc and that the differential equations of Euler 
must be satisfied. The conditions that H / , and H are con¬ 
tinuous imply that the maximizing arc has no corners. The dif¬ 
ferential equations of Euler are 

Hx - - y - A ^ ( x7K/'’-+ ) = 0, 

) » 0 . 

When they are integrated we find 

y - b “ J -A//(/>'■>^ 1 *- > 

(x-»a) ♦ (y-b)^ m )i^ ^ 

Therefore the solution must be an arc of a circle. It Is clear 
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that the method le the same when the two points on the line 
coincide* 

Proofs arriving essentially at the result above have 
been given by Bordonl (1789-1860) {5?] , Dlenger (1818-1894) |63) , 
CTellett (1817-1880) , Moigno-lxindelof [Bl] , emd Lund- 

strom , auad more recently by Thome (1841-1910) , and 

Hadamard (1865-) [7^. 

Welerstrass was the first to make a complete proof by 
the method of the calculus of variations that the area inolos- 
ed by a circle le larger than that Inclosed by any other regu¬ 
lar closed curve of equal length. His proof also precedes the 
other complete proofs by other methods. Unfortunately ho did 
not publish his work. The record of it was preserved however, 
by means of the lecture notes of his students. The seventh 
volume of his collected works based on several collections 

of these notes, was published In 1927. 

Schwarz (1843-1921) used a method ]6^ similar to the 
method of Welerstrass to show that eunong all closed curves 
which inclose a given area the circle has the shortest peri¬ 
meter. It was pointed out in Section 2 that the Isoperimetric 
Theorem follows from this result. 

IQaeser (1862-1930) has a discussion of the Isoperi- 
metric Theorem in his book [Bfl on the calculus of variations. 

He develops both the necessary and the sufficient conditions 
for a maximum for Problem I. In the second edition of his book 
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he deduces the leoperlmetrlc Theorem from the eolutlom for 
Problem I* Hie argument Is as followst Consider a closed 
curve consisting of a finite number of regular parts, and 
let the length of the curve be 1« Find two points P^ , Px 
which dlTide the perimeter into two ec^ual parts and Joiti 
these points with a straight line. Because of the solution 
to Problem I, the points may be joined by arcs of circles 
each of length l/2 in a manner such that the area inclosed 
by the two arcs is greater than the area inclosed by the 
original curve» It remains to be proTed that a circle which 
has a circumference equal to 1 Incloses a larger area than 
the area inclosed by the two arcs of circles the sim of 
whose lengths is 1, and which Join the two points P| , 

Kheser does this by proring that a semiolrole which has a 
length 1/2 incloses a larger area 
with its chord than any other arc 
of length 1/2 incloses with the 
same chord. To prove this consi¬ 
der an arbitrary arc of a circle 
which has length 1/2 and join the 
ends of this arc by a line. Draw 
the radii of the arc at the two 
ends* Call the central angle be¬ 
tween these two radii ^ cuid denote 
the area between the arc and its chord by F. Then the area F 
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may be expressed by the equation 

» - sin 0/S oos 0/S » (, ? ■ ■- ■i . n . Q ). 

0 

Take the dertvatlTe of P with respect to 0, set this deriva- 
tlTe equal to xero» and divide out the oonstauit factor 1^/8* 
This gives 

e'^ooB e ♦ 2 e sin e » -2 e^^oos ^e/a 4 e sin 0 /2 oo s e/2 
■ 4/0 cos 0/2 (sin e/2 - 0/2 cos e/s) -0. 

This has only one solution TT between 0 and 2 77 and this solu¬ 
tion gives a mauclmum. But when the central angle is equal 
to TT the figure is a semicircle. Therefore a semicircle in¬ 
closes with its chord a larger area than any other arc of 
equal length. It follows that a circle constructed from two 
such semicircles possesses a perimeter equal to the sum of the 
lengths of the two arcs joining the two points on the original 
curve and an area greater than the area included between the 
two arcs* 

Hancock (1867-) gave a discussion of the theory of 
Wfeierstrass in a book on the calculus of variations which was 
published in 1904. He gave a proof both the neces¬ 

sary and sufficient conditions for a closed curve to inclose 
a maximum area. 

Bolza (1857-) has given an excellent discussion [6^ 
of Problem I. His derivation of the first necessary condition 
is different from that given in the third paragraph of this 
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section. He reduces the differential equations of Euler to 
the equivalent form 

y” - y' 

where 

H, = 

and therefore the differential equation reduces to 

l/r » (x* y" - y 'x")/( Kx’’" ♦ y'^)® ■ -1/A. 

This shows that A Is different from zero and that the curve 
sought must he an arc of a circle. 

The sufficiency proof of Bolza for Problem I is as 
followsi Draw a circular arc Cq of length 21 through the 
points P| , Pa.. Near this draw an arbitrary, admissible curve 
C* of the same length through the same two points. Let Pq be a 
point on the extension of Co and suppose that it is not a point 
of 0 *, Choose an arbitrary point P^ on C^. Then is differ¬ 
ent from Pq and the sum 2 9 of the length of the arcs PqP^ plus 
P, P 3 is larger than the distance Po^:i* There can be drawn only 
one arc of a circle C 3 through Pq and P^ which has a length 


equal to Z 3 and which is described in 


a positive sense. Solza has shown in 
a previous paragraph that a congruence 
of space extremals through Pq may be 
defined by the equations 

x-Xq » -2 Acoa(T'l'K)sln r^y-yo “ -2 X sin 



} 


where T, X >K are limited to the domain. 


0 i K ^ 2Tr . X 0 , 


0 L T ^T1 
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This congruence makes a space field S which on account of the 
inequality 

Zjvfix- Xo)*- ♦ (y - yo)^ >0 
fills up a definite part of space and C* lies wholly in this 
field. The S-yxinction of Weierstrasa for this problem is 

Yji p,, qj; P3 , q^ { ^ 3 ) “ Asfi - oo8(e', - OjQ 

where 3 is negative and 008(63 - 63 ) is not zero along the 
whole curve C*, since we suppose that C is different from Cq. 
The points conjugate to P© expressed by the zero values 

of a certain determinant. This determinant for this problem 
may be reduced to 

, ^3) » 8 A3 T^Csin T^ - T3 Cos T^ ). 

It is clear that the determinant is not equal to zero when 

0 T3 ^ tT , A3 ^ 0, 

Therefore it follows from the theory of Weierstrass that the 
integral (l) along the arc of the circle Cq Is greater than 
the same Integral along any other curve C* which is admissible 
and different from Cq This says that the solution to Problem I 
is an arc of a circle. 

Bolza does not extend the method so that it applies to 
a complete circle but states that such an extension can be made. 

After one has found the conditions necessary that a 
curve inclose a larger area than any other curve of equal 
length the proof may be made complete by proving that these 
conditions, or a modification of them, are sufficient to insure 
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a maximum^ or one may use a second metliod which oonslsts In 
proving that there exists a curve of given length which in¬ 
closes a maximum area» Tonelll (1685-) has used the second 
method (78] in proving the Isoperlmetrto Theorem* 

Bonnesen devotes a chapter In his book {7^ to the 
proof of the Isoperlmetric Theorem* He uses polar tangential 
coordinates and the method of Weierstrasa* He states his re¬ 
sults as followst Let H be a circle of radius r» (T) the 
complete ensemble of triangles and pairs of parallel lines 
circumscribed to £. Let C be the ensemble of convex curves 
which may be inscribed in one of the figures T. Between the• 
perimeter L and the area F of any one of these curves C one 
has the Inequality 

rL - F » nr^ 

and the equality sign is valid only when C is a circle* This 
agrees with his result which has been described in Section 2. 

Another problem closely related to the Isoperimetrlo 
Theorem is the problem which has been called the problem of 
Dido* It may be stated eis follows! To find among all curves 
of given length which join two points on an arbitrary curve 
one which incloses with the arbitrary curve a maximum area* If 
the arbitrary curve is a straight line and the points are fixed 
it reduces tc Problem I, but if the end points are variable it 
reduces to a new problem. It is known that if the end points 
are variable the maximum curve must intersect the arbitrary 
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curve at right angles. If the arbitrary curve is a straight 
line the maximxxm curve is a semicircle. It is easy to deduce 
the Isoperimetric Theorem from this result. Kneser has made 
an extensive study of the problem for the case of vari¬ 

able end points. Merrill (1887-) has also written a paper [73 
on the variable end point case. There is also a paper by G. 
Weyl in which sufficient conditions for a more general 

problem of the calculus of variations are applied to the prob¬ 
lem of Dido. 



BIBLIOOHAPHY 


OBHBRAL RSFSKSNO&S' 

1. Leoat. Sncyolopedie dea Soiencea Mathraatiquea, II 
(1913), pp. 232-243* 

2* Kneser, Encyklopadle der Mathematischen Wlaaenachaften, 

II A 8 (1900), pp. 608-609, 611-616; Eermelo und Hahn, 
thld* . II A 8a (1904), pp. 635-638. 

3. Cantor, Yorleaungen Jiher Geshtohte der Mathematik, 

Tol. 1 (1892),pp. 167, 341-342, 418, 696; TOl. 2, p. 105. 

4. llontucla, Hiatolre dea Matliematiquea, vol. 1 (1799), 
p. 117. 

5 . Allmaii, Greek Geometera from Thalea to Euclid (1889), 
p. 46. 

6 . Lthrt, Hiatolre dea Sclencea Mathematlques Bn Xtalie, 

Tol. 3 (1866), pp. 232-234. 

7. Heath., A History of Greek Kathematlca, vol. II (1921), 
pp. 205-213. 

8 . Chialni, Sulla Teorla Blementare Degli laoperlmetrt, 

In Bnrlquea, questionl Riguardantt Le Mathemattche 
Elementart, toI. 3, pp. 201-310. 

1. ORIGIN OF THK PROBIBU AND KARIY PROOFS 

9. Afistotle, De Caelo, p. 287*'; The Works of Aristotle 
translated Into English hy J. A. Smith, and W. D. Rosa, 
Tol. 2, part 2 (1908), p. 287®’. 

10. Polyhlua, The Histories, hook IX, p. 26^; English 
translation hy W. R. Paton, toI. IV (1922-1927), p. 61. 

11. Diogenes Eaertlus, LlTes of Eminent Philosophers, 

English translation hy Tonge (1901), p. 352* 

12. Proclua, Lyolus, sumamed Diadochus, The Commentaries 
of ProcluB on the Tlmaeua of Plato, p. 384; English 
translation hy Taylor (1820), p. 450. 

13. Proolus, Lycius, sumamed Diadochus, Commentary on 
Book I of Euclid, p. 403; See also reference 7, 
pp. 206-207. 


40 


( 518 ) 



(519) 


BIBLIOGRAPHT 


41 


14. Simplicius, Commentaries on the De Caelo of Aristotle, 
Edition of Heiberg-, Yol. II (1894), p. 412; A quota¬ 
tion in Greek with a translation in German in reference 
31, p • 5» 

15. Theon of Alexandria, 0^'wvo$ ^^\/<fp6 ? T<* 

•tuT«<t>'nof»v>iAK<'Twv i << ) BoJU. 

16. Pappus of Alexandria, Pappi Alexandrini Colleotiones, 
Pise (1588). Veniae (1689), Book 5, pp. 83-115; Edition 
of Hultach (1878), Tol. 1, pp* 323-337, vol. 3, pp. 
1189-1194. 

17. Christopher Cla-^us, In Sphaeram Joannis Be Sacro- 
Bosoo Commentarivs, Yenise (l59l), pp. 97-98; 3*d 
Edition Saint-Gervais (1608), pp. 110-113. 

18. Kepler, J. , Hova Stereometria Boliorum Venariorum, Lina 
(1615), part II, theorem IVj Opera, Edition of C. Prieoh 
(1863), p. 607. 

19. Galileo Galilei, Two ITew Sciences, English translation 
by Henry Crew and Alfonso Be Salvio (1914), pp. 58-60. 

20. Barrow, I.. Archimedes Opera Methodo Nova Illustrata 
(1675), p. 262. 

21. Bernoulli, James, Opera, vol. 2 (1744), p. 775. 

22. Euler, Leonhard, Commentarli Academlae Scientiarum 
Xmperialis Petropolitanae, vol. 6 (1732-1733), Edition 
1738, pp. 142-143. 

23. Elvtus, P. , K. Yetensk. Akad. Handl. Stockholm, vol. 2 
(1741), Edition 1743, pp. 136-137; German translation 
by A. G. Kastner, Schwed. Akad. Wiss. Abh. , vol. 3 
(1741), Edition 1750, pp. 160-161. 

85. Simpson, T., An Investigation of a General Rule for the 
Resolution of tsoperimetrical Problems of all Orders, 
Philosophical Transactions, London, vol. 49 (1755), 
Edition 1756, pp. 4-15; vol. 50 (1758), Edition 1759, 
pp. 623-631. 

26. Ricoati, G., Belle figure plane isoperimotre contenenti 
le massime superficie, dissertazione, Nuova Raccalta 
B'Opuscoll soientifici e filologicl, vol. 18 (1772), 
pp. 2-14. 



42 


BIBLIOOBAPinr 


( 520 ) 


27* L*Haller» 3.• De problematlbue quae Tooantur ieoperi- 
metriols, Prlnolplorum CalQoll Differential la et 
Integralla (1795), pp* 321*»322» 

28» Woodhouae, Robert,A Treatlae on laoperlmetrlo Problema 
and the Oaloulua of Varlatlona (1810), pp*. 41-»4S. 

29. Simpson, T«, Elementa of Cleometry (l82l), pp* 195*»199* 

30* Le^ndre, Elementa of Oeometry, English translation by 
John Earrar (1885), pp* 99<»104* 

31* Solmidt, Wilhelm, Sur Geachlchte der laoperlmetrlo tm 
Altertume, Bibliotheca ICathematloa, toI* 22 (1901), 
pp* 5-8* 


2* (XBOMaTEXC FEtOQES 07 THE tSOPBRIHBTRIC 
PROPERTY 07 THE CIRCLE 

32* Anonymous, Annalea De Mathematlquea Pures ST Appliques, 
TOl* 13 (1822-1823), pp* 132-139; vol* 14 (1823-1824), 
pp. 316-317. 

33* Steiner, J*, ElnfeMshe Bewelae der laoperimetrlaohen 
Hauptaatae, Crelle's Journal, Yol* 18 (1838), pp* 
286-287; Sur le maximum et minimum dea figures dans 
le plan, sur le sphere, et l*eapaoe en generaJi, Ibid *. 
Tol. 24 (1842), pp. 105-106, 197, 205, 209*. 

34. Bdler, F,, Vervollstandigimg der gtelner*sohen 

elementar-geometrlsohen Bewelae fur den Sata, dsisa der 
Krela groaaeren Elaohenhalt besitz ala Jede andere 
Ebene Elgur glelohgrossen Umfangea, Gottingen 
Kaohrichten (1882), pp. 73-80; Translated into Erench 
and printed In the Bulletin Dee Sciences Rathematlquea, 
second aeries, yoI. 7 (1883), pp. 198-204. 

35* Sturm, R*, Bemerhixngen und Zusatze su Steiner's 

Aufsatzen fiber Maximum und Minimum, Crelle'a Journal, 
vol. 96 (1884), pp. 50-53; Maodma und Minima In der 
elementaren Geometrle (1910), pp* 31-51* 

36* Minkowski, H., Volumen und Oberflaohe, Mathematlaohe 
Annalen, vol. 57 (1903), pp. 459-467* 

37* Cyone, C. , Om Prlamatoldens Rumfang, Myt. Tldsskrlf t 
fur Mathematlk, 15 B (1904), pp. 73-75* 



( 521 ) 


BIBLZOGffiAPHY 


4S 


» 

38* Bernstein, Felix, ITber die isoperlmetrlsohe Slgeneoheft 
des Krelsee, Mathematiaohe Annalen, yol. 60 (1905), 
pp* 117-136* 

39. Witting, A. , Bin Beltrag sum leoperlmetrisohen Problem 
in der Sbene, AroMy der Mathematlk und Phyalk, aeries 
3, TOl. 12 U907), pp. 208-290. 

40. Padoa, A., Une question de maximum, Houyelles Annales 
Be lltatli^atlquea, series 4, yol» 8 (1908), pp. 529-535* 

41. Oaratheodory, C* and Study, B., Zwel Bewelae des Satsea, 
das der Krela unter alien Figures glelohen Utefanges den 

? rose ten Xnhalt hat, Mathematlsohe Annalen, toI. 68 
1910), pp. 133-140. 

42. Be Leber, Bdler, Le^oontenu du oerole et le sphere, 

L'Bnaelgnement Mathematlques, yol. 15 (1913), pp. 369- 
384* 

45* Lebesgue, Sur les problemes des Isop^rlmetrea et sur 
lea domalnea de largeur oonstante, Comptes Hendus Des 
Seances (1914), pp. 72-76* 

44. Bleberbach, Ludwig, &ber elne Bxtremalelgenaobaf t des 
Krelsee, Jahresberioht Ber Beutaohen Mathematlker- 
Verelnigung, yol. 24 (1915), pp. 247-250. 

45. Blasohke, W. , Bewelae zxx Sat sen * yon Bnmn und Minkowski 
uber die Mlnlmalelgensohaft dea Krelsee, Jahresberioht 
Ber Beutaohen Mathttoatlker-Yerelnlgung, yol. 23 (1914), 
pp. 210-234; Kreis und Kugel, Ibid ., yol. 24 (1915), pp. 
195-199. 

N 

46. Frobenlua, G. , Uber den gemlaohten Flaohenhalt sweler 
Oyale, Sitzungaberlchte, Berlin (1915), pp. 387-404. 

47. Blaachke, W. , Krela und Kugel (1916), pp. 1-32, in 
partioular pp. 30-31. 

ft 

48. Lorey, W. , Uber Isoperimetrlache Problems In der Sohule 
und in der Forsohung, Zeltsohrlft fur Mathematiaohen und 
ITaturqiasenschaftliohen Unterrlcht, toI. 49 (1918), pp. 
281-293. 

49. Liebuann, Heinrich^ Bas Frobenluaaohe Kappendreleok und 
die la ope rime trie che Blgenachaft dea Krelsee, Mathema- 
tisohe Zeltsohrlft, yol. 4 (1919), pp. 288-294; Ble lao- 

S erlmetrlaohe Blgenachaft dea Krelsea, .Sitzungaberlchte 
ath. Ph. Kl. Bayer Akademle, Munchen (l919y\ pp. 111-114. 



44 


BIBLIOGRAPHY 


(522) 


50. Bonnesen. T., Sur une amelioration do I'inequality 
iaoperimetrique du cercle et demonstration d*une in- 
equalite de Minkowski, Comptee Rendua, vol. 172 (1921), 
pp. 1087-1089. 

51. Bonnesen, Y., Ueber eine Verscharfung der Isoperimetrischen 
Ungleichheit des Kreiaes in der Bbene und auf der Kugel- 
oberflache nebat einer Anwendung auY eine Minkowski ache 
Ungleichheit fur konockse Korper, Mathematiaohe Annalen, 
TOl. 84 (1921), pp. 216-227. 

52. Bonneaen, T., Ueber daa iaoperimetriache Deficit ebener 
Piguren, Mathematiaohe Annalen, yoI. 91 (1924), pp. 252- 
256; Cirklens iaoperimetriake ulighed, Mat. Tidaakrift 
(1925), A, pp. 55-61. 

53. Bonneaen, T., Lea Problemea Dea laop^rimetrea Bt 
Isepiphanes (1929), pp. 60-84. 

a 

55. Blaaohke, W., Yorleaxmgen uber Dtfferentietl Geometrie 
(1930), pp. 55-61. 

3. PROOFS BY MRAKS OF FOURIBR 3BBI33 

56. Kurwitz, A*, Sur quelques applications g^ometriques des 
ai^riea de Fourier, Annelea L*Ecole Hormale Superleure, 

▼ol. 19 (1902), pp. 392-394. 

57. Lebeague, H., Leqona sur lea aeriea trigonometriquea 
(1906), pp. 107-110. 

58. Hirachler, E. J., An Application of the Fourier Series 
to a Special Xaoperimetrie Problem, Master*a Thesis, 

The University of Chicago (1916), pp. 28-32. 


4. PROOFS BY MEAUS OF THB CALCULUS OF VARIATI0H3 

59. Bordoni, A. M.y Sulle figure isoperimetre esiatentl su 
qualaervaglia superficie, Opuscoli matematici e fiaicl 
di diversi autori, vol. I (1832), p. 9. 

60. Jellett, Calculus of Varlatlona (1850), pp. 154-160. 

m 

61. Moigno-Ltndelof, Lecons sur le calcul differential et 
integral, 4, calcul dea variations (l86l), pp. 203- 
204, 233-235. 

62. Lundatrom, C. E. , Utkaat til iaoperimetrlaka Problemers 
fullstandlga Solution, Dissertation Upsala University 
(1866), pp. 33-36. 



(523) 


BTHLIOGRAPHY 


45 


63. Dlenger, J. , arundrtss der Variationereohnung (1067), 
pp. 52-54. 

64* Schwarz, H. A* , Ueber elne Blgensohaft dcr Kugel, 

Gas amimelte Uathematiache Abhandlunsan, vol. 2 (1890), 
pp. 327-335; The same material In Gottingen Hachrlchten 
(1884), pp. 1-13. 

65. Kneser, A., X»ehrbuoh Ber Varlatlonsreohnung (1900), 
pp. 123-125, 136-140; Edition (1925), pp. 167-160, 

179-181, 196-205. 

66 . Kheaer, A. , Die iaoperimetrische Auf gabe wenn beide 
Endpimkt variabel sind, Mathematiaohe Annalen, yoI. 56 
(1903), pp. 199-232. 

67. Hancock, Harris, Lectures on the Calculus of Variations 
(1904), pp. 224-230, 288-291. 

60. Thorne^, L. W., Ueber elne Anwendung der Theorie der linearen 
Differential gleichengen in der Variationsrechnung, Jour¬ 
nal fur Mathematik, vol. 132 (1907), pp. 155-156. 

H 

69. Bolza, 0., Vorlesungen uber Variationareohnung (1909), 
pp. 465-466, 483-484, 494-496, 498-499, 502, 510-511. 

70. Hadamard, Le 9 ona sur le caloul dea Tariations (1910), 
pp. 202-204. 

71. Merrill, A. 3.,, An Isoperimetrie Problem with Variable 
End Points, American Journal of Mathematlos, yoI. 41 
(1919), pp. 60-78. 

72. Tonelli, L., Pundamenti di calcalo dells variazioni, 

Tol. II, pp. 542-543. 

73. Weyl, G., Hinrelchende Bedingungen dea Extremums bet 
einer neuen Art von isoperimetrlschen Problemen, Journal 
fUr Mathematlk, vol. 152 (1923), pp. 76-79. 

74. Weierstrass, Karl, Vorlesungen uber Variationsrechnung 
(1927), pp. 257-264, 301-302. 


75. Bonnesen, T., See Reference 53 above, pp. 155-166. 












